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PREFACE 



Recently a large amount of research has been related to nonlinear systems having 
multidegrees of freedom, but hardly any of this can be found in the many exist- 
ing books related to this general area. The previously published books empha- 
sized, and some exclusively treated, systems having a single degree of freedom. 
These include the books of Krylov and Bogoliubov (1947); Minorsky (1947, 
1962); Den Hartog (1947); Stoker (1950); McLachlan (1950); Hayashi (1953a, 
1964); Timoshenko (1955); Cunningham (1958); Kauderer (1958); Lefschetz 
(1959); Malkin (1956); Bogoliubov and Mitropolsky (1961); Davis (1962); 
Struble (1962); Hale (1963); Butenin (1965); Mitropolsky (1965); Friedrichs 
(1965); Roseau (1966); Andronov, Vitt, and Khaikin (1966); Blaquiere (1966); 
Siljak (1969), and Brauer and Nohel (1969). Exceptions are the books by Evan- 
Iwanowski (1976) and Hagedorn (1978), which treat multidegreeof-freedom 
systems. However, a number of recent developments have not been included. 
The primary purpose of this book is to fill this void. 

Because this book is intended for classroom use as well as for a reference to 
researchers, it is nearly self-contained. Most of the first four chapters, which 
treat systems having a single degree of freedom, are concerned with introducing 
basic concepts and analytic methods, although some of the results in Chapter 4 
related to multiharmonic excitations cannot be found elsewhere. In the remain- 
ing four chapters the concepts and methods are extended to systems having 
multidegrees of freedom. 

This book emphasizes the physical aspects of the systems and consequently 
serves as a companion to Perturbation Methods by A. H, Nayfeh. Here many 
examples are worked out completely, in many cases the results are graphed, and 
the explanations are couched in physical terms. 

An extensive bibliography is included. We attempted to reference every paper 
which appeared in an archive journal and related to the material in the book. 
However omissions are bound to occur, but none is intentional. Many exercises 
have been included at the end of each chapter except the first. These exercises 
progress in complexity, and many of them contain intermediate steps to help the 
reader. In fact, many of them would expand the state of the art if numerical re- 
sults were computed. Some of these exercises provide further references. 
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CHAPTER 1 

Introduction 

1.1. Preliminary Remarks 

In this chapter we attempt to abstract the entire book. We introduce some of 
the nonlinear physical phenomena that are discussed in detail in subsequent 
chapters. The development of many of the results discussed here requires some- 
what elaborate algebraic manipulations. Here we describe only the physical 
phenomena, leaving all the algebra to the subsequent chapters. The descriptions 
in this chapter are intended to give an overview of the whole book. Thus one 
might better see how a given topic fits into the overall picture by rereading 
portions or all of this chapter as one progresses through the rest of the book. 

1.2. Conservative Single-Degree-of-Freedom Systems 

In Chapter 2, free oscillations of conservative nonlinear systems are considered. 
Most of these systems are governed by equations having the general form 

W + /(W) = (1.1) 



Upon integrating, we obtain 



±u 2 = h-F(u) (1.2) 



2 



where F(u) = j fdu and h is a constant of integration. Referring to (1.1) and 
(1.2), we note that f(u) is the (nonlinear) restoring force, F(u) is the potential 
energy, jii 2 is the kinetic energy, and h (which is determined by the initial 
conditions) is the total energy level per unit mass. 

In the upper portion of Figure 1-1 , the undulating line represents the potential 
energy, while the straight horizontal lines represent total energy levels. Each 
total energy level corresponds to a different motion, and the vertical distance 
between a given horizontal line and the undulating line represents the kinetic 
energy for that motion. Thus motion is possible only in those regions where the 
potential energy lies below the total energy level. 

In the lower portion of Figure 1-1 , the variation of u with u is shown. Such a 
graph is called a phase plane . For a given set of initial conditions (i.e., for a given 

1 
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Figure 1-1. Phase plane for a conservative system having a single degree of freedom. 



total energy level), the response of the system can be viewed as the motion of a 
point along a one-parameter (time) curve. Such a curve is called a trajectory. The 
trajectory labeled T n corresponds to the energy level h n . The arrows indicate the 
direction in which the point representing the motion moves as time increases. 
The points labeled S are called saddle points or cols, and the one labeled Cis 
called a center. Saddle points and centers correspond to extrema of the potential 
energy and hence they are equilibrium points. Saddle points correspond to 
maxima while centers correspond to minima of the potential energy. The tra- 
jectories that intersect at the saddle points (T 3 and 7*5 in Figure 1-1) are called 
separatrices. They are the heavy lines. The point representing the motion moves 
toward S along two of the separatrices and away from S along the other two. If 
the representative point is displaced a small distance away from 5, there are 
three possibilities. First, the point can be placed exactly on an inward-bound 
separatrix, and hence it approaches S as time increases. Second, it can be placed 
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on a closed trajectory, and at times it is far away fromS, though it periodically 
passes close to S. (Here we assume that the equilibrium points are isolated.) 
Third, it can be placed on an open trajectory, and hence it approaches infinity 
as time increases. Because the representative point does not stay close to S for 
all small displacements, the motion is said to be unstable in the neighborhood of 
a saddle point (i.e., an equilibrium point corresponding to a maximum of the 
potential energy is unstable). 

In the neighborhood of the center, the trajectories are closed, and hence the 
response is periodic (though not necessarily harmonic). Thus if the motion is 
displaced slightly from a center, the representative point will always move on a 
closed trajectory which surrounds the center and stay close to it. (Again we 
assume that the equilibrium points are isolated.) Thus the motion is said to be 
stable in the neighborhood of a center (i.e., an equilibrium point corresponding 
to a minimum of the potential energy is stable). An examination of these closed 
trajectories shows that the period is a function of the amplitude of the motion. 
In general, these trajectories do not extend the same distances to the right and 
the left of the center; thus the midpoint of the motion shifts away from the 
static center as the amplitude increases. This shift is often called drift or 
steady-streaming. 

Several analytical methods are introduced and subsequently used to provide 
approximate expressions for the response. These methods treat small, but 
finite, periodic motions in the neighborhood of a center. For various examples, 
the approximate and exact values of the periods are compared. 

1.3. Nonconservative Single-Degree-of-Freedom Systems 

In Chapter 3, free oscillations of nonconservative systems are introduced. 
Examples of positive damping due to dry friction (Coulomb damping), viscous 
effects, form drag, radiation, and hysteresis are presented; examples of negative 
damping are also included. 

In Figure 1-2, a typical phase plane is shown. This one describes the oscilla- 
tions of a simple pendulum under the action of viscous damping. Depending on 
the initial conditions, the pendulum may execute several complete revolutions 
before the oscillatory motion begins. The trajectories spiral into points that 
correspond to the straight-down position of the pendulum. These points are 
called foci. The straight-up positions correspond to the saddle points in the 
phase plane. And as in the case of conservative systems, the trajectories that pass 
through the saddle points are called separatrices. 

The concept of a limit cycle is introduced. As an example, we consider 
Rayleigh's or van der Pol's equation: 

ii + wSii = e(ii- \u 3 ) (13) 
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Figure 1-2. Phase plane for a simple 
pendulum with viscous damping. 



We regard the right-hand side of (1.3) as a damping term and note that its influ- 
ence depends on the amplitude of the motion. When the amplitude of the motion 
is small, ^« 3 is small compared with it and the "damping" force has the same 
sign as the velocity (negative damping); thus the response grows. When the 




LIMIT CYCLE 



Figure 1-3. Phase plane for van der Pol's equation (e = 0.1). 
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amplitude is large, ^u 3 is large compared with u and the damping force has the 
opposite sign of the velocity (positive damping); thus the motion decays. This 
behavior of growth when the amplitude is small and decay when the amplitude is 
large suggests that somewhere in between there exists a motion whose amplitude 
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Figure 1-4. Responses of the van der Pol oscillator for various values of e. 
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neither grows nor decays. This is the case, and the motion is said to approach a 
limit cycle. 

In Figure 1-3, a phase plane for the van der Pol equation is shown. There are 
two trajectories. One begins well outside the limit cycle, while the other begins 
near the origin. Again the arrows indicate the direction in which the point repre- 
senting the motion moves. The two trajectories approach the same limit cycle. 

The influence of the parameter e on the response is shown in Figure 1-4. The 
two curves in the top graph correspond to the two trajectories shown in Figure 
1-3. We note that, as e increases, the motion becomes jerky; that is, in each cycle 
there is a period of very rapid motion which is followed by a period of very slow 
motion. This jerky motion is called a relaxation oscillation. Among other ex- 
amples, this jerky type of motion is characteristic of a beating heart. 

A system such as the Rayleigh or van der Pol oscillator is said to be a self- 
exciting or a self-sustaining system. Some other examples of self-sustaining sys- 
tems are found in various other electronic circuits, flutter, supersonic flow past a 
liquid film, violin strings, a block on a moving belt, Q machines, multimode 
operation of lasers, ion-sound instability in an arc discharge, and a beam-plasma 
system. 

In Chapter 3, a general discussion of singular points is given, and then various 
qualitative methods and the analytical methods of multiple scales and averaging 
are described. The analytical methods treat small, but finite, motions in the 
neighborhood of a focus or a center. Several examples are worked out, and the 
analytical results are compared with numerical results. 

The comparisons made in the second and third chapters provide confidence 
for the reader who is not well versed in perturbation methods. Confidence is 
essential because in the subsequent chapters the analysis predicts many phe- 
nomena that are associated only with nonlinear systems and that are in sharp 
contrast with those associated with linear systems. Some of these phenomena, 
such as "saturation," are described for the first time in this book. 

1 .4. Forced Oscillations of Systems Having a Single Degree of Freedom 

In Chapter 4, we consider forced oscillations of weakly nonlinear systems 
having a single degree of freedom. A number of concepts that are associated only 
with nonlinear systems are introduced. The analytical methods introduced in 
Chapters 2 and 3 are used for the analysis, and some of the analytical predictions 
are verified by numerical integration. The problem reduces mathematically to 
finding the solution of 

U+ulu = ef(u 1 u) + E (1.4) 

where e « 1 and E is an externally applied, generalized force called the excita- 
tion. We distinguish between two types of excitations. The first type of excitation 
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draws on an energy source that is so large the excited system has a negligible 
effect on it. In this case, E = E(t)\ that is, E is not a function of the state (w, u, u) 
of the excited system. The second type of excitation draws on an energy source 
that is not large enough to be independent of the response of the excited system. 
In this case, E = E(u, u,u). The former is called an ideal energy source, while the 
latter is called a nonideal energy source. Both types of energy sources are consid- 
ered. Thus the response of the system depends on the type of excitation, or 
energy source, as well as on the natural frequency of the system, the order of 
nonlinearity, and the type of damping mechanism. 

In the next five subsections, we briefly introduce some of the topics treated in 
detail in Chapter 4. 

1.4.1. PRIMARY RESONANCES OF THE DUFFING EQUATION 

For an ideal energy source, the response of the system depends on the fre- 
quency content of the excitation as well as on the amplitudes and the phases of 
the different frequency components. In the case of a single-frequency excitation, 
a cubic nonlinearity, and linear viscous damping, (1 .4) becomes 

« + (jOqU = -2e\xii - eau 3 + K cos Sit (1.5) 

where K and 12 are constants. For small amplitudes, the nonlinear term can be 
neglected and the response of the resulting linear system is 

u = a exp (euLt) cos [(cog - 4e V) l/2 f + P] + K [(cog - SI 2 ) 2 

+ 4eV^ 2 ]" 1/2 cos(^ + 6>) (1.6) 

Thus the response of the system consists of two parts: a particular solution and a 
homogeneous solution (free-oscillation term) having the constants a and |8 which 
are determined from the initial conditions. For positive damping (i.e., ju > 0), 
the free-oscillation term decays with time. The resulting response is called the 
steady-state response and it consists of the particular solution only. Thus the 
steady -state response has the same frequency as the excitation, but its phase 6 
is shifted from that of the excitation an amount that depends on the damping 
and the relative magnitudes of cj and 12. Moreover it is independent of a and 
j(3, and hence it is independent of the initial conditions. 

We note from (1 .6) that large motions occur when K is large and/or 12 ^ co . 
The latter case is called a primary or a main resonance. When the motions are 
large, one cannot neglect the nonlinear term eau 3 in (1.5). When 12/gj is away 
from ^, 1 , and 3, the response can be written as 

u =a(t) cos [co t + 0(0] + K[(u 2 - 12 2 ) 2 + 4e 2 ju 2 ^2 2 ]" 1/2 cos (Sit + 6) + 0(e) 

(1.7) 



8 INTRODUCTION 

As t ^ °°, a ^ and to first order the response of the nonlinear system is the 
same as that of the linear system. 

When 12 - co + eo where o- 0(1) and is called the detuning parameter or 
simply the detuning, the free-oscillation term cannot be uncoupled from the 
particular solution. The excitation changes the natural frequency of the system 
which in turn changes the response of the system to 

u= a cos (Sit- y) + 0(e) (1.8) 

where in the steady state a and y are constants that depend on the amplitude 
and frequency of the excitation, a, and in some cases the initial conditions. The 
dependence of the steady-state response on the initial conditions is discussed 
below. For now we note that, in the presence of damping, this dependence is a 
nonlinear phenomenon. The amplitude of the response a is related to the ampli- 
tude (K ) and frequency (a) of the excitation by the so-called frequency-response 
equation 

2 ( 3aa 2 \ 2 K 2 

M 2 + a-— = a222 (1.9) 

\ 8a; / 4e^cootf 

Figure 1-5 shows three representative curves for the cases a = 0, ot > 0, and a < 0. 
Comparing these curves shows that the nonlinearity bends the frequency-response 
curves to the right when a >0 (hardening nonlinearity) and to the left when 
a < (softening nonlinearity). 

The bending of the frequency-response curves leads to multivalued amplitudes 
and hence to a jump phenomenon. To see the jump phenomenon, let us suppose 
that an experiment is conducted for a > in which the amplitude of the excita- 
tion is held constant while the frequency is varied very slowly. We refer to this as 
a quasi-stationary process, and to the excitation as stationary. When the experi- 
ment is started at an 12 far above lo and 12 is monotonically decreased, the 
amplitude of the response increases slowly along the curve AFB in Figure \-Sb 
until B is reached. At that point, any slight decrease in 12 precipitates a spon- 
taneous jump from B up to C. For further decreases in 12, the amplitude de- 
creases slowly along the curve from C toward/). When the experiment is started 
at an 12 far below co and 12 is monotonically increased, the amplitude of the 
response increases slowly along the curve DCE. For this process, the amplitude 
varies smoothly through C; there is no downward jump to B. The amplitude of 
the response continues to increase smoothly until E is reached. At that point, 
any further increase in 12 precipitates a spontaneous downward jump from E to 
F. For further increases in 12, the amplitude continues to decrease along the 
curve from F toward A . 

For a< 0, the jumps take place in the opposite directions as shown in Figure 
\-5c. We emphasize again that the jumps are a consequence of the multivalued- 
ness of the frequency-response curves, which in turn is a consequence of the 
nonlinearity. 
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(0 



Figure 1-5. Frequency-response curve for the Duffing equation for (a) a linear spring, (b) a 
hardening spring, and (c) a softening spring. 



For frequencies of the excitation in the interval between Z?Fand CE in Figure 
1 .56, there are three steady-state solutions for each value of a. The middle one 
is a saddle point; hence the response corresponding to it is unstable and unrealiz- 
able in any experiment. The other two are stable foci; hence both are realizable. 
Thus for a given frequency of the excitation, there can be more than one steady- 
state response. The initial conditions determine which of the possible responses 
actually develops. This dependence of the steady-state response contrasts sharply 
with the behavior of positively damped linear systems for which the steady state 
is independent of initial conditions. 

In Figure 1-6, we show a state plane [refer to (1.8) for the meaning of a 
and 7] for this example when three steady-state solutions exist. Generally the 
transient response has the same form given by (1 .8), but a and 7 are functions of 
time. The trajectories show how the response progresses toward a steady state 
from any initial conditions. Again the arrows indicate the movement of the 
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Figure 1-6. State plane for the Duffing equation when three steady-state solutions exist; 
P\ is the upperbranch stable focus, Pi is the saddle point, and ^3 is the lower-branch stable 
focus. 



point representing the motion as time increases. For all the initial conditions 
lying in the shaded area, the high-amplitude steady state will develop, while for 
all the initial conditions lying in the unshaded area, the low-amplitude steady 
state will develop. Thus one says that these areas constitute domains of attraction 
for the possible steady-state responses. We note that the two inward-bound 
separatrices for the saddle point (the unstable middle-amplitude steady-state) 
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Figure 1-7. Comparison of nonstationary and stationary frequency -response curves. 

separate the domains of attraction for the stable steady states. Again we note 
that, in the presence of damping, the steady -state solution can depend on the 
initial conditions. This behavior of nonlinear systems contrasts sharply with that 
of linear systems. 

In addition to the quasi-stationary process described above, we consider varia- 
tions at small, but finite, rates. An excitation whose frequency and/or amplitude 
vary at a finite rate is said to be nonstationary. In this case, the frequency- 
response curves may develop oscillations and deviate somewhat from the sta- 
tionary case. The deviations increase as the rates of varying the frequency and 
amplitude of the excitation increase, as illustrated in Figure 1-7. 



1.4.2. SECONDARY RESONANCES OF THE DUFFING EQUATION 

Another characteristic of nonlinear systems is the secondary resonance. As an 
example, when Q = 3cj + ea, the response is given by 



u=a(t) cos [^Hr- 37(0J ~ 



K 



SI 2 -col 



- cos Hf + 0(e) 



(1.10) 



As f -* «>, there are two possibilities: either a -* 0, or a ~* a nonzero constant 
whose value depends on K, a, and a. The initial conditions determine which 
possibility represents the actual response. Thus it is possible for the steady-state 
response to consist of the particular solution, which has the same frequency as 
the excitation, and a free-oscillation term whose frequency is changed by the 
nonlinearity to exactly one-third the frequency of the excitation. For this rea- 
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son, one speaks of this as the one-third subharmonic resonance. This subhar- 
monic resonance is a consequence of the nonlinearity. 
When 3H = w + ea, the response is given by 



«=tf(0cos [3£2f- y(t)] + 



K 



a 2 



ojI 



cos Sit + 0(e) 



(1.11) 



As t -*°°, a and y tend to constants that are functions of K, a, and a, and, in 
some cases, the initial conditions. Thus the steady-state response consists of a 
particular solution, which has the same frequency as the excitation, and a free- 
oscillation term whose frequency is changed by the nonlinearity to exactly three 
times the frequency of the excitation. For this reason, one speaks of this as a 
superharmonic resonance of order 3. Figure \-&a shows the variation of the 




Figure 1-8. Response curves for the Duffing equation: (a) superharmonic resonances; (b) 
primary resonances. 
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steady-state amplitude with the amplitude of the excitation K for a constant a. 
If AT is very slowly increased from zero, there will be a spontaneous upward jump 
in a. But after the jump, a does not continue to increase as K increases. This 
contrasts with the case of primary resonance as shown in Figure 1-8&. In the case 
of superharmonic resonance, the nonlinearity introduces two competing influ- 
ences. In addition to the direct relationship between the amplitude of the 
response and the amplitude of the excitation, there is also a relationship between 
the amplitude of the excitation and the apparent natural frequency of the sys- 
tem. Thus, when K is increased one effect is to increase a> while the other is to 
detune the system. Right after the jump, the second is stronger. 

Figure 1-9 shows the synthesis of a steady-state superharmonic response which 
occurs when co — 3£2. Figure l-9<z is the steady -state free -oscillation term, 
which differs from zero in spite of the presence of viscous damping in the 
system. Moreover the amplitude and phase of this steady-state term are influ- 
enced by the initial conditions. Figure \-9b is the particular solution, which is, 
to the approximation being considered, the solution of the linearized governing 
equation. Figure l-9c is the correct first approximation of the actual response. 

The existence of nonlinear phenomena (such as jumps and superharmonic and 
subharmonic resonances) in nature is well known. As examples, we note that 
von Karman observed that certain parts of an airplane can be violently excited 




Figure 1-9. Synthesis of the response of 
the Duffing equation for superharmonic 
resonance: (a) free-oscillation solution; 
(b) particular solution; (c) actual response. 



14 INTRODUCTION 

by an engine running at an angular speed much larger than their natural fre- 
quencies, and that Lefschetz described a commercial airplane in which the 
propellers induced a subharmonic vibration in the wings which in turn induced 
a subharmonic vibration in the rudder. The oscillations were violent enough to 
cause tragic consequences. 

1.4.3. SYSTEMS WITH QUADRATIC NONLINEARITIES 

All the preceding discussion is for the case of a cubic nonlinearity. When the 
system has quadratic nonlinearities in addition to the cubic nonlinearity, its 
response to a sinusoidal excitation in the presence of linear viscous damping is 
governed by 

w + colu = -letiu- ea 2 u 2 - e 2 a 3 w 3 + £ cos £lt (1-12) 

where K and £2 are constants. When a 3 = 0, this system possesses a subharmonic 
resonance of order ^, and a superharmonic resonance of order 2. That is, the 
order of the nonlinearity changes the order of the subharmonic and superhar- 
monic resonances. For a subharmonic resonance, the first approximation given 
by the perturbation analysis predicts unbounded growth of the free-oscillation 
term under certain conditions. This growth is predicted in the presence of damp- 
ing and is in sharp contrast with linear systems. Carrying out the expansion to 
higher order, one finds that, at the point where growth is predicted, the free- 
oscillation term no longer decays as time increases but grows to a finite value. 
This result is illustrated in Figure 1-10. For this case, K = 6 is the boundary be- 
tween stable and unstable responses predicted by the perturbation analysis. The 
graphs in Figure 1-10, which were obtained by numerical integration, clearly 
show a pronounced change in the character of the solution as K increases be- 
yond 6; Figure 1-1 Ob shows the presence of a lower harmonic. 

1.4.4. MULTIFREQUENCY EXCITATIONS 

There are many interesting phenomena associated with multiharmonic excita- 
tions of the form 

N 

E = Z^" cos(£V + 0„), &„>&„_! (1.13) 

where the K n , £2„, and 6 n are constants. For a system with cubic nonlinearities 

and for A^ = 2, the free-oscillation term will not vanish when cj ^ 2 (^2 - ^i)» 
gj ^ 2£2 2 ± ^i » an d <^>o ^ ^2 ± 2£2i in addition to the primary resonances 
<jj ^Q n , the subharmonic resonances co ^3^2„, and the superharmonic 
resonances gj ^ 3£2„. We note that more than one type of resonance may occur 
simultaneously such as £l\ ^ ^co and £2 2 ^ 3gj . However, the steady -state re- 
sponse will not be periodic unless £l n = p n Sl\ for all n > 2 where p n is a rational 
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<igure 1-10. Response of a system having quadratic nonlinearities: (a) subharmonic re- 
sponse not excited; (b) subharmonic response excited. 



fraction. When £2 2 =m£li and co ^ \(Sl 2 ±^1), then co ^ ^(m± \)Qi and 
an ultrasubharmonic resonance is said to exist if m is even. 

In considering systems having cubic nonlinearities, we find that when there 
are three terms in the excitation and co ^ £2 3 + £2 2 + £2j, a combination reso- 
nance occurs which is similar to the superharmonic resonance discussed above. 
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In this case, however, the response may be aperiodic. This could represent a 
structural element, such as a beam or a plate, supporting three rotating machines 
simultaneously. The cubic term in the governing equation accounts for stretch- 
ing of the neutral axis or midplane. It is common engineering practice to ignore 
the stretching; however the results in Figure 1-11 show that this practice can 
dangerously oversimplify the model. In Figure 1-1 la, the response of the corre- 
sponding linear system is plotted as a function of time; while in Figure 1-1 \b, 
the response of the nonlinear system is plotted. The same scale and excitations 
are used in both graphs. The amplitude of the response for the nonlinear system 
is nearly four times as large as the amplitude of the linear system. The non- 
linearity is responsible for phase shifts that enable a given set of exciting forces 
to do more work on the nonlinear system than on the corresponding linear 
system. 
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Figure 1-11. Response of a system to a three-frequency excitation: (a) linear case; (b) non- 
linear case. 
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1.4.5. SELF-SUSTAINING SYSTEMS 

Self-sustaining systems are introduced in Chapter 3. Here we determine the 
response of such a system to a harmonic excitation. As an example, we consider 

u + <olu = e(u- \u 3 ) + K cos Sit (1.14) 

where co , K, and SI are constants and e is a small parameter. Since the non- 
linearity is cubic, in addition to primary resonances, to first-order there are sub- 
harmonic resonances of order \ and superharmonic resonances of order 3. Away 
from these resonances, 



4i? 



<*>o + [(47?/flj|) " coo] e *P ir^t) t 



cos (co 1 + 0) + t^ j cos £2r + 0(e) 



! ' 2 , * 

^ 2 - cog 

(1.15) 



where a is the initial amplitude and 17 = 1 - \S1 2 K 2 (gjI " SI 2 )' 2 . Thus as one 
would expect from experience with linear systems, in the first approximation 
the response consists of a free-oscillation term (homogeneous solution) and a 
forced-oscillation term (particular solution). And because the free oscillations 
develop a limit cycle, one would expect the free-oscillation term to remain 
permanently and the motion to be essentially the sum of two harmonic terms 
having the frequencies co and SI, which need not be commensurable. Such a 
motion may be aperiodic. However in this case there is a nonlinear interaction 
between the free- and forced- oscillation terms which can change the character 
of the damping completely. When the amplitude of the excitation is large enough 
to make 77 <0 (i.e., K > VI Sl~ 1 \col - Sl 2 \), the free-oscillation term decays 
with time and the steady -state motion becomes periodic. This process of increas- 
ing the amplitude of the excitation until the free-oscillation term decays is called 
quenching. This behavior, which contrasts with those of the previously discussed 
nonself-sustaining systems, is illustrated in Figure 1-12. Here the parameters of 
the system are such that the critical value of A" is unity. In Figure 1-1 2a, K = 0.9 
and the motion does not become periodic, while in Figure 1-126, K= 1.1 and 
the motion does become periodic. 
It follows from (1.15) that for small K, 7? > and in the steady state 

2 ^V , * K 
cos (cj f + )8) + ;^— 2 



u = cos(gjo? + j3)+ ~ 2 2 cos Slt + 0(e) (1-16) 



Thus the steady -state response contains both the forced and natural frequencies. 
Moreover if K is 0(e), the free-oscillation term is expected to dominate. How- 
ever as £l->u) , the character of the solution is modified drastically and a 
phenomenon peculiar to self-sustaining systems takes place. As SI -+ co the 
forced response becomes significant, but instead of the persistence of the forced- 
and free-oscillation solutions independently, the free-oscillation term is entrained 
by the forced solution. The result is a synchronization of the response at the 
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Figure 1-12. Numerical solutions of equation (1.14) (lj = 1, ft = >/?), illustrating the 
phenomenon of quenching: (a) unquenched response; (b) quenched response. 



frequency of the excitation and, to the first approximation, the steady-state 
response is given by 

u = a cos (Sit- 7) + 0(e) (1.17) 

where 7 is a constant and a is given by the frequency-response equation 

K 2 



4cr 2 p+p(l - p) 2 



4e 2 



(1.18) 



where p = \ojq0 1 and eo = £2 - co . In Figure 1-13, p is plotted as a function 
of o. The dotted curve separates stable from unstable steady-state motions. 
When the value of p is above the dotted curve, the periodic steady-state solution 
given by (1.17) and shown in Figure l-14a is physically realizable. However 
when the value of p is below the dotted line and there is only one steady-state 
value, a periodic steady-state solution of the form (1.17) is not physically realiz- 
able. In the latter case, the solution (long-time behavior) has the two frequencies 
co and £2, and since they are near each other, a beating phenomenon takes place 
as shown in Figure 1 - 1 ^ b . 

Both curves in Figure 1-14 were obtained by numerically integrating (1.14) for 
K 2 = 2e 2 , co = 1, and e = 0.1. But a = 0.4 (i.e., £1= 1.04) for Figure \-\4a and 
o=Q.5 (i.e., £1= 1.05) for Figure 1-146. The first-order solution predicts that 
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Figure 1-13. Frequency -response curves for primary resonances of the van der Pol oscillator. 
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Figure 1-14. Forced response of the van der Pol oscillator when the frequency of the exci- 
tation is near the natural frequency, illustrating locking and pulling-out phenomena: (a) re- 
sponse below the pull-out frequency; (b) response above the pull-out frequency. 
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the steady -state solution is unstable for o>o c = z \(2K 2 e~ 2 - 1) 1/2 . If an experi- 
ment is performed with K 2 = 2e 2 and o is decreased very slowly from a value 
above o c = |V3 , initially the response will contain the two frequencies 1 and 
£2. As o is decreased below a c , the response becomes periodic with the fre- 
quency £2. In other words, as o is decreased below o c , the free-oscillation term is 
entrained or locked onto the forced-oscillation term. If the experiment is per- 
formed by increasing o very slowly from a value below a c , then as o is increased 
beyond o c , the response will change from a periodic solution having the fre- 
quency £2 to an aperiodic solution having the frequencies 1 and 12. Thus as o is 
increased beyond a c , the free-oscillation term will be pulled out of the forced- 
oscillation term. The phenomenon of entrainment of the free-oscillation term by 
the forced-oscillation term is usually called locking while the unlocking is usually 
called pulling out. And one speaks of the frequency associated with o c as the 
pull-out frequency . 

1.5. Parametrically Excited Systems 

In Chapter 5, parametrically excited systems are considered. In contrast with 
the case of external excitations, which lead to inhomogeneous differential equa- 
tions with constant or slowly varying coefficients, parametric excitations lead to 
homogeneous differential equations with rapidly varying coefficients, usually 
periodic ones. Moreover, in contrast with the case of external excitations for 
which a small excitation produces a large response only if the frequency of the 
excitation is close to a linear natural frequency, a small parametric excitation 
can produce a large response when the frequency of the excitation is away from 
the linear natural frequencies of the system. 

Faraday (1831) seems to have been the first to recognize the phenomenon 
of parametric resonance. He noted that surface waves in a fluid-filled cylinder 
under the influence of vertical excitations have twice the period of the excita- 
tion. Melde (1859) performed the first serious experiments on parametric 
resonance. He tied a string between a rigid support and the extremity of the 
prong of a massive tuning fork of low pitch. For a number of combinations of 
the mass and tension of the string and the frequency and loudness of the fork, 
he observed that the string could be made to oscillate laterally, though the 
exciting force is longitudinal, at one half the frequency of the fork. 

The simplest differential equation with periodic coefficients is the Mathieu 
equation 

u + (S +ecos20w = (1.19) 

where 5 and e are constants. This equation governs the response of many 
physical systems to a sinusoidal parametric excitation. An example is a pendu- 
lum consisting of a uniform rod pinned at a point O on a platform that is made 
to oscillate sinusoidally in the vertical direction as shown in Figure 1-15. 
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Figure 1-15. Uniform-rod pendulum oscillating in two positions as a result of giving the 
horizontal platform a harmonic vertical motion. 

Using Floquet theory, one can show that (1.19) possesses normal solutions 
having the form 

«(0 = exp (7f)*(0 (1-20) 

where j is called a characteristic exponent and 4>{t) - 4>(t + 7r). When the real 
part of one of the 7's is positive definite, u is unbounded (unstable) with time, 
while when the real parts of all the 7's are zero or negative, u is bounded (stable) 
with time. The vanishing of the real parts of the 7's separates stable from un- 
stable motions. The loci of the corresponding values of e and 5 are called transi- 
tion curves. They divide the eS-plane into regions corresponding to unbounded 
(unstable) motions and bounded (stable) motions as shown in Figure 1-16. When 
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Figure 1-16. Stable and unstable (shaded) regions in the parameter plane for the Mathieu 
equation. 
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e = 0, positive values of 5 correspond to stable positions of the pendulum 
(i.e., downward position), while negative values of 6 correspond to unstable posi- 
tions of the pendulum (i.e., upward position). In the presence of the parametric 
excitation, Figure 1-16 shows that there are values of e and 6 for which the 
downward position is unstable and the upward position is stable. 

There are a number of techniques for determining the characteristic exponents 
and the transition curves separating stable from unstable motions. One method 
combines Floquet theory with a numerical integration of (1.19). To determine 
the transition curves by this technique, one divides the e6 -plane into a grid and 
checks the solution at each grid point, which is quite a costly procedure. A 
second technique involves the use of Hill's infinite determinant. When e is small 
but finite, one can use perturbation methods such as the method of strained 
parameters, the method of multiple scales, and the method of averaging. 

The preceding discussion does not account for dissipation which is present in 
almost all physical systems. Dissipation has a stabilizing effect on all one-degree- 
of- freedom systems. Including a linear viscous term, we rewrite (LI 9) as 

ii + Ijjlu + (6 + e cos 2t)u = (1.21) 

The transition curves separating stable from unstable solutions of (1.21) are 
shown in Figure 1-17. Comparing these graphs shows that the presence of the 
linear viscous term lifts the unstable regions from the 6-axis, rounds the point 
at the bottom, and narrows the unstable regions. 

For a parametric excitation that is periodic but not necessarily sinusoidal, one 
obtains the following Hill equation: 

S + [6 + e/(0]" = (1.22) 

where f{t) is periodic in place of the Mathieu equation (1.19). Since Floquet 
theory is also applicable to this problem, the numerical procedure and the 
infinite-determinant technique can be used to determine the characteristic ex- 
ponents and transition curves of this equation. When e is small, one can also use 
perturbation techniques (Lindstedt-Poincare, multiple scales, averaging) to ana- 
lyze the solutions of this equation. If f(t) is expressed in a Fourier series as 

oo 

f(t) = £ ( a n cos 2/1/" + J3„ sin 2nt) 
n-\ 

the transition curves are 

h=n 2 ±\ eVa£+^+0(e 2 ) for h *n 2 andw > 1 

d=-±e 2 £ "" +P " +6>(e 3 ) forS^O (1.23) 

n = l 

Comparing these transition curves with those of the Mathieu equation (i.e., 
a n and fi n = for n > 2), we conclude that the presence of the higher harmonics 
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Figure 1-17. Effect of viscous damping on the stability of the solutions of the Mathieu 
equation. Shaded areas are unstable. 



has a destabilizing effect on the transition curves emanating from 8 = n 2 where 
n > 1, but it may have a stabilizing effect on the transition curve emanating 
from 6 = 0. 

The problem of a sinusoidal parametric excitation of a system having many 
degrees of freedom leads mathematically to the following coupled system of 
differential equations: 



x + {[A] + 2e[B] cos £lt}x = 



(1.24) 



where £1 is the frequency of the excitation. The response of such a system 
depends on the eigenvalues of the matrix [,4] . For a vibrating system, these 
eigenvalues are real and positive. If these eigenvalues are distinct, a transforma- 
tion x = [P] u can be found such that (1.24) can be rewritten in the form 



TV 



u n + co„ u n + 2e cos £2r ^ f nm u m = 



(1.25) 



In addition to the resonances (co p « \ m£l, where m is an integer) that occur in 
the case of a singie-degree-of-freedom system, combination resonances of the 
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form co q ± co p ^ m£l might exist in a many-degree-of-freedom system. More- 
over, a given mode might be involved in more than one resonance such as 
co 2 + W! ^ Q and co 3 - co 2 ^ ^- Figure 1-18 shows the transition curves for a 
free-clamped column. Comparing Figures 1-16 and 1-18 shows an increase in the 
number of unstable regions in the case of multi-degree-of-freedom systems. 
Figure 1-18 also shows that the presence of simultaneous resonances has a de- 
stabilizing effect because it decreases the stable regions. 

Including linear viscous damping in the analysis of multi-degree-of-freedom 
systems shows that it may have a destabilizing effect in the case of combination 
resonances. This contrasts with the always-stabilizing effect of viscosity on 
simple resonances. 

When the eigenvalues of [A] are not distinct, there are cases for which [A] 
cannot be diagonalized but can be expressed in a Jordan canonical form. This 
occurs in the case of flutter. If all the eigenvalues are distinct except the first 
pair, one can use a transformation x = [P] u to rewrite (1 .24) as 



Hi + cojiii + 2e cos cot ]T f xn u n = 



(1.26) 



ii 2 + co]u 2 + u x +2e cos cot ^ f 2n u n = 



(1.27) 
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Figure 1-18. Transition curves for the dynamic buckling of a free-fixed column under the 
influence of a sinusoidal follower force. 



1.5. PARAMETRIC ALLY EXCITED SYSTEMS 25 

CO 

« 3 +CJ3M3 +2ecoscjr £ hn u n = (1-28) 

We note that when e = (i.e., in the absence of the parametric excitation), 
u 2 grows linearly with time and hence the response of the system is unbounded 
with time. Including the parametric excitation can result in the stabilization of 
the system depending on the values of e, cj, cj 1? cj 3 , and the/'s. 

Although the linear analysis of parametric excitations is useful in deter- 
mining the initial growth or decay of the motion, it cannot account for the long- 
time behavior in the case of growth. Moreover if the initial amplitude is large, 
the linear analysis may predict a motion that decays to zero in contradiction 
with the prediction of a nonlinear analysis. The nonlinearity can be the result of 
damping (form drag and the van der Pol oscillator) and large deformations 
(Duffing's equation). The latter could represent the lateral vibrations of a 
column produced by an axial follower force. 

Considering a cubic nonlinearity and assuming small viscous damping, we have 

u +cj 2 w + 2ewcos2r + e(2/iw + cfl/ 3 ) = (1.29) 

The stability boundaries are shown in Figure 1-19. The line separating Region II 
from Regions I and III is the stability boundary for the corresponding damped 
linear system. The boundaries are not influenced by the value of a, the coef- 
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Figure 1-19. Frequency-response curves for the parametrically excited Duffing's equation 
in the presence of viscous damping. 
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ficient of the nonlinear term. According to the linear equation (see Figure 1-17), 
the response to any initial disturbance grows without bound in Region II and 
decays in Regions I and III. In sharp contrast, the nonlinear equation predicts 
finite-amplitude motions in both Regions II and III. In Region II, the motion 
approaches the same steady state regardless of the initial disturbance, but in 
Region III, for small initial disturbances the motion decays while for large initial 
disturbances it approaches a finite-amplitude steady state. 

1 .6. Systems Having Finite Degrees of Freedom 

In contrast with the case of systems having a single degree of freedom, avail- 
able exact solutions of systems having finite degrees of freedom are quite 
limited. Hence, most of the existing analyses deal with weakly nonlinear systems 
which are amenable to perturbation analysis. In the case of strongly nonlinear 
systems, recourse is often made to geometrical methods, numerical analysis, and 
perturbations about an exact nonlinear solution. Thus, Chapter 6 deals essen- 
tially with weakly nonlinear systems having finite degrees of freedom. 

In contrast with a single-degree-of-freedom system, which has only a single 
natural frequency and a single mode of motion, an /?-degree-of-freedom system 
has n natural frequencies cji, co 2 , * ■ * > oj n andn corresponding natural modes. 
All these natural frequencies are assumed to be real and different from zero. The 
presence of more than one natural frequency and mode produces new physical 
phenomena such as internal resonances, combinational resonances, saturation, 
and the nonexistence of periodic responses to a periodic excitation in the pres- 
ence of positive damping. 

New physical phenomena occur in the free oscillations of a system some of 
whose frequencies are commensurable or nearly commensurable; that is, there 
exist positive or negative integers m u m 2 , m 3i • • * , m n such that rriiCOi + 
m 2 <j0 2 + W3GJ3 + ■ • * + m n co n «s 0. When such a condition exists, we speak of 
the existence of an internal resonance, and conditions might exist for the strong 
interaction of the modes involved in the internal resonance. For example, con- 
sider the motion of a particle of mass m suspended from a linear spring, with a 
constant k, which is in turn suspended from a fixed platform as shown in 
Figure 1-20. This system has two modes of oscillation: a pendulumlike mode 
with the linear natural frequency co x = (g/l) 1 ^ 2 and a springlike (breathing) 
mode with the linear natural frequency co 2 = (k/m) 1 ^ 2 . The parameters k, m, 
and / can be easily adjusted so that co 2 ^ nui\ where n is an integer. When 
co 2 ^ 2co\, the two modes are strongly coupled and the energy initially im- 
parted to one of them can, in general, be continuously exchanged between 
them during the ensuing motion as shown in Figure 1-21. This contrasts with 
the linear solution, which predicts that the two modes are uncoupled. The strong 
coupling is a consequence of the internal resonance and it decreases as the 
detuning of this internal resonance increases. 
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Figure 1-20. Spring pendulum. 



If a system having finite degrees of freedom is gyroscopic and possesses an 
internal resonance, then its free nonlinear oscillations may be unbounded with 
time even though its linear free oscillations are bounded. This occurs when its 
first-order Hamiltonian is not positive definite. For a system with two degrees of 
freedom and co 2 ^2tO\> the equations describing the amplitudes and the phases 
have the form 



a x = -eT l a l a 2 sin y 
a 2 = eT 2 a\ sin y 
y = ef(a l ,a 2 ,y) 



(1.30) 
(1.31) 
(1.32) 



Eliminating y from (1.30) and (1.31) and integrating the resulting equation, 
we have 



al+iTjr^a^E 



(1.33) 



where E is a constant that is proportional to the Hamiltonian or energy of the 
first order. If T x and T 2 have the same sign, E is positive definite and a x and a 2 




Figure 1-21. Continual exchange of energy in the case of internal resonance. 
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are bounded for all time. However if Ti and T 2 have opposite signs, E is not 
positive definite and a x and a 2 may be unbounded with time depending on the 
value of the detuning a = (oj 2 - 2cj 1 )/e. 

As in the case of parametric excitations of finite-degree-of-freedom systems, 
combinational resonances might occur in the forced response of these systems 
to a single-harmonic excitation of frequency 12. The type of excited combina- 
tional resonance depends on the order of the nonlinearity. For a quadratic non- 
linearity, combinational resonances involve to first order two of the linear 
natural frequencies of the system in the form 12 ^ u* n ± co m . For a cubic non- 
linearity, combinational resonances involve to first order two or three modes in one 
of the following forms: £2 ^ co n ± co m ±co k ,Q t ^co n ± 2a> m , 12 ^ 2co rt ± cj m , 
and 12 ^ \ (co n ± cj m ). If an internal resonance exists in addition to a combina- 
tional resonance, a fractional-harmonic pair might exist in the response such as 
(^ 12, \ 12) in the case of quadratic nonlinearities and (^ 12, | 12) or (j 12, f 12) 
in the case of cubic nonlinearities. 

A saturation phenomenon occurs in the forced response of a system with 
quadratic nonlinearities in the presence of an internal resonance. For example, 
the forced response of a ship whose motion is restricted to pitch and roll only 
can be modeled by the following equations: 

u x +cj?m, =-2/x 1 ii + 2a x u x ii 2 +F X cos(£lt + T x ) 0-34) 

u 2 + co\u 2 = ~2yL 2 u 2 + ol 2 u\ +F 2 cos (£lt + r 2 ) (1.35) 

where u x is the roll angle, u 2 is the pitch angle, and the oj n ,ji n >a n ,F n , and T n 
are constants. For an internal resonance, cj 2 « 2<jO x . 

When 12 is near cj 2 and F x = 0, one expects the M 2 -mode to be strongly 
excited and, in the first approximation, the w, -mode to be dormant; initially this 
is so. But the perturbation analysis predicts an upper bound on the amplitude of 
u 2 and an instability for the trivial solution for u x when F 2 increases beyond a 
critical value. In other words, the w 2 -mode becomes saturated and the energy 
"spills over" into the w r mode. These results are illustrated in Figure 1-22 where 
the amplitudes of the two modes, a x and a 2 , are plotted as functions of F 2 . This 
analysis was verified by numerically integrating (1.34) and (1.35); the small 
circles and triangles are the numerical data. 

These results provide an explanation for a phenomenon first reported by 
Froude (1863). He wrote that ships having a natural frequency in pitch which 
is nearly twice the natural frequency in roll (an internal resonance) have un- 
desirable roll characteristics. Thus in accordance with the saturation phenom- 
enon, the ship could be advancing into a head sea, or moving with a following 
sea, and, if the waves are big enough and at the right frequency, begin to roll 
violently. 

When F 2 = and 12 ^ cj,, the analytical results also show that for some 
combinations of the parameters a steady-state response does not exist, in spite of 
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Figure 1-22. Saturation phenomenon: a x and a 2 as function of f 2 . 

the presence of positive damping. Instead of a steady state there is a continual 
exchange of energy between the two modes. For such a combination of param- 
eters (the combination was predicted by perturbation methods), the numerical 
results are shown in Figure 1-23. This type of behavior in ships was observed by 
Robb(1952). 

We should note that saturation and the nonexistence of periodic motions 
under the influence of a periodic excitation in the presence of positive damping 
are peculiar to systems with quadratic nonlinearities. For systems with cubic 




Figure 1-23. Nonexistence of periodic motions in a system with quadratic nonlinearities. 
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nonlinearities and an internal resonance, energy can be easily transferred from a 
high-frequency mode to low-frequency modes but not the other way round. 

1 .7 . Continuous Systems 

In Chapter 7, we consider the forced oscillations of continuous systems- 
beams, strings, plates, and membranes. In contrast with the flnite-degree-of- 
freedom systems discussed in Chapters 5 and 6, the systems considered in 
Chapter 7 have an infinite number of degrees of freedom. The sources of non- 
linearities in such systems can be geometric, inertial, or material in nature. Most 
of Chapter 7 is devoted to geometric nonlinearities and in particular to those 
arising from midplane stretching in structural elements. 

Since exact solutions are generally not available, recourse has been made to 
approximate analyses including purely analytical techniques, purely numerical 
techniques, and numerical-perturbation techniques. The purely analytical tech- 
niques are applicable to systems with simple geometries, composition, and 
boundary conditions. Purely numerical techniques may involve the use of finite 
differences in both space and time, finite differences in time and finite elements 
in space, and finite elements in both space and time. These purely numerical 
techniques are especially costly for two and three-dimensional systems. There 
are two approaches in using numerical-perturbation techniques. One approach 
assumes the time dependence, uses the method of harmonic balance, and yields 
nonlinear differential equations describing the spatial behavior. The second 
approach assumes the spatial variation (such as the linear mode shapes), uses the 
orthogonality of the mode shapes or the Galerkin procedure, and yields non- 
linear coupled second-order ordinary-differential equations describing the 
temporal behavior. The latter equations are solved by using a perturbation tech- 
nique such as the method of multiple scales or the method of averaging. 

According to the second approach of the numerical-perturbation technique, 
the deflection w(r, r) is assumed in the form 

vv(r,0=XM0<Ur) (1.36) 

where the <p n are the linear natural modes of the system. These are more con- 
venient for interpreting the results than other arbitrarily assumed spatial varia- 
tions. These mode shapes can be obtained either analytically if the system is 
simple or numerically if the system is complicated in geometry, boundary con- 
ditions, and composition. Substituting (1.36) into the governing equations and 
using the orthogonality property of the 0„, we obtain an infinite set of nonlinear 
ordinary-differential equations for the u n . The form of these equations depends 
on the system under consideration and the type of nonlinearity. In what follows, 
we consider linear material properties. For an initially straight beam, a string, 
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an isotropic membrane, and an isotropic plate, these equations have the form 

oo 

u n +u>lu n =-2id n ii n + £ T nmpq u m u p u q +f n {t) (1.37) 

m t p,q = l 

where modal damping is assumed, co n , fi n , and T nmpq are constants, and/„(r) 
is the excitation. For a shell, a laminated plate, and an initially curved beam, 
these equations have the form 

oo oo 

U n + U*U n =~2tX n U n + £ OL nmp U m U p + Y. r nmpqUmU p U q +/„(0 
m,p=l m,p,</=l 

(1.38) 

where the a wmp are constants. The interaction of longitudinal and lateral oscilla- 
tions in a beam is governed by a set of equations having the same form as (1.38). 

Most existing analyses of continuous systems are limited to the determination 
of the amplitude-frequency relationship of a single mode or the steady-state 
forced response to a single-harmonic excitation. Since many physical phenom- 
ena, such as internal resonances, combinational resonances, saturation, and non- 
existence of periodic motions, are characteristics of multi-degree-of-freedom 
systems, we concentrate our discussion on these systems. 

As discussed in the preceding section, the response of a system depends on the 
order of its nonlinearity and its internal resonances. Since the nonlinear vibra- 
tions of shells, laminated plates, and buckled beams are governed by differential 
equations with quadratic nonlinearities, one expects to observe the saturation 
phenomenon discussed in Section 1 .6 as well as the nonexistence of periodic 
motions when one of the linear frequencies of the system is equal to, or approxi- 
mately equal to, twice another linear natural frequency (i.e., co n ^ 2a> m ) or 
when one of the linear natural frequencies is equal to, or approximately equal 
to, the sum or difference of two other natural frequencies (i.e., co n » u> m + to k ). 
The latter case also occurs in the interaction of longitudinal and lateral oscilla- 
tions in a beam. 

We should note that the internal resonances that might occur in a system 
depend on its geometry, composition, and boundary conditions. In the case of 
uniform beams, co 3 = 2cj 2 + oji for a hinged-hinged or a free-free beam, 
cj 2 % 3a>! for a clamped-hinged beam, and 004^0^3+0^+^! for a clamped- 
clamped beam. However, the interaction terms in (1.37) vanish in the case of 
hinged-hinged beams and the commensurability of coi, cj 2 , and cj 3 does not 
have any effect on the response. Moreover, there is no midplane stretching in 
the case of free-free beams and the nonlinear terms vanish in (1.37). In the latter 
case, the nonlinear curvature needs to be included to account for finite- 
amplitude effects. Strings and membranes have an infinite number of commen- 
surable frequencies. In the case of clamped, homogeneous, isotropic plates, 
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co 3 & 2co 2 + ^1 f°r a circular plate and co 5 ^ co 3 + co 2 + ^>i and a> 4 » 2co 3 - cji 
for an elliptic plate whose axes are in the ratio of 9 to 10. 

Next we consider the forced response of clamped-hinged beams to a harmonic 
excitation having the form f n {t) = F n cos Sit. When £1 is near o^, the variations 
of the amplitudes of u x and u 2y a l and a 2 , are shown in Figure 1-24. Although 
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Figure 1-24. Frequency-response curves for a hinged- clamped beam for the case of a pri- 
mary resonance of the fundamental mode: (a) first mode; (ft) second mode. 
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Figure 1-25. Frequency-response curves for a hinged-clamped beam for the case of a pri- 
mary resonance of the second mode: (a) entire solution; (b) stable portions of the solution 
only. 
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a 2 cannot be zero, typically it is small compared with a x . This indicates that 
for all practical purposes the response (deflection) can be described by a single 
mode, in spite of the presence of an internal resonance. Typically, early investi- 
gators considered only one mode in studying finite-amplitude beam vibrations. 
When £2 is near gj x this appears to be justified, but as we shall see next, this is 
definitely not the case when 12 is near co 2 . 

When 12 is near o? 2 , the variations of the amplitudes are shown in Figure 1-25. 
There are two possibilities: either a x = and a 2 ¥= 0, or neither a x nor a 2 equals 
zero. Only the stable portion of the solution when a x =£ is shown in Figure 
\-2Sa\ the entire graph is shown in Figure 1-25Z?. In the latter case, a x can be 
considerably larger than a 2 , and once again the deflection can be described by 
a single term in the expansion for all practical purposes. However, this time the 
mode is still the fundamental mode, not the second mode, in spite of the fact 
that the frequency of the excitation is near the second frequency. This possi- 
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Figure 1-26. Possible steady-state responses of hinged-clamped beam to the same harmonic 

excitation for the case of a primary resonance of the second mode (t n > / w _i): (a) in the 
absence of internal resonance; (b) in the presence of internal resonance. 
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bility cannot be predicted by a linear theory, and it was completely overlooked 
by all the early investigators, who assumed single-mode expansions for the 
deflection* Figure 1-26 illustrates the two possibilities. These results show that, 
through the mechanism of an internal resonance, energy can be passed down to 
the low mode from the high mode but not from the low to the high in signifi- 
cant quantity. 

These figures clearly illustrate the advantage of having an analytical solution. 
One can easily imagine the difficulty in obtaining these graphs by numerical 
means alone. In fact for a certain class of problems governed by partial-differen- 
tial equations, the optimum approach is a combination of numerical and per- 
turbation methods. 

Another interesting phenomenon which is a consequence of internal resonance 
occurs in the stability of planar motions of a string resulting from a harmonic 
planar force. Experiments show that the response of a string to a plane harmonic 
excitation is planar provided the response amplitude is smaller than a critical 
value. Above this critical value, the planar motion becomes unstable and gives 
way to a nonplanar, whirling motion; that is the string begins to whirl like a 
jump rope. This whirling motion is a direct consequence of the fact that the 
frequency of the motion in the plane of the excitation is the same as the fre- 
quency of the motion in the plane perpendicular to the plane of the excitation. 
Thus, the two components of motion are strongly coupled. 



1.8. Travel ing Waves 

In contrast with Chapters 6 and 7 which deal with standing waves, Chapter 8 
deals with traveling waves. To exhibit the methods and physical phenomena 
without an elaborate involvement in algebra, we consider the propagation of 
longitudinal waves along a rod with nonlinear elastic properties and transverse 
waves along a beam on a nonlinear elastic foundation. These problems are 
described by the following two partial-differential equations: 

(1.39) 



b 2 u 
dr 2 "' 


C(e) ^ : 


= 0, e 


_bu 

~ dx 


3 4 w 
dx 4 


d 2 w , 
+ — v + w + cnv = 






(1.40) 

We choose to distinguish dispersive from non dispersive waves by investigating 
the dispersion relationship a? = a?(k) between the frequency and wavenumber of 
a linear harmonic wave of the form exp(/k - r - icjt). The waves are called 
dispersive if the group velocity c^ = 3o?/8k is a function of k while the waves are 
called nondispersive if c g is independent of k. If c^ is a weak function of k, the 
waves are called weakly dispersive. Expanding c 2 (e) in powers of e, we have 
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c 2 = cl(l + 2E x e + ■••)» where £\ is a constant. Then it follows from (1.39) 
that the linear dispersion relationship for longitudinal waves along a bar is 
to 2 = c 2 k 2 and hence these waves are nondispersive. On the other hand, it 
follows from (1.40) that the linear dispersion relationship for transverse waves 
along a beam on an elastic foundation is co 2 = 1 + A; 4 and hence these waves are 
dispersive. 

Thus waves of different wavelengths travel with the same phase speed if the 
waves are nondispersive and travel with different phase speeds if the waves are 
dispersive. In other words, the dispersion tends to sort out the waves based on 
their phase speeds. If the nonlinearity tends to increase the phase speed with 
amplitude, then larger waves tend to catch up with smaller waves. The result 
is a steepening of the waveform with time or propagation distance as shown in 
Figure 1-27 leading to a shock wave in the bar. Similar effects occur in the 
propagation of waves in gases. Waves propagating on shallow water also steepen 
and sometimes break. In the case of dispersive waves, there are two competing 
effects: a steepening due to the nonlinearity and a spreading due to the disper- 
sion. If the former effect is stronger, the waves focus; otherwise they will 
disperse. 

There are a number of techniques available for the analysis of nondispersive 
waves traveling in one or two directions in homogeneous as well as hetero- 
geneous media. These include expansions by using the exact characteristics of 
the problem as the independent variables, the method of renormalization, the 
method of averaging, and the method of multiple scales. Neglecting viscous 
effects, one obtains for waves traveling in one direction (simple waves) an equa- 
tion of the form 

f+/f=0 (1.41) 

ox o£ 




Figure 1-27. Steepening of waveforms propagating along a bar. 
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Including viscous effects, one obtains a Burgers' equation of the form 
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bx J b% b% 2 



±+f^ = v ^ 0-42) 



in place of (1.41). 

There are also a number of techniques available for analyzing nonlinear disper- 
sive waves. These include the methods of multiple scales and averaging. Seeking 
a wavepacket solution for a dispersive-wave problem in the form A(x, t)<j>{y,z) 
exp [i(kx - cot)] + cc, where cc stands for the complex conjugate of the pre- 
ceding terms, one finds that A is described by one of the following Schrodinger 
equations: 



bA , bA 1 „ b 2 A 
bt bx 2 bx 2 



— + gj>' — - -ico"- rT =r l A 2 A (1.43) 



bA .bA 1 „ b 2 A „ . . 
— + k '— + - ik "— y- = r ^ 2 
bx bt 2 bt 2 



— + *' — + - /*" tt = r 2 A 2 A (1 .44) 



where to' = dco/dk, oo" = d 2 u>/dk 2 , k' = dk/doj, and /:" = d 2 k/doj 2 . Here Ti and 
T 2 are known interaction coefficients which depend on the medium. Equations 
(1.43) and (1.44) possess steady -state solutions, which can be expressed in terms 
of the Jacobian elliptic functions. These solutions include a bright and a dark 
soliton, a phase jump, and a plane wave with constant amplitude as special 
cases. 

The preceding solution breaks down in cases of harmonic resonances which 
exist whenever (to, k) and (noo, nk) simultaneously satisfy the dispersion rela- 
tionship for an integer n > 2. In the case of a beam on an elastic foundation, 
harmonic resonances exist when 

to 2 =A: 4 + l and n 2 oo 2 = n*k 4 + 1 

Eliminating to 2 from these relations yields k 2 = \ In. At or near these critical 
wavenumbers, the fundamental and its nth harmonic travel with the same 
phase speed and hence may strongly interact. For example, when k 2 ^ ^, the 
fundamental and its third harmonic strongly interact. In this case, the deflection 
has the form 

w(x, t) = A x {x, t)e\p [i(kiX - oo x t)\ +A 3 (x, t) exp [i(k 3 x - oo 3 t)] + cc 

(1.45) 
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Figure 1-28. Periodic wave profiles that exist 
in deep water: (a) third-harmonic resonance; 
(b) second-harmonic resonance. 



where 

bA x , bA ! 1 „ b 2 A ! 

+ CO ! — ZCO ! ' "— r- 

bt ox 2 ox 



'ioiOJx 1 (A X A i + 2A 3 A 3 )A l 



dA, , dA 3 1 . „b 2 A 3 
bt dx 2 bx l 



-ia<jJi l A 3 A 2 exp(/r) (1.46) 



~-/aco 3 1 (2^ 1 ^ 1 +^3^3)^3 



-mcojM?exp(-/r) (1.47) 



and r = (k 3 - 3k x )x - (co 3 - 3oji)t. Since k 3 ^ 3/:! and co 3 ^ 3a>!, r is a 
slowly varying function of x and t. Equations (1.46) and (1.47) possess solutions 
that are stationary and include the nonlinear interaction of the two wavepackets 
centered at the fundamental and its third harmonic. In the present problem, 
there are three possible periodic solutions. In the case of waves in deep water 
they have triple- or quintuple-dimpled profiles as shown in Figure 1-28*7. 

In the case of second-harmonic resonance, the interaction equations have 
stationary solutions that include solitons and periodic waves. In the case of 
periodic waves, there are two possible waves. For waves in deep water, they have 
single- and double-dimpled profiles as shown in Figure 1-28&. 



CHAPTER 2 

Conservative 
Single- Degree-of- 
Freedom Systems 



In this chapter several examples of conservative, nonlinear systems having one 
degree of freedom are described. A method for obtaining a qualitative analysis 
of the free (undamped and unforced) oscillations is presented. Then various 
methods for obtaining a quantitative analysis are presented. Finally these methods 
are applied to three specific examples. 

2.1. Examples 

In this section, we consider a number of conservative systems having a single 
degree of freedom that are governed by simple nonlinear differential equations 
having the form 

* + /(*) = (2.1.1) 

The examples are chosen to exhibit different sources of nonlinearity. 

2.1.1. A SIMPLE PENDULUM 

As the first example we consider the motion of a simple pendulum consisting 
of a mass m attached to a hinged weightless rod of length / as shown in Figure 
2-1 . The equation describing the motion of the mass is 

mlB + mg sin 6 = 

or 

0+ojj|sin0 = O (2.1.2) 

where ojl-g/i- We note that the nonlinearity in this example is due to large 
motions (it corresponds to large deformations). 
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Figure 2-1. Simple pendulum. 



2.1.2. A PARTICLE RESTRAINED BY A NONLINEAR SPRING 
As the second example we consider the motion of a mass m on a horizontal 
frictionless plane and restrained by a nonlinear spring as shown in Figure 2-2a, 
If x{t) denotes the position of the mass, then the differential equation describing 
its motion is 



mx+f(x) = 



(2.1.3) 



where -f(x) is the force exerted by the spring on the mass. For a linear spring, 
f(x) = kx, where k is called the spring constant. For a nonlinear spring, the force 
is a nonlinear function of the deformation, as shown in Figure 2-2 b. For a soft 
spring the nonlinearity decreases the force, while for a hard spring it increases 
the force. In this section we assume the spring loads and unloads along the same 
curve and therefore does not exhibit hysteresis, which leads to damping. In this 
example the nonlinearity is due to the material behavior rather than to large 
deformations. 

2.1.3. A PARTICLE IN A CENTRAL-FORCE FIELD 

As the third example we consider the motion of a particle in a plane under the 
influence of a central-force field as shown in Figure 2-3. In polar coordinates the 
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Figure 2-2. (a) Mass-spring system, (b) Spring characteristics. 



2.1. EXAMPLES 41 




Figure 2-3. Particle in a central-force field. 

motion of the particle m is governed by 

m(r-r0 2 ) + mF(r) = O (2.1.4) 

m(rO + 2rO) = Q (2.1.5) 

where m is the mass of the particle if the field is gravitational and m is the charge 
of the particle if the field is electrical. Equation (2.1.5) has the integral 

r 2 6~p (2.1.6) 

where p is a constant; this integral is a statement of conservation of angular 
momentum. Eliminating B from (2.1.4) and (2.1.6) yields 

P 2 
'r-^r + F(r) = Q (2.1.7) 

Equation (2.1.7) can be put in a simpler form by changing the dependent 
variable from r to u = r" ! and changing the independent variable from t to 6. The 
derivatives are transformed according to 



r - 



dr dr • 6 du __ 
'dt"dd d ~~~u I ~dd'~ P 


dd 


(2.1.8) 


d 2 u • . d 2 w 




(2.1.9) 


d0 2 p 2 w 2 \u/ 




(2.1.10) 



Hence (2.1.7) becomes 



In this example the nonlinearity is due to inertia as well as material properties. 
Bond (1974) used the regularizing time transformation dt/ds = r and the 
Kustaanheimo-Stiefel transformation (Stiefel and Scheifele, 1971) to transform 
the nonlinear Newtonian differential equations of motion for the two-body 
problem into four linear harmonic oscillator equations. 

2.1.4 A PARTICLE ON A ROTATING CIRCLE 

As the fourth example we consider the motion of a mass m moving without 
friction along a circle of radius R that is rotating with a constant angular velocity 
£2 about its vertical diameter as shown in Figure 2-4. The forces acting on the 
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N Figure 2-4. Particle moving on a smooth, rotating circular 
wire. 

particle are the gravitational force mg, the centrifugal force m£l 2 R sin 0, and the 
reaction force N. Taking moments about the center of the circle and equating 
their sum to the rate of change of the angular momentum of the particle about 
0, we obtain 

mR 2 6 = mSl 2 R 2 sin 6 cos - mgR sin 6 (2.1.1 1) 

In this example the nonlinearity is due to both inertia and large deformation. 

2.2. Qualitative Analysis 

The behaviors of the aforementioned physical systems are governed by equa- 
tions having the form 

m+/(u) = (2.2.1) 

In this section we consider a powerful, general method of obtaining many of the 
distinguishing features of the solutions of this equation. 
If follows immediately from (2.2.1) that 

juii dt + \f{u)u dt = h, f u du + ff(u) du = h 

and 

\v 2 +F{u) = h (2.2.2) 

where v = u and h is a constant. For a mechanical system, the first term is essen- 
tially the kinetic energy; the second term is the potential energy; and the con- 
stant h, which is determined from the initial conditions, is the energy level. Thus 
(2.2.2) is a statement of conservation of energy. For a given value of h, the solu- 
tion (2.2.2) in the au-plane (called the phase plane) is called a level curve, or a 
curve of constant energy, or an integral curve; the branches of these level curves 
are called trajectories. 

As time passes, the point in the phase plane representing the solution moves 
along a trajectory. The direction or "sense" of the motion of this point can be 
determined by considering the velocity, v = u. Clearly u must be increasing if v 
is positive. 



2.2. QUALITATIVE ANALYSIS 43 



We rewrite (2.2.2) as follows: 



±v 2 = h-F(u) 



(2.2.3) 



and note that a real solution for v exists if, and only if, h > F(u) and that the 
trajectories are symmetric about the w-axis. Moreover we obtain from (2.2.1) 



5 = -/(«) 
from which it follows immediately that 

du v 



(2.2.4) 



(2.2.5) 



Thus when the trajectory has a horizontal tangent (dv/du - 0), f(u)= 0; and 
when the trajectory has a vertical tangent (dv/du = °°), v= 0. As we shall see, 
the points where either f(u) or v is zero are points of special interest. Also of 
special interest are the points where v and /(a) are zero simultaneously and thus 
the slope is indeterminate; these are called singular points. Thus singular points 
correspond to the simultaneous vanishing of the acceleration and the velocity, 
and hence they are equilibrium points. Because the slopes are uniquely deter- 
mined everywhere except at the singular points, trajectories cannot intersect 
anywhere except at the singular points. Next we determine the form of the 
trajectories for various forms of the function F(u). 

We begin by considering the case of F(u) being monotonic. In Figure 2-5, 
the case of F(u) monotonically increasing is shown. We note that each level 
curve consists of one branch (trajectory) similar in shape to a hyperbola that 
opens to the left. Clearly the case of F(u) monotonically decreasing would have 




Figure 2-5. Case of F(u) increasing monotonically . 
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the trajectories opening to the right. We note that, because the trajectories do 
not close, the motion is not oscillatory in either case. 

As a second example we consider the case of F(u) having a maximum as 
shown in Figure 2-6. When the energy level h is less than /z , each level curve 
consists of two branches, which intersect the w-axis and are similar in shape to 
branches of hyperbolas, one opening to the right and the other opening to the 
left. When h >h , each level curve consists also of two branches, but in this case 
they do not intersect the w-axis. When h = h , the level curve consists of four 
branches that meet at the point S, which is a singular point and called a saddle 
point, or col. The branches (trajectories) passing through the saddle point are 
called separatrices. None of the other trajectories passes through the point S, 
and the separatrices are asymptotes to all other trajectories. The equilibrium 
point S is unstable because any small disturbance will result in a trajectory on 
which the state of the system deviates more and more from S as / -* °°. 

An infinite amount of time is required by a particle to pass along a separatrix 
from any point in the neighborhood of a saddle point to the saddle point itself. 
This can be seen as follows. From (2.2.3) 

u = ±[2h - 2F(u)]^ 2 (2.2.6) 

It is convenient to introduce a change of the dependent variable from u to 
x = u - w , where u is the location of the saddle point. Thus the expansion of 




Figure 2-6. Case of F(u) having a maxi- 
mum. 
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the function h - F{u) in the neighborhood of the saddle point has the form 
(see Figure 2-6) 

h ~ F(u) = h ~ F(u + x) = - \F"(u )x 2 + 0(x 3 ) (2.2.7) 

because F(u ) = h and F'(u o ) = 0. Substituting (2.2.7) into (2.2.6) and inte- 
grating leads to the following expression for the time required to move from 
x 1 =Ui - u tox = u- u Q : 



[-F 



>°)J- 1/2,n fe) 



(2.2.8) 



We note that F"(u ) < near a col. Thus jc -> (i.e., u -» u ) as r -» °°. 

As a third example we consider the case of F(u) having a minimum as indi- 
cated in Figure 2-7. When h = h , the level curve degenerates into the single 
singular point C which is called a center. When h<h Q there is no real solution, 
while when h>h each level curve consists of a single closed trajectory which 
need not be an ellipse surrounding the center C. We note that C is stable in the 
sense of Liapunov (1966) because a small disturbance will result in a closed 



F(u) 




Figure 2-7. Case of F{u) having a minimum. 
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trajectory that surrounds C along which the state of the system stays close to C 
The motions corresponding to the closed curves are periodic but need not be 
harmonic. Moreover, in contrast with linear systems for which the period is 
independent of the amplitude (i.e., energy level), the period T of a nonlinear 
system is a function of h. It can be found from (2.2.6) and Figure 2-7 to be 

Jr u 2 
f [2h-2F(u)Y l ' 2 du (2.2.9) 

M i 

Though both centers and cols (saddle points) are singular points, in the neigh- 
borhoods of these points the motions produced by small disturbances are quite 
different as discussed above. Near a singular point, w , 

h - F(u) = - \F"(u Q )x 2 + 0(x 3 ) (2.2.10) 

where x-u - u . If the motion is small, then we may neglect the higher-order 
terms so that the equation of motion becomes 

x + F"(u o )x = (2.2.11) 

The solution has the form 

x=c,Qxp [\FF tT {u^t\ + c 2 exp [-y/-F"(u )t] (2.2.12) 

where c x and c 2 are constants. Near a saddle point F"(u ) is negative, hence one 
term decays exponentially but the other grows exponentially. On the other 
hand, near a center F"(u ) is positive; hence the solution is oscillatory, being 
described in terms of circular functions. For these reasons the saddle point is 
called unstable, while the center is called stable. 

As a fourth example we consider the case when maximum and minimum 
points coalesce to form an inflection point as shown in Figure 2-8. Each level 
curve consists of one branch that opens to the left. The level curve h = h passes 
through the singular point P, which is unstable. It is a nonelementary ox degen- 
erate singular point, which may be thought of as resulting from the fusion or 
coalescence of a saddle point on the left of/* with a center on the right of P. We 
note that this point corresponds to a cusp in the phase plane; this can be seen by 
considering the following. At point P t 



dF , d 2 F 

— =0, and —2 
du du 2 



F(u) = h , — =0, and — y = 



Therefore 



v = (2.2.13) 
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Figure 2-8. Case of F(u) having an in- 
flection point. 



Moreover, since 






dv dv 
dt du 




/dvV d 2 v _ df 
\du) du 2 du 


Because v = 0, 






^=0 




du 



dJF 

du 



= 



du 2 



= 



(2.2.14) 



(2.2.15) 



The preceding three examples constitute an elementary proof of a theorem 
due to Lagrange and Dirichlet, which states that if the potential energy has an 
isolated minimum at an equilibrium point, the equilibrium state is stable. They 
also constitute an elementary proof of a converse theorem due to Liapunov, 
which states that // the potential energy at an equilibrium point is not a mini- 
mum, the equilibrium state is unstable. 

We note that, if the functional form of F(u) or F\u) is given, one can deter- 
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mine whether a singular point is a saddle point or a center by examining the 
second derivative. Clearly at a saddle point 





d 2 F 

du 2 


df 
du 


while at a center 


du* du 


As an example, we consider the equation 


w + (l - w)(2- u) = 


The singular points are located at 


u = 1 and u = 2 


It follows that 


du 




and 


*L 


= 1 




flto 


W = 2 



(2.2.16) 



Thus w = 1 is a saddle point, while u = 2 is a center. There are oscillatory solu- 
tions in the neighborhood of u = 2 but not in the neighborhood of u = 1. 

When F(u) is more complicated than the cases considered above, the corre- 
sponding representations of the solutions in the phase plane are composed of 
combinations of those presented above. An example is shown in Figure 2-9. 
When h = h 0y the level curve consists of the two centers C x and C 2 , while when 
h = h 3i the level curve consists of two trajectories (separatrices) meeting at the 
saddle point S. When h <h </z 3 , each level curve consists of two closed trajec- 
tories, one surrounding the center C x and the other surrounding the center C 2 . 
When h>h 3 , each level curve consists of a single closed trajectory that sur- 
rounds the two centers as well as the saddle point. This example illustrates the 
strong dependence of the state of the system on the initial conditions and the 
system parameters. 

The remainder of this chapter is devoted to finding the solutions, or approxi- 
mations that exhibit the characteristics of the solutions, in a small but finite 
neighborhood of a center. From the discussion above one can recognize several 
features of the motions of nonlinear systems which distinguish them from linear 
systems. Let us suppose that, in the limit as the amplitude of the motion 
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Figure 2-9. Case of F(u) having a maximum and two minima. 



vanishes, the solution of the nonlinear equation approaches the solution of the 
corresponding linear equation. As we shall see, this turns out to be the case. 
Then a single harmonic will describe the motion in an infinitesimal neighbor- 
hood of the center. But as the preceding phase diagrams (Figures 2-7 and 2-9) 
clearly show, the closed trajectories for large amplitudes are not merely 
scaled-up versions of those for very small amplitudes. The shape changes notice- 
ably, but the motion is periodic and hence can be represented by a Fourier sine 
and cosine expansion. Thus one term in the expansion is sufficient to represent 
the infinitesimal motion accurately; but as the amplitude grows, so does the 
number of terms required to represent the solution accurately. Consequently 
one expects higher harmonics in the motion of nonlinear systems. Moreover it 
appears from (2.2.9) that the period of the motion depends on the amplitude 
(i.e., it depends on h). Finally we note that the trajectories around a center are 
not necessarily symmetric with respect to the center. Thus the motion appears 
to drift or stream as the amplitude increases; the midpoint of the motion is not 
the center (equilibrium position). The asymmetry is the result of the presence of 
even functions of the distance from the center in/(w). 

In the next section we present various methods for determining approximate 
solutions of (2.2.1) in the neighborhood of a center. 
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2.3. Quantitative Analysis 

As the examples in the preceding section illustrate, the motion is oscillatory in 
the neighborhood of a center. In this section we discuss methods of obtaining 
approximate expressions describing this oscillatory motion. Numerical methods 
were used by a number of investigators. Einaudi (1975) used an iterative method; 
Argyris, Dunne, and Angelopoulos (1973) used a finite-element technique; and 
Susemihl and Laura (1975) used a collocation technique. 

We have been considering systems governed by equations having the form 

k+/(h) = (2.3.1) 

where, in general, /is a nonlinear function. It is convenient to shift the origin to 
the location of the center, u = u . Thus we let 

x = u-u (2.3.2) 

Then (2.3.1) becomes 

i*+/(jc + i/ o ) = (2.3.3) 

Assuming /can be expanded, we rewrite (2.3.3) as 

N 

i' + £ a n x n = (2.3.4) 

n = \ 

where 

a " = i\ f(n)(Uo) (2J - 5) 

and f^ denotes the nth derivative with respect to the argument. For a center, 
/K) = 0and/'(wo)>0. 

The solution describes the response of the system to an initial disturbance. To 
describe the initial disturbance, one needs to specify both the initial position and 
the initial velocity, s and u , respectively. It is convenient to write the initial 
conditions in polar form. Thus we introduce an amplitude and a phase according 
to 

s = a cos O , u = -tfo<^osinj3 (2.3.6) 

where 

Wo = V^=[/'(«o)] 1/2 
and 

\2-|l/2 



*o : 



■S + f-Yr. ^o^cos-f^^sin-f-^ (2.3.7) 
\w / J \a J \ a oj / 
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The system governed by the equation obtained from (2.3.4) by deleting all the 
nonlinear terms is called the corresponding linear system. It plays a key role in 
the analysis of weakly nonlinear systems. Basically one obtains the response of 
the nonlinear system by perturbing the response of the corresponding linear 
system. 

There are a number of ways in which this perturbation can be effected. We 
begin with the so-called straightforward expansion, which is not uniformly 
valid, and then discuss the details of several modifications of the straightforward 
procedure which lead to uniformly valid expansions. The present discussion is 
not meant to be comprehensive; for such a discussion the reader is referred to 
Perturbation Methods by Nayfeh (1973&). Here we only discuss the basic con- 
cepts of the methods appearing most frequently in the literature. 

2.3.1. THE STRAIGHTFORWARD EXPANSION 

We seek an expansion that is valid for small- but finite-amplitude motions. It is 
convenient to introduce a small, dimensionless parameter e which is the order of 
the amplitude of the motion and can be used as a crutch, or a bookkeeping de- 
vice, in obtaining the approximate solution. 

We assume that the solution of (2.3.4) can be represented by an expansion 
having the form 

x(t; e) = ex^t) + e 2 x 2 {t) + e 3 x 3 (t) + ■ • • (2.3.8) 

Then we substitute (2.3.8) into (2.3.4) and, because the x n are independent of e, 
set the coefficient of each power of e equal to zero. This leads to the following 
set of equations: 



Order e 



Order* 2 



Order* 3 



x x + c^JC! = (2.3.9) 

x 2 +cj^ 2 = -a 2 ^? (2.3.10) 



x\ + gjo*3 = -2a 2 *i*2 - a 3*i (2.3.1 1) 

In satisfying the initial conditions, there are the following alternatives: 

1. One can substitute the assumed expansion (2.3.8) into the initial conditions 
(2.3.6) and equate coefficients of like powers of e. The result is 

*i(0) = <z cosj3 and jc^O) = -u> a sin j3 (2.3.12) 

x„(0)=0 and x n (0) = for n > 2 (2.3.13) 

Then one determines the constants of integration in x { such that (2.3.12) is 
satisfied; and one includes the homogeneous solution in the expressions for the 
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x ny for n > 2, choosing the constants of integration such that (2.3.13) is satisfied 
at each step. 

2. One can ignore the initial conditions and the homogeneous solutions in all 
the x n , for n>2, until the last step. Then, considering the constants of integra- 
tion in x x to be functions of e, one expands the solution for JCi in powers of e 
and chooses the coefficients in the expansion such that (2.3.6) is satisfied. 

Initially it may appear that the second alternative is inconsistent because we 
stipulated that the x n are independent of e. However, as we demonstrate by an 
example, the two approaches are equivalent, yielding precisely the same result. 

We prefer the second approach because there is much less algebra involved and, 
in many instances, we are only concerned with steady-state responses, which 
frequently are independent of the initial conditions. 

The general solution of (2.3.9) can be written in the form 

*i = acos(cj o ' + 0) (2.3.14) 

where a and are constants. Following the first alternative, we let a = a and 
= 0o in order to satisfy (2.3.12). Following the second approach, we con- 
sider a and to be functions of e and at this point pay no regard to the initial 
conditions. 
Substituting (2.3. 14) into (2.3.10) yields 

x 2 + ojIx 2 = -a 2 a 2 cos 2 (u> t + 0) = - \a 2 a 2 [1 + cos (2u t + 20)] (2.3.15) 

where trigonometric identities were used to eliminate all products and powers of 
the cosines. This is a necessary step in all the subsequent perturbation methods 
discussed. In accordance with the discussion above, we have two choices for 
expressing jc 2 : 



6cjq 



[cos(2gj ' + 20 o ) - 3] +a 2 cos(oj o ' + 02) (2.3.16) 



or 



x 2 = -± T [cos (2co t + 20) - 3] (2.3.17) 

oc*j 

where a 2 and 2 are additional constants of integration, independent of e, chosen 
such that (2.3.13) is satisfied. 
Thus following the first alternative, we have 






x = ea cos (cj r + O ) + e 2 \ - — j- [cos (2co t + 20 o ) - 3] + a 2 cos (to t + 2 H 

+ 0(e 3 ) (2.3.18) 
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Following the second alternative we have 

2 2 

x = ea cos(co o ' + 0)+ € f ? 2 [cos(2cj / + 2j3)- 3] +0(e 3 ) (2.3,19) 
6cog 

Now into (2.3.19) we put 

Then 

ear cos (oj f + 0) = (di + ^ 2 ^2 + ' * *)t cos (co t +B Q )cos(eB l + • • •) 

- sin(cj / l + ^o) sin ( e #i +••*)] = e ^i cos(cj / + ^ ) 
+ e 2 [A 2 cos(u t+B )- A X B X sin(cj /+^ )] + 0(e 2 ) 
= eA ! cos (cj ' + B ) + e 2 (Al + A 2 x B 2 x ) l/2 cos (cj t + 2 ) 
+ 0(e 3 ) 
where 

We can choose ,4 , = a , Z? = j3 , and ^ 2 and B x such that 

(^S+^tf?) 1 ' 2 ^ and j8o + tan- 1 f^-J = j8 2 

Then (2.3.18) and (2.3.19) are equivalent. Thus either alternative can be used in 
the subsequent schemes and either alternative can be used for higher-order 
approximations. 
Substituting (2.3. 14) and (2.3.17) into (2.3.1 1) yields 

a 2 3 
i" 3 + coo*3 = ~t~T [3 cos(o? r +|3) - cos(a> ' + |3) cos(2cu f + 20)] - a 3 a 3 
3oj>5 

•cos(3w ' + 3j3) (2.3.20) 

Any particular solution of (2.3.20) contains the term 
/10a?- 9cL 3 a>l\ 



(\0ai~9a 3 col\ , 
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If the straightforward procedure is continued, terms containing the factors 
t m cos(co f + 0) and t m sin(to t +f$) appear. Terms such as these are called 
secular terms. 

Because of secular terms, expansion (2.3.8) is not periodic. Moreover x 3 /x l 
and x 3 /x 2 grow without bound as t increases; thus * 3 does not always provide 
a small correction to x x and x 2 . One says that expansion (2.3.8) is not uni- 
formly valid as t increases. 

The discussion in Section 2.2 indicates that one of the features distinguishing 
nonlinear from linear systems is frequency-amplitude Interaction, Vet in the 
procedure used to generate the straightforward expansion, there is no provision 
for such a relationship. Thus this approach was doomed from the beginning. 
One modification of the straightforward procedure that does account for the 
frequency-amplitude interaction is the Lindstedt-Poincare method, which is 
discussed next. 

2.3.2. THE LINDSTEDT-POINCARE METHOD 

The idea is to introduce a new independent variable, say r = cot, where initially 
oo is an unspecified function of e. The new governing equation will contain oo in 
the coefficient of the second derivative; this permits the frequency and ampli- 
tude to interact. One can choose the function oo in such a way as to eliminate 
the secular terms (i.e., to render the expansion periodic in accordance with the 
discussion of Section 2.2). 

We begin by assuming an expansion for oo: 

oo(e) = oo + eoo x + e 2 oo 2 + • * * (2.3.21) 

where oo u oo 2 , and so on, are unknown constants at this point. Moreover we 
assume that x can be represented by an expansion having the form 

^(r;e)=ejc 1 (r) + e 2 Jc 2 (7) + e 3 Jf 3 (T)+- ■ • (2.3.22) 

where the*„ are independent of e. Then (2.3.4) becomes 

d 2 
(cj + eoo\ + e 2 oo 2 + • • -) 2 T~T ( 6 *i + ^ x 2 + e 3 *3 + ■ • ■) 

dr 

+ £(*„(€*! + e 2 x 2 +e 3 x 3 + ♦••)" = () (2.3.23) 
« = i 

Equating the coefficients of e, e 2 , and e 3 to zero and recalling that a x = ool, we 
obtain 

^-~ + x 1 =0 (2.3.24) 

dr 
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wgl— j- + x 2 J=-2co cj, -~-a 2 x\ (2.3.25) 

7 fd 2 x 3 \ d 2 x 2 d 2 x x 

C05I— j- + x 3 ) = -2co cj 1 2 - 2a 2 *i* 2 " (w{ + 2co co 2 )--7T" a 3*i 

(2.3.26) 



We write the general solution of (2.3.24) in the form 

x x -a cos0 (2.3.27) 

where 

= r + jS (2.3.28) 

and a and are constants. Substituting (2.3.27) into (2.3.25) leads to 



col 



( 2 2 + x 2 ) = 2Gj co 1 tf cos0 - |a 2 tf 2 [1 + cos 20] (2.3.29) 

Thus we must set cj! = 0, or x 2 will contain the secular term ojiOOq 1 ar sin 0. 
Then disregarding the solution of the homogeneous equation, we write the 
solution of (2.3.29) as 

x 2 = ~ ^5-[l-icos20] (2.3.30) 

zco 

Substituting for x x and x 2 into (2.3.26) and recalling that co x = 0, we obtain 

Jd 2 x 3 \ ( 3 , . a 2 V\ ./2a 2 2 \ , 

\~~j~r +x 3 J =2lw co 2 fl- |a 3 fl 3 + ^ -^ 2 -lcos0- i(^ + a 3 lfl J cos30 

(2.3.31) 

To eliminate the secular term from x 3 , we must put 

_ (9q 3 co3- lOa 2 ^ 2 

o; 2 —3 (2.3.32) 

24coq 

Hence from (2.3.2), (2.3.21), (2.3.22), (2.3.27), and (2.3.30), it follows that 



CO 



u = u + ea cos (cot + 0) - -^-^i [ 1 - I cos (2wr + 2/3)] + 6>(e 3 ) (2.3.33) 

2c*i 



where 



OJ 



= V^[l + ^peV] + 0(e3) (2.3.34) 



56 CONSERVATIVE SINGLE-DEGREE-OF-FREEDOM SYSTEMS 

We note that carrying out the expansion to higher order is cumbersome. One 
seldom has the courage to go beyond third order unless the algebraic manipula- 
tions are performed by a computer. Consequently, by using a computer to per- 
form algebraic manipulations, Helleman and Montroll (1974), Montroll and 
Helleman (1976), Eminhizer, Helleman, and Montroll (1976), Berry (1978), and 
Helleman (1978) developed a recurrence algorithm by which they solved for the 
Fourier coefficients of the solution and the frequency corrections rather than 
solving for the individual «„. 

Imposing the initial conditions (2.3.6), we have 

e 2 a 2 <x 2 1 

a cos O = ea cos [ 1 - i cos 20] 

20!! 

and (2.3.35) 

2 2 

. e a a 2 co 

-co a sin O = -eaco sin sin 20 

3a, 

To solve (2.3.35), we expand a and in powers of e and equate coefficients of 
like powers of e. The result is 



a 2#0 

ea = a + — — (3 cos O + cos 30 o ) 
12^! 

= ft>- 7^ (9 sin O + sin 30 o ) 
12oi 



(2.3.36) 



The resulting solution is in agreement with the solution that can be derived by 
including the homogeneous solution in x 2 and satisfying the initial conditions at 
each level of approximation. 

In accordance with the qualitative description of the motion given in Section 
2.2, we note that the Lindstedt-Poincare procedure produced (a) a periodic 
expression describing the motion of the system, (b) a frequency-amplitude 
relationship (which is a direct consequence of requiring the expression to be 
periodic), (c) higher harmonics in the higher-order terms of the expression, and 
(d) a drift or steady-streaming term - \ e 2 a 2 a 2 a\ l . 

2.3.3. THE METHOD OF MULTIPLE SCALES 

The uniformly valid expansion given by (2.3.33) and (2.3.34) may be viewed 
as a function of two independent variables rather than a function of one. 
Namely we may regard jc to be a function of t and e 2 t. The underlying idea of 
the method of multiple scales is to consider the expansion representing the 
response to be a function of multiple independent variables, or scales, instead of 
a single variable. The method of multiple scales, though a little more involved, 
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has advantages over the Lindstedt-Poincare method; for example, it can treat 
damped systems conveniently. 
One begins by introducing new independent variables according to 

T n =e n t for n = 0, 1,2, ■•- (2.3.37) 

It follows that the derivatives with respect to t become expansions in terms of 
the partial derivatives with respect to the T n according to 

d dT 3 dT x a 

- = — + — + • • = Dn + eD x + * • • 

dt dt 3T dt bT x ° l 

(2.3.38) 

d 2 

77 = D\ + leDoDi + e 2 (D 2 + 2D D 2 ) + • • ■ 

ar 

One assumes that the solution of (2.3.4) can be represented by an expansion 
having the form 

x(t;e) = ex,(r , T u T 2 , • • ■) + e 2 x 2 (T , T u T 2 , ' • ') 

+ e 3 x 3 (T ,T u T 2 , .-•) + ■•• (2-3.39) 

We note that the number of independent time scales needed depends on the 
order to which the expansion is carried out. If the expansion is carried out to 
0(€ 2 ) y then To and T\ are needed. In this section we carry out the expansion 
to 6>(e 3 ), and hence we need T 0y T u and T 2 . Substituting (2.3.38) and (2.3.39) 
into (2.3.4) and equating the coefficients of e, e 2 , and e 3 to zero, we obtain 

D\x x +cogjC! =0 (2.3.40) 

Dlx 2 + a>lx 2 =-2D D 1 x l - a 2 x] (2.3.41) 

Dlx 3 + coq^3 =~2D D l x 2 - D\x x - 2D Q D 2 x x - 2ct 2 ^i^2 ~ <^3^i 

(2.3.42) 

With this approach it turns out to be convenient to write the solution of 
(2.3.40) in the form 

x x =A(T U T 2 ) exp (icj T ) + A exp (~icj T ) (2.3.43) 

where A is an unknown complex function and A is the complex conjugate of A. 
The governing equations for A are obtained by requiring x 2 and x 3 to be 
periodic in 7V 
Substituting (2.3.43) into (2.3.41) leads to 

D%x 2 + cjIx 2 =-2i<jd Q D x A exp (iu> T ) - a 2 [A 2 exp (2ico T ) + AA ] + cc 

(2.3.44) 
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where cc denotes the complex conjugate of the preceding terms. Any particular 
solution of (2.3.44) has a secular term containing the factor T exp (ioj T ) 
unless 

D X A = (2.3.45) 

Therefore ,4 must be independent of T x . With D x A - 0, the solution of (2.3.44) is 



_ <M 2 a 2 - 

* 2 T ex P (2/<^o To ) 5" A A + cc 

3a>o cj 



(2.3.46) 



where the solution of the homogeneous equation is not needed as discussed in 
Section 2.3.1. 

Substituting for x x and x 2 from (2.3.43) and (2.3.46) into (2.3.42) and recall- 
ing that D\A =0, we obtain 



£>0*3 + <^0*3 = ■ 



2ico D 2 A 



3col 



A 2 A 



exp(/co r ) 



_ 3a 3 col + 2a 2 > a3 
3g>8 

To eliminate secular terms from x 3 , we must put 



2 A 3 exp (3io) T ) + cc (2.3.47) 



2ioj D 2 A + 



9a 3 6og - 10a 2 ; 
3o>S 



y4 2 .4 =0 



(2.3.48) 



In solving equations having the form of (2.3.48), we find it convenient to write 
A in the polar form 



A = \a exp (z/3) 



(2.3.49) 



where a and |3 are real functions of 7V Substituting (2.3.49) into (2.3.48) and 
separating the result into real and imaginary parts, we obtain 



cod - and oo afi' + 



10oj - 9a 3 co 2 ) 
24co 2 



a 3 =0 



(2.3.50) 



where the prime denotes the derivative with respect to T 2 . It follows that a is 
a constant and hence that 



= 



9a 3 GJ>g - 10a! 
24<og 



fl 2 r 2 +/3 



where j3 is a constant. Returning to (2.3.49), we find that 

\9a 3 w§ - \0a\ 



A = j a exp 



24<o£ 



eVr + /ft> 



(2.3.51) 



where we used the fact that T 2 = e 2 1. 
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Substituting for x, and x 2 from (2.3.43) and (2.3.46) into (2.3.39) and using 
(2.3.51), we obtain 

2 2 

x = eaco$(cot + p )- € ^ ^ [1 - \ 0^(20^ + 200)] + #0 3 ) 

2a j 

(2.3.52) 
where 



/57 [i 



"-^ 7|1+ 24a? € \ 



+ 6>(e 3 ) (2.3.53) 



in agreement with the solution, (2.3.33) and (2.3.34), obtained in the preceding 
section by using the Lindstedt-Poincare procedure. 

2.3.4. THE METHOD OF HARMONIC BALANCE 

The idea is to express the periodic solution of (2.3.4) in the form 

M 

jc = ^Z ^m cos (mco/ 1 + mj3 ) (2.3.54) 

Then substituting (2.3.54) into (2.3.4) and equating the coefficient of each of 
the lowest M + 1 harmonics to zero, we obtain a system of M + 1 algebraic equa- 
tions relating co and the A m . Usually these equations are solved for A ,A 2 , A 3 , 
- - - , A m and co in terms of A x . The accuracy of the resulting periodic solution 
depends on the value of A { and the number of harmonics in the assumed solu- 
tion (2.3.54). 
For example, substituting the one-term expansion 

jc = A ! cos (cot + O ) = A ! cos (2.3.55) 

into (2.3.4) yields 

-(co 2 - <*i)Ai cos0 + |a 2 >4i H + cos 20] + \a 3 A][3 cos + cos 30] =0 

(2.3.56) 

if N = 3. Equating the coefficient of cos to zero, we obtain 

co 2 =a t +f a 3 .4 2 (2.3.57) 

which for small A x becomes 

co = Vo7 [1 +|a 3 a7 1 /4 2 ] (2.3.58) 

Comparing (2.3.58) with (2,3.34), we conclude that only part of the nonlinear 
correction to the frequency has been obtained. The reason for the deficiency is 
that terms 0(A\) were neglected in (2.3.56), while terms 0(A \) were kept. To 
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obtain the rest of the nonlinear correction, we need to include other terms 
besides the first harmonic in the expression for x. 
Following Mahaffey (1976) and putting 

x=A x cos + ^0 (2.3.59) 

in (2.3.4) with N = 3, we obtain 

<x x A +<Mo + £<M? +<M£ + \cl 3 A q A\ + [-(co 2 - a l )A l 

+ 2a 2 A A x +3a 3 AlA x +|a 3 ^i] cos + [{a 2 A\ + f a 3 ,4 ,4 2 ] cos 20 

+ £<Mi cos 30 = (2.3.60) 

Equating the constant term and the coefficient of cos to zero, we have 

a^o +a 2 ^o + i«2^i +a 3 ^o + f a 3 ^o^i =0 

(2.3.61) 

-(co 2 - a,) + 2a 2 A + 3a 3 Al + f <M 2 = 
When^! is small, the solutions of (2.3.61) are 

2 (2.3.62) 

co 2 =c*i +(|a 3 " ol\ol x 1 )A\ 



Hence 



"] 



t , 3a 3 a 1 - 4aj 

1+ ^ ,4 2 | (2.3.63) 



Again, comparing (2.3.63) with (2.3.34), we conclude that the assumption 
(2.3.59) also produced a solution that does not account for all the nonlinear 
correction to the frequency to 0(A 2 X ). Inspecting (2.3.60), we find that we 
still neglected terms 0{A\ ) while we kept terms 0(A\). 
Next let us try to include three terms in the solution, that is, 

x=A + A x cos + ^2 cos 20 (2.3.64) 

where A and A 2 «A X . Substituting (2.3.64) into (2.3.4) with N=3 yields 

[(-co 2 + a 1 ) J 4 1 + a 2 A l (2A Q + ^ 2 ) + a 3 (|^ + 3A%A X + 3A A x A 2 

+ f>M!)] cos<p+[a x A +a 2 (Al + \A 2 x +\A\) + ai(A% 

+ \A A\ + \A A\ + |>l?i4 2 )] + [(-4co 2 + a, )A 2 + k 2 {{A] + 2^2) 

+ |«3(^2 +4AlA 2 + 2A\A 2 +2^o^i)] cos 20 + higher harmonics = 

(2.3.65) 
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Equating the constant term and the coefficients of cos and cos 20 to zero, we 
obtain 

-co 2 + a x +2a 2 ^o +a 2 ^2 + f <Mi + 3a 3 ,4 ,4 2 + 3a 3 ^o + |«3^2 = 

(2.3.66) 

a^ +a 2 (^g+^ 2 + \A 2 2 )+ 2a 3 A\(A + \A 2 ) + a 3 (Al + %A A 2 2 ) = Q 

(2.3.67) 

-(4co 2 - cti)^ 2 +^<Mi + 2a 2 A A 2 + f cM 2 ^ + ^2) 

+ 3a 3 i4g^ 2 +|a 3 ^2=0 (2.3.68) 

For small A u (2.3.66) through (2.3.68) show that A = (904 2 ) and A 2 = 6>04 2 ), 
and hence 

.4 =-^a 2 a7 1 ^? + 0(4?) (2.3.69) 

A 2 =la 2 a- l 1 A 2 l + 0(A 4 { ) (2.3.70) 

^ 2 =a, + fa 3 4 2 - falar 1 ^ 2 + 0{A\) (2.3.71) 

Substituting for 4 and4 2 from (2.3.69) and (2.3.70) into (2.3.64) yields 

x=A x cos0- — — [1 - \ cos 20] + ••• (2.3.72) 

2ai 



Moreover it follows from (2.3.71) that 

CO =\fotx 



■'] 



l+ 24a 2 ^ l|+ '" (2 ' 3 - 73) 



Comparing (2.3.72) and (2.3.73) with (2.3.33) and (2.3.34), we find that they 
are in full agreement if A x is identified with ea. Inspecting the coefficients of the 
higher harmonics in (2.3.65), one finds that they are 0{A\), and hence the 
neglected terms are the order of the error in (2.3.72) and (2.3.73), which is the 
reason why it is in agreement with the solutions obtained by the Lindstedt- 
Poincare procedure and the method of multiple scales. 

It is clear from the development above that, to obtain a consistent solution by 
using the method of harmonic balance, one needs either to know a great deal 
about the solution a priori or to carry enough terms in the solution and check 
the order of the coefficients of all the neglected harmonics. Otherwise one might 
obtain an inaccurate approximation (Mahaffey, 1976) such as (2.3.58) or 
(2.3.63). Therefore we prefer not to use this technique. 

Borges, Cesari, and Sanchez (1974) studied the relationship between func- 
tional analysis and the method of harmonic balance. 
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2.3.5. METHODS OF AVERAGING 

Foremost among the remaining methods are those based on averaging. These 
include the Krylov-Bogoliubov method, the Krylov-Bogoliubov-Mitropolsky 
technique, the generalized method of averaging, averaging using canonical vari- 
ables, averaging using Lie series and transforms, and averaging using Lagrangians. 
For a comprehensive treatment, see Chapter 5 of Nayfeh (1973&). 

Most of the solutions based on averaging start with the method of variation 
of parameters to transform the dependent variable from x to a and f$ where 

x = a(t) cos [ol> o ^ + 0(O] 

(2.3.74) 
x = - oj a(t) cos [co t + j3(r)] 

and co = n/<*7- Then it follows from (2.3.4) that the equations governing 
a and are 

a = con 1 sin [a 2 a 2 cos + a 3 a 3 cos 3 0] 

(2.3.75) 
= ojq 1 cos [a 2 a cos 2 + ot 3 a 2 cos 3 0] 

where = u> t + 0(r). 

Using the Krylov-Bogoliubov first approximation, one averages the right-hand 
sides of (2.3.75) over from to 2tt, assuming a and f$ to be constants. The 
result is 

a = 0, jj=f (Vaafl 2 (2.3.76) 

which when combined with (2.3.74) yields 

x = aco$(cot + M (2.3.77) 

where j3 is a constant and 

oj = \/c*7 [1 + | a 3 c*rV] (2.3.78) 

Comparison of (2.3.78) with (2.3.34) shows that the first approximation does 
not account for all the nonlinear correction to the frequency. Hence one must 
use a technique that is valid to second order rather than first order. 

To obtain a consistent approximate solution to (2.3.75), one needs to employ 
the generalized method of averaging. The resulting solution will be in agreement 
with those obtained in Sections 2.3.2 and 2.3.3 by using the Lindstedt-Poincare 
technique and the method of multiple scales. 

It should be noted that using the methods of averaging correctly leads to valid 
results. On the other hand, averaging in an ad hoc manner may lead to an in- 
correct answer. For example, Mahaffey (1976) wrote (2.3.4) when N = 3 in the 
form 

x + (on + ol 2 x + a 3 x 2 )x = (2.3.79) 
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Then he interpreted the quantity inside the parentheses as the square of the 
nonlinear frequency, that is 



00 



= V«7 [ 1 + — x + — x 2 ) (2.3.80) 



Hence 

/ a 2 

2a 



-JC + 1 r) 

i \2a! 8a?/ 



(2.3.81) 



Assuming x = # cos in (2.3.81) and averaging over from to 2tt, he obtained 

(2.3.82) 



oo 



-^K*^)' 



Comparison of (2.3.82) with (2.3.34) shows that the nonlinear correction to the 
frequency is totally incorrect. Therefore one must be careful in using an ad hoc 
technique, for one may obtain a solution that may be believable but nevertheless 
totally incorrect. In this book we only use consistent methods. 

2.4. Applications 

In this section we apply the general results obtained in the preceding section 
to some specific examples. 

2.4.1. THE MOTION OF A SIMPLE PENDULUM 

The equation describing the motion of a simple pendulum was derived in 
Section 2.1.1 as 

+ oj§ sin = (2.4.1) 

where oo\ = gjl. A first integral is 

2 =2[h- F(0)] (2.4.2) 

where F(6) = -col cos and h, the energy level, depends on the initial condi- 
tions. Let us take 

2h = 6l- 2oo 2 cos0 (2.4.3) 

Since F(6) has the minima -col at even multiples of 7r, the level curve h = -ool 
consists of an infinite number of discrete centers located along the 0-axis at even 
multiples of it. The centers correspond to the stable equilibrium position of the 
pendulum. Moreover since F(6) has the maxima ool at °dd multiples of 7r, the 
level curve h = ool consists of the two separatrices shown in Figure 2-10 that 
meet at an infinite number of saddle points located along the 0-axis at odd 
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multiples of it. The saddle points correspond to the unstable equilibrium posi- 
tion (inverted pendulum). It follows from (2.4.2) that the equation describing 
the separatrices is 

2 =4a>l cos 2 - 

or 



= ±2co cos - (2.4.4) 

When -co 2 ) < h < cjq, the level curves consist of an infinite number of closed 
trajectories each of which surrounds one of the centers; they correspond to 
periodic motions about an equilibrium position of the pendulum. When /i>Wq, 
a level curve consists of two wavy trajectories outside the separatrices which 
correspond to rotating or spinning motions of the pendulum. 
Rearranging (2.4.2), we can obtain 

t = ±\ [8l + 2wg(cos - cos d )] " 1/2 dO (2.4.5) 

For convenience, let us regard the motion as one started in the vertical position 
(0 O = 0) with the angular velocity O . Then one can rewrite (2.4.5) as 

1 f e dd 

' = ± |0ol4> - k 2 sin 2 1 0)V* (2 ' 4 ' 6) 

where k =2cj o /|0 o |. 

The character of the motion varies according to the value of k. If k < 1 (i.e., 
|0 O | > 2cj ), the integrand is always real and the value of increases indefinitely. 
In this case h > u>l according to (2.4.3), the motion is unbounded, and the 
pendulum undergoes a spinning, rather than an oscillatory, motion. The sepa- 
ratrices in Figure 2-10 are between the trajectories representing this motion and 
the 0-axis. If k = 1, the integrand is real and approaches °° as approaches -n. 
Thus the motion carries the pendulum from straight down to straight up. How- 
ever approaches -n asymptotically as / becomes infinite (see Section 2.2). In 
this case h = wj according to (2.4.3), and the trajectories representing the 
motion are the separatrices. If k > 1, the integrand is only real if 

|0|<0 m =2sin- 1 {^ (2.4.7) 

Thus the pendulum oscillates between ±0 m . In this case -cjq <h < a? 2 ,, and the 
closed trajectories represent this motion. 
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♦ F(« 




» 2ir 3tt 

Figure 2-10. Phase plane for a simple pendulum. 



The value k = 1 is often called a bifurcation value because it separates values of 
k for which the trajectories vary qualitatively (from open to closed). 

In the case of oscillatory motion, the integral (2.4.6) from to Q m , where we 
must use the positive sign, yields one fourth the period. Thus the period T is 



-4-f 



dO 



\ do \J (l-K'sin'ifl) 1 /* 
This expression can be put into a more convenient form by letting 

k sin \d = sin <j> 
It follows that 

2 cos <t> d<j> 



<j>~ \-n when 6 = d m and dO = 



k{1 - k 2 dn 2 4>) 1 * 2 



where k = \6 \/2oj = sin (i m ). Then the period becomes 






d<l> 



w J (1-k 2 sin 2 <t>f 12 



(2.4.8) 



(2.4.9) 



(2.4.10) 



This exact expression for the period is in terms of the elliptic function of the 
first kind. 
In this case one can readily obtain an approximate value for the period by 
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expanding the integrand and integrating term by term, that is, 



4 P 77 
= — [l+^ 2 sin 2 + |/t 4 sin 4 </> + 



']dd> 



Hence 



But 



Hence 



wo \ 4 64 / 

r '-£H ftt 55 ,4 - t ") l2A11) 

An approximation to the periodic orbit surrounding the origin can also be 
obtained by using the Lindstedt-Poincare technique. To this end we expand 
sin 6 in (2.4.1) about 0=0 and obtain 

+ cog(0- \0 3 +■•■) = (2A12) 

We let r = cor and expand and co as 

•-.fr)-"'.*)-- (24l3) 

co = co + e 2 co 2 + • • • 

where e is a small dimensionless parameter characterizing the amplitude of the 
motion. The term e 2 2 is missing from (2.4.13) because the nonlinearity appears 
at 0(e 3 ). The term ecoj is missing because the frequency is independent of the 
sign of e (the amplitude of the motion). Substituting (2.4.13) into (2.4.12) and 
equating coefficients of like powers of e, we obtain 

«8(0i'+0i) = O (2.4.14) 

^(03 + 3 ) + 2gj o oj 2 0'; - \ cj 2 0? = (2.4.15) 

The solution of (2.4.14) is 

1 =acos(r + ^) (2.4.16) 

where a and j3 are constants. Hence (2.4.1 5) becomes 

^2(03 + ^s) = (2co o cj 2 + i <^oV) cos (r + j3) + ^a 3 u>l cos (3t + 30) 

(2.4.17) 
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Eliminating the term that produces secular terms in (2.4.17) gives u? 2 = 
- jt oo a 2 . Hence a first approximation to is 

= eacos [co (l - ^eV)f + j3] +0(e 3 ) 



(2.4.18) 



To compare the exact and approximate solutions, we set ea = 6 m so that from 
(2.4.1 8) a first approximation to the period T a is given by 



^0^ = 27T(l-^^r 1 ^27T(l+^^) 



(2.4.19) 



in agreement with (2.4.11). Thus we have seen that the perturbation solution 
and the exact solution yield the same results for small values of 6 m . Table 2-1 
shows that TJT gets closer and closer to unity as 6 m -> 0. 

TABLE 2-1. The Ratio of the Approximate Period to the Exact Period for 
Various Amplitudes of the Motion of a Simple Pendulum 



10" 



20" 



30" 



40" 



50" 



60" 



70" 



80° 



90" 



TJT 1. 1.0000 1.0000 0.9997 0.9992 0.9979 0.9956 0.9920 0.9862 0.9778 



2.4.2. MOTION OF A CURRENT-CARRYING CONDUCTOR 

As an example of a single-degree-of-freedom system in which the restoring 
force depends on a parameter in addition to the coordinate, we consider the 
motion of a current-carrying wire with mass m in the field of an infinite current- 
carrying conductor and restrained by linear elastic springs as shown in Figure 
2-11, The differential equation describing the motion of the wire is 



d 2 x 2 2Mi/_ 

m — z^ + kx- - — — = 
dt 2 b - x 



(2.4.20) 




Free 
Length 



Figure 2-11. Current- carrying wire in the field of an in- 
finite current- carrying conductor. 
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where kx is the restoring force due to the springs and 2i l i 2 l/(b - x)is the attrac- 
tion force between the conductors due to the magnetic fields produced by the 
currents. Equation (2.4.20) can be rewritten as 

d 2 x A 

^ + ,-— = (2.4.21) 

where x = x/b, t = co t, wj = k/m, and A = 2i\i 2 l\kb 2 . A first integral of 
(2.4.21) is 

{x 2 +{x 2 + A In 1 1 - x\ = h (2.4.22) 

We let 

v = x and F(x) = \ x 2 + A In 1 1 - x \ 
The function F(x) has singular points at *,-, where 

F'(x i ) = x i - A(l -xi)' 1 =0 
or 

^.,^ = i±(g-A) 1/2 (2.4.23) 

The nature of the singular points can be determined by examining F"(x/). Since 

F"( Xi )=\- A(\- Xi y 2 = \~ A~ l xf 
then 

F"(x,) = 2A- , (i - A)" 2 [i " (i " A)" 2 ] 
F"(x,) = -2A- 1 (i-A) 1 / 2 [i + (i-A) 1 / 2 ] 

It follows from (2.4.23) and (2.4.24) that there are five cases to be considered: 
A<0, A = 0, 0<A<^,A=^, and A > \ . These are taken up individually. 

When A < 0, F{x) has minima at x x and at x 2 (here we take Xi >x 2 ); hence 
both points are centers. Because x t > 1, there can be motion in the neighbor- 
hood of x { only if the bracket for the spring-supported conductor extends 
around the fixed conductor. Because |u| -» °° as x -» 1, the moving conductor 
remains on the same side of the fixed conductor (this is true in all the cases 
considered). The possible motions are represented in Figure 2-12. The energy 
levels are labeled h n and the corresponding trajectories T n . When h <h u no 
motion is possible. When h x <h <h 3 , a level curve consists of a single branch, 
which encircles the center at x 2 . For h > h 3 a level curve consists of two 
branches, one encircling the center at x 2 and the other encircling the center 
at Xi. 

When A = 0, the electromagnetic force vanishes, and there is only one singu- 
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F(x) 




Figure 2-12. Phase plane for a current- carrying wire in the field of an infinite current- 
carrying conductor when A < 0. 



lar point, a minimum at x = 0. Thus x = is a center. The possible motions in 
the neighborhood of this point are represented in Figure 2-1 3a. 

When < A < \ , F(x) has a maximum at x x and a minimum at x 2 ; hence x x 
is a saddle point and x 2 is a center. Both points lie on the left-hand side of the 
fixed conductor. The possible motions on the left-hand side of the fixed con- 
ductor are represented in Figure 2-136. When h 2 <h <h^, a level curve consists 
of two branches, a closed branch encircling the center and an open branch on 
the right-hand side of the saddle point. Both branches have the same label in 
Figure 2-1 3b. When h > h 4 , the level curves are open and pass on the left-hand 
side of both singular points. When h = h 4 , the level curve consists of a separatrix 
whose equation is 



±u 2 +±x 2 +Aln|l 



x\ = hi =±x\ + Aln |1 - JCil 



(2.4.25) 



When h < h 2j the level curves are open but pass on the right-hand side of both 
singular points. When h = h 2 , the level curve consists of the center x 2 and a 
branch that is similar in shape to a hyperbola that opens to the right. Thus the 
motion can be bounded only if h 2 < h < h 4 , and then only if the initial condi- 
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h 2 





Figure 2-13. Phase plane for a current- carrying conductor in the field of another: (a) A = 0; 
(Z>)0<A< £;(c)A = £;tf)A>£. 



tions place the representative point on the closed branch of the level curve near 
the center. 
As A increases, the center and the saddle point approach each other. They 



coalesce at jc = ^ when A 



\ . Thus at x = ^ , F(x) has an inflection point. The 



4* Xli "° aL "* 2 

possible motions are represented in Figure 2- 13c. We note that there is a cusp on 
one of the trajectories and that bounded motion does not exist. 

Finally when A > ^, there are no singular points and hence there is no 
bounded motion. This is represented in Figure 2-\3d. 

The scale in the four parts of Figure 2-13 is uniform, but not the same as the 
scale in Figure 2-12. Figure 2-12 covers a much larger area in the phase plane 
than Figure 2-13. We note that A = and \ are bifurcation values because they 
separate values of A for which the phase plane varies qualitatively. 
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If x = x and x = at t = 0, then h - \ x\ + A In 1 1 - x I according to 
(2.4.22). Moreover an exact solution of (2.4.22) can be obtained by separating 
variables. The result is 



= J (*o " * 2 + 2A In y- — j dx (2.4.26) 



For one of the closed trajectories shown in Figure 2-13, the period 7Ms 

f x ° 2 / 1 - x \~ 1/2 
T = 2 I ( x 2 0l - x 2 + 2A In — 1 dx (2.427) 

where x 01 and x 02 are the abscissas of the points of intersection of the closed 
trajectory with the x-axis. 

To obtain an approximate solution for x, we let x = x 2 + u in (2.4.21) and 
expand the resulting equation in a Taylor series about u = 0. The result is 

u + a x u + a 2 u 2 + ot 3 u 3 + • • • = (2.4.28) 

where 

tt! = 1 - A(l - x 2 y 2 , a 2 = -A(l - x 2 y\ a 3 = - A(l - x 2 )" 4 

(2.4.29) 

Since (2.4.28) is the same as (2.3.4), then according to (2.3.33) and (2.3.34) it 
has the following approximate solution: 

(2.4.30) 
where 



x = x 2 + ea cos (tof + 0) - — [1-1 cos (2w/ + 20)] + 0(e 3 ) 



CO : 



, 9a 3 ^i - 10^2 2 2 

1 + ^7~2 e a 

24a] 



+ 0(e 3 ) (2.4.31) 



and a and are constants of integration. 

To compare the approximate period T a = 2-n/u) with the exact period T given 
by (2.4.27), we set = so that x i = *2 + ea - \ a 2 a[ l e 2 a 2 + 0(e 3 ). Table 
2-2 shows the variation of TjT with ea for A = |. We note that TJT -* \ as 
e# -► as expected. 

TABLE 2-2. The Ratio of the Approximate Period to the Exact Period for 
Various Amplitudes of the Motion of a Current-Carrying Conductor 

ea 0.2 0.3 0.4 0.5 0.6 

TJT 1.000 0.998 0.993 0.977 0.924 
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2.4.3. MOTION OF A PARTICLE ON A ROTATING PARABOLA 

As an example of a singje-degree-of-freedom conservative system that is de- 
scribed by an equation different from (2.2.1), we consider the motion of a ring of 
mass m sliding freely on the wire described by the parabola z = px 2 which rotates 
with a constant angular velocity £2 about the z-axis as shown in Figure 2-14. 

It is convenient to write the equation of motion of the ring by using an Euler- 
Lagrange formulation. For a conservative, holonomic (constraints are integrable) 
system, we express the kinetic and potential energies T and V in terms of what 
are usually called generalized coordinates q, where q is a vector whose elements 
are the independent coordinates needed to describe the system under considera- 
tion. Then we form the Lagrangian L as 

L(q, q, t) = 71(q, 4, " Hq, 4, (2.4.32) 

Applying Hamilton's principle leads to the following Euler-Lagrange equations: 



dt \dq/ 3q ° 



(2.4.33) 



For the present problem, 

T=\m(x 2 + £2 2 x 2 +z 2 ), V = mgz (2.4.34) 

Using the constraint z = px 2 , we rewrite these energies as 

r=±m[(l+4p 2 x 2 )x 2 +£2 2 x 2 ], V=mgpx 2 (2.4.35) 

Since the kinetic energy is not a quadratic function of the velocity, the system is 
usually called a nonnatural system (e.g., Meirovitch, 1970, p. 77). Substituting 
for Tand Finto (2.4.32) yields 

Z, = \m [(1 + 4p 2 jc 2 )i 2 + £l 2 x 2 ] - mgpx 2 (2.4.36) 

Substituting for L into (2.4.33) and letting q = x, we find that the equation 
describing the motion of the ring is 

(1 + 4/? 2 Jc 2 )ic +Ajc + 4p 2 * 2 x = (2.4.37) 




Figure 2- 14. Particle on a rotating parabola. 
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where 

A = 2gp - a 2 (2 .4.38) 

The equations describing the motion in the phase plane are obtained next. Let 

Ax+ 4p 2 xv 2 



X ° 9 " l+4p 2 x 2 

Eliminating t from these equations, we obtain 

dv _ Ax + 4p 2 xv 2 
dx~~ u(l+4p 2 * 2 ) 

which can be rewritten as 

\ (1 + 4p 2 x 2 ) d(v 2 ) + 4p 2 Jci' 2 dx + Ax dx = 

Equation (2.4.41) has the integral 

(1 +4p 2 jc 2 )y 2 + Ax 2 =h 



(2.4.39) 



(2.4.40) 



(2.4.41) 



(2.4.42) 



where h is a constant. Equation (2.4.42) shows that T + Fis not a constant for 
this system; this is a consequence of the system being nonnatural. The integral 
(2.4.42) is called the Jacobi integral. 

For a general holonomic, conservative system described by a Lagrangian that 
does not depend explicitly on t, the Jacobi integral can be obtained as follows: 



But 



dL 3L . dL .. 
— = — q + — - q 
dt 3q 3q 



bq~ dt\bq) 



(2.4.43) 



(2.4.44) 



according to (2.4.33). Hence (2.4.43) can be rewritten as 

dL _ d_ 

dt ' dt \bqj "■ 3q "" dt V3q 



fdL\ . dL .. d f. 3L\ 

y « * * '■*(•• ^ ) (2 - 445> 



Therefore 



or 






q — "A 



= 



• 3/ - , I. 

dq 



(2.4.46) 



(2.4.47) 
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where h is a constant. Substituting for L from (2.4.36) into (2.4.47), we obtain 
an integral that is equivalent to (2.4.42), which we obtained by direct integra- 
tion. Rearranging (2.4.42) can produce 



h- Ax 2 



2 V 2 



and it follows that 



dv_ 
dx 



1 +4p 2 x 



(A + 4p 2 h)x 



\h-Ax 2 yi 2 {\ + 4 P 2 x 2 yi 2 



(2.4.48) 



(2.4.49) 



Next we consider the influence of the parameter A on the character of the solu- 
tions. We consider three cases: A > 0, A < 0, and A = 0. 

When A > 0, it follows from (2.4.48) that v 2 decreases from the value h at 
x = to zero at x 2 = h/A. For x 2 > h/A, there is no real solution for v. Thus the 
motion, which is bounded, is represented by closed trajectories surrounding the 
origin, which is a center as shown in Figure 2-\5a. We note that as A decreases 
the trajectories become more oblong as shown in Figure 2-1 56. 




A=-9 




(a) 



(b) 





A<0 



(d) 



Figure 2-15. Phase plane for a particle on a rotating parabola: (a) A = 1; (b) -9 < A < 5; 
(c) A = 0;(</) A<0. 
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When A < 0, v 2 approaches \A\/4p 2 and dv/dx approaches zero as x 
approaches infinity. The values of v 2 at large x are independent of the value of 
h y and consequently all trajectories approach the same asymptote. The motion, 
which is unbounded, is represented by open trajectories, and the origin is a 
saddle point as shown in Figure 2-1 5d. The velocity approaches the same asymp- 
totes (which depend on the value ofp and A) regardless of the value of ft. 

As A decreases toward zero, the trajectories in Figure 2-1 5^, become more 
oblong; and as A increases toward zero, the asymptote of all the trajectories in 
Figure 2-1 5d approaches zero. The limiting case when A = marks the boundary 
between the bounded and the unbounded motions; for this reason, A = is 
called the bifurcation value. In Figure 2-1 5c the trajectories are shown for the 
bifurcation value of A (zero) and various values of h. In this case the velocity 
approaches zero regardless of the value of h. 

The discussion above shows that periodic motion exists when A > 0. We con- 
sider this periodic motion next. Proceeding as before, we manipulate (2.4.48) to 
obtain 



t 



r (\+4 P 2 x 2 yi 2 

=± J UTfo-y dx (2A50) 

where we assumed that t = when x = 0. Changing the variable according to 
x = (/z/A) 1/2 cos leads to 

„ A-*j[*'(l + ^ cos- ,)■"* 

The time required for x to change from to (ft/A) 1 ' 2 is one fourth of the 
period T. Hence 

, f 2 " l 4hp 2 V 2 

T=4A~ l/2 I (l + — — cos 2 J dO (2.4.51) 

We can rewrite (2.4.51) in terms of the elliptic function of the second kind as 

(1 - k 2 sin 2 <9) I/2 dd (2.4.52) 

o 

where k 2 = 4hp 2 l(A + 4/zp 2 ). 

An approximate value for T can be obtained by first expanding the integrand 
in (2.4.51) and then integrating term by term. The result is 

,i 



T=4A~ l/2 j 1 +— ^-cos 2 + --- dd ** T a = 2ttA" 1/2 f 1 + — j 



(2.4.53) 
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An approximate expression for the period can also be obtained by the Lind- 
stedt-Poincare method. Thus we let r = ut and expand x and co as 

x = ex x (r) + e 3 x 2 (r) + • • ■ (2.4.54) 

cj = cj +e 2 cj 2 +• • • (2.4.55) 

In (2.4.54) the term proportional to e 2 is missing because the nonlinearity is 
cubic rather than quadratic; and in (2.4.55) the term proportional to e is missing 
because the frequency must be independent of the sign of e, as discussed in 
Section 2.2. 

Substituting (2.4.54) and (2.4.55) into (2.4.37) and equating coefficients of 
like powers of e, we obtain 

ulx'l +Axt =0 (2.4.56) 

gjo*3 + Ax 3 =-2co Ct>2*i' " 4p 2 u>lx 2 x" - 4p 2 ojlx'iX l (2.4.57) 

We choose cj = \/K so that the solution of (2.4.56) becomes 

*i =acos(r + j3) (2.4.58) 

where a and are constants. Hence (2.4.57) becomes 

cjjS(*3 +A: 3 ) = (2cj cj 2 fl? + 2p 2 cj^ 3 )cos(T + j3) + 2p 2 cj^ 3 cos [3(r + j3)] 

(2.4.59) 

To eliminate secular terms from x 3 , we must put 

co 2 =-p 2 co a 2 (2.4.60) 

Hence 

x = eacos [cj (1 - e 2 p 2 a 2 )t + 0] +<9(e 3 ) (2.4.61) 

To compare this result with the exact result, we put the amplitude of the motion 
ea = (/z/A) 1 ^ 2 . Then it follows that the approximate expression for the period is 

T a = 27TA-" 2 (l - ^-Y * 27rA-/ J (l + ^) (2.4.62) 

We note that (2.4.62) agrees with (2.4.53). Table 2-3 shows that the agreement 
between the approximate and exact values for the period improves as hp 2 /A 
decreases. 

TABLE 2-3. The Ratio of the Exact Period to the Approximate Period for 
Various Values of hp 2 /A for the Motion of a Particle on a Rotating Parabola 

hp 2 /A 0. 0.05 0.1 0.15 0.25 0.4 

T/T a 1. 0.995 0.994 0.988 0.973 0.946 
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Exercises 



2.1. For each of the following systems, (1) sketch the solution trajectories in 
the phase plane, and (2) indicate on the sketch the singular points and their 
types, as well as the separatrices; 



(a) 


M + W = 


(b) 


u + u - u 3 = 


(c) 


u - u + u 3 = 


(d) 


u + u + u 3 = 


(e) 


u - u - u 3 = 


(0 


u + w 3 = 


(g) 


X 

w + w = 

a - u 







2.2. Determine a two-term expansion for the frequency-amplitude relation- 
ship for the systems governed by the following equations: 



(a) u +GJo"0 +w 2 ) : 

(b) w+o;gw+aw 5 = 

(c) «-u+w 3 = (oj 2 - 

(d) w +cjqW +au 2 u = 



(co - oo 



!^ tf 2 ) 



: 2- 
(co 



3a 2 ) 



■gj - gCJ Q:« ) 



2.3. The relativistic motion of a particle having a mass m at rest and attached 
to a linear spring with stiffness k on a smooth horizontal plane is 



d_ 
dt 



.(i-aV) 1/2 a 



+ ku = 



where c is the speed of light. Determine a two-term expansion for the relation- 
ship between the frequency and the amplitude. 

2.4. Determine a two-term expansion for the relationship between the fre- 
quency and the amplitude for a system governed by 

ii + cjqW +«|w| = 

2.5. Consider the system shown in Figure 2-1 6a. 



f(x) 



Cr7777777T77777 

(a) 



r 777 




Figure 2-16. Mass restrained by a nonlinear spring: 
(a) in the absence of gravity force; (b) in the pres- 
ence of gravity force. 
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(a) Determine a two-term expansion for the relationship between the fre- 
quency and the amplitude for this system where the spring force f(x) = k x x + k 3 x 3 
with* being the spring deformation. 

(b) Suppose that the same system is rotated 90° as shown in Figure 2-166. 
Compare the relationship between the frequency and the amplitude for this con- 
figuration with that for part (a). 

2.6. A rigid rod slides back and forth on the smooth walls as shown in Figure 
2-17. Show that its motion is governed by 



+ 



g{R 2 ~ I 2 ) 112 



R 2 



1 l 2 

3 l 



sin = 



What is the linear natural frequency? What effect does increasing / have on the 
nonlinear natural frequency? Obtain a two-term expression relating the period to 
the amplitude of the motion. 
2.7. The small cylinder rolls without slip on the circular surface (Figure 2-18). 

(a) Show that the governing equation for is 

2g 



+ 



sin = 



3(* " r) 

(b) What is the minimum value of at = for which the cylinder will make 
a complete revolution? (Note that the normal force at point A must be equal to 
or greater than zero.) 

(c) How long does it take the cylinder to make a complete revolution in part 
(b)? 

2.8. Reconsider the motion of a particle on a rotating parabola that was dis- 
cussed in Section 2.4.3, However now assume that the wire is weightless and that 
its angular velocity £2 is changing with the position of the mass along the wire. 
There is no outside influence acting on the wire. 




Figure 2-17. Rigid rod slides on 
the smooth walls of a circular 
cylindrical surface. 




Figure 2-18. Small circular cylin- 
der rolls on a circular cylindrical 
surface. 
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(a) Show that the equations of motion are 

2Slx+£lx = 
and 

(1 + 4p 2 x 2 )x + Ap 2 xP + (2pg - Sl 2 )x = 

(b) Show that 

Slx 2 = \/H 

where \Jh is a constant of integration (essentially this is a statement of conserva- 
tion of angular momentum) and that the governing equation for x can be written 
in the form 



(1 + 4p 2 x*)x+4p*xx l + 



( 2 «-^)*-° 



(c) In a manner similar to that used in Section 2.4.3, discuss the motion of 
the mass along the parabola. Show that the motion is always bounded in this 
system, in contrast with Section 2.4.3. 

(d) For p = 1, g= 32.2, h = 1000, and H= 12, plot the trajectories in the 
phase plane. 

2.9. The rigid frame (Figure 2-19) is forced to rotate at the fixed rate £2. 
While the frame rotates, the simple pendulum oscillates. 

(a) Show that the equation governing is 

£ + (1 - Acos0)sin0 = O 

where A= (£l 2 r/g) and the new independent variable is r = (g/r) l ^ 2 t. Compare 
this with the motion of a particle on a rotating circle considered in Section 2.1 .4. 

(b) Show that this equation can be integrated to yield the following: 

\6* = \ei-Fm 




Figure 2-19. Simple pendulum attached 
to a rotating rigid frame. 
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where O is the speed at = and 

F(0) = 1 - I A- (1 - ^Acos0)cos0 

Sketch the motion in the phase plane for A < 1, A = 1, and A> 1. Discuss the 
changes in the characteristics of the motion as A increases. What is the signifi- 
cance of A = 1? 

(c) Assuming A> 1, obtain a two-term, approximate relationship between 
the amplitude and the frequency for small but finite motions. 

(d) Assuming A< 1, obtain a two-term, approximate relationship between 
the amplitude and the frequency for small but finite motions. 

2.10. In the preceding problem, suppose that the rigid frame is free to rotate 
(i.e., it is not driven at constant 12). Thus 12 becomes a function of time. 

(a) Neglecting the mass of the frame, show that the equations governing 
and 12 can be written in the following form: 

(rsin0) 2 12 = y/fi 
6 +(-- 12 2 cos0] sin = 



r 



0j sin = < 



where H is a constant of integration (\//7 is, essentially, the angular momentum). 

(b) These equations can be combined to yield 

+ -(sin0 - Acot0)=O 

where A = H/gr. Show that essentially only one singular point exists, regardless 
of the value of A, and that it is always a center. For A = 1 , what is the value of 
at the center? 

(c) Find the two-term, approximate amplitude-frequency relationship for 
small but finite oscillations around this center. 

2.1 1. Consider the system shown in Figure 2-20. 

(a) Show that the equation of motion is 






m 2 l 2 xx 2 x 



(b) Let R = mi\m x and u = x/l. Then expanding for \u\ <K 1 , obtain 

Rg 
(1 +Ru 2 )u+ Ruu 2 + coqU + — i/ 3 +--- = 



where 



2 k Rg 
mi * 



FREE LENGTH 
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k 

■AAAMr 



m, 



wy//////A y/////////A 



,1 



L 



i 



Figure 2-20. Exercise 2.1 1. 



(c) Obtain a two-term, approximate relationship between the amplitude and 
the frequency of the motion. 

2.12. Consider the system shown in Figure 2-21. 

(a) Show that the equation governing^ is given by 

2m l gy .. 2m l y t .. l 2 p \ 

(/ + y ) ' i +y \ l +y / 



(b) Show that the equilibrium value of y is 

/m 2 



ye (4m? -ml) 1 / 2 
(c) Let u =y/l and R = nti/m 2 and obtain 



(assume 2m x >m 2 ) 



* 2^« 2Ru I .. « 2 \ 

/ /(1+ W 2 ) 1/2 l+« 2 \ 1+W 2 / 



rmn 




El 



Figure 2-2 1 . Exercise 2.12. 
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(d) Let 

u = +T? 

/ 

and expand for small values of 77. Use this governing equation for 17 to obtain a 
two-term, approximate relationship between the frequency and the amplitude of 
the motion. 

2.13. A rigid rod is rigidly attached to the axle as shown in Figure 2-22. The 
wheels roll without slip as the pendulum swings back and forth. Only the ball on 
the end of the pendulum has appreciable mass, and it may be considered a 
particle. 

(a) Show that the equation governing 8 is 

(I 2 + r 2 - 2rl cos 8)6 + rl sin 88 2 + gl sin 6 = 

(b) For small but finite motions, determine a two-term, approximate 
frequency-amplitude relationship. 

2.14. Consider the same system as in the preceding exercise, except now 
there is a linear spring attached to the axle as shown in Figure 2-23. The spring 
force is zero when is zero. 

(a) Show that the governing equation for 8 is 

m{l 2 +r 2 - 2rl cos 8)8 + mrl sin 88 2 + mgl sin 8 + kr 2 8 = Q 

(b) For small but finite motions, obtain a two-term, approximate frequency- 
amplitude relationship. 

2.15. Consider a simple pendulum that makes repeated inelastic impacts with 
a wall as shown in Figure 2-24 (Meissner, 1932). While the mass is not in contact 
with the wall, the governing equation is 

6 + j sin 8 = 




Figure 2-22. Pendulum attached to roll- 
ing wheels. 
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Figure 2-23. Pendulum attached to rolling wheels that are restrained by a spring. 



This equation can be rewritten in a convenient form by changing the indepen- 
dent variable: Let 



r = cot where co 



2-1 



Then 

6" + sin = 
For small angles, this equation becomes 

0" + = 

(a) Show that, in the case of no impacts at all, the trajectories in the phase 
plane are a family of circles. 

(b) Sketch the family of trajectories when 

(1) a>0, (2)a=0, and (3)a<0 




Figure 2-24. Simple pendulum that makes inelastic impacts with a 
wall wall. 



84 CONSERVATIVE SINGLE-DEGREE-OF-FREEDOM SYSTEMS 

Hint: Idealizing the situation, we can model the impact by a sudden change in 
velocity while the position remains fixed. The impact causes the direction of 
the velocity to change and, because the impact is inelastic, the magnitude to 
decrease. 

(c) Show that the rest position is reached in a finite length of time when 
a > and not at all (infinite length of time) if a < 0. Hint: Show that the time 
required for the representative point to traverse a trajectory between impacts 
is equal to the central angle of the trajectory in the phase plane. Then examine 
the behavior of the central angle as the time increases. 

2.16. Consider the structure shown in Figure 2-25. The mass m moves in the 
horizontal direction only. Using this model to represent a column, we demon- 
strate how one can study its static stability by determining the nature of the 
singular point at jc = of the dynamic equations. This "dynamic" approach is 
simpler to use, and the arguments are more satisfying than the "static" approach. 
Vito (1974) analyzed the stability of vibrations of a particle in a plane con- 
strained by identical springs. 

(a) Neglecting the weight of all but the mass, show that the governing equa- 
tion for the motion of m is 



mx + 



lk l -^)x + (k 3 -~jx 3 



= 



where the spring force is given by 



spring 



ng = k { x + k$x + • • • 



This equation can be put in the general form 

x + a x x +a 3 jc 3 + • • • = 





F SPRING 



H H 

P JP 

(a) (b) 

Figure 2-25. Model for the buckling of a column. 
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Figure 2-26. Rigid rod rocks on a circular surface. 

(b) Sketch the potential energies and the phase planes for a x < and a x > 0. 
These sketches describe the behavior of the system when it is disturbed from its 
equilibrium position at jc = 0. What is the critical value of P (i.e., the buckling 
load which causes a large response to a small initial disturbance)? 

2.17. The rigid rod (Figure 2-26) rocks back and forth on the circular surface 
without slipping. 

(a) Show that the equation governing 6 is (Gaylord, 1959) 

(^ I 2 + r 2 B 2 ) 0+r 2 6d 2 + gr$ cos 6 = 

(b) Obtain the two-term, approximate relationship between the amplitude 
and the frequency of the motion. 

2.18. Consider the system shown in Figure 2-27. 
(a) Show that the equation of motion is 

mi + kx(x 2 + l 2 Y V 2 [(x 2 + / 2 ) 1 ' 2 - T] = (1) 



r 




m 



SMOOTH SURFACE 

w;/////////////;//;//, / v//////////, 



k , LINEAR 
SPRING 



Figure 2-27. Mass slides on a smooth sur- 
face while restrained by a linear spring. 
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Then show that this equation can be put in the following convenient form: 

U + 2u(\ +a 2 r 1/2 [(w 2 + l) 1/2 -L]=0 (2) 

where 

X AT 1 

u-~r and L =—- 

The new independent variable is r = u>t where cj 2 = k/2m. 

(b) Sketch the motion in the phase plane for L < 1 , L = 1 , and L > 1 . What is 
the significance of L = 1? 

(c) Expanding (2) for small u (i.e., for* small compared with /), show that 

u +w 3 + • • • = when L = 1 (3) 

(d) Using (3), obtain the following exact relationship between u and r: 

du 



V2 L i4-" 4 i i/2 



(4) 



where the motion begins from rest at u- -u . This expression can be put in a 
more convenient form by letting 

u = -u cos (5) 

Using (5), show that (4) becomes 

1 C 6 d<b 

u J (1 - ^sin 2 0) 1/2 2 

where F is called the eUiptic integral of the first kind and is a tabulated function. 
Show that the period of the motion is T ^ 1 416/w . 
(e) Equation (6) defines as a function of r. One writes 

= am(r) 

(and one says amplitude of r). Then it follows that 

u = -u cos = ~u cos [am(r)] = -u cn(r) 

The function en is one of Jacobi's elliptic functions. Plot u as a function of r and 
compare this graph with a plot of the cosine function, giving both the same fre- 
quency and amplitude. Plot only one half of the cycle. 

2.19. Consider the behavior of a system governed by 

(a) Use the method of harmonic balance and show that 

u- u cos (cjt +j3) 
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where oj = (\/3/2)u . Hence T= 7.255/w . Compare this result with that ob- 
tained in part (d) of Exercise 2.18. What is the percent error? 

(b) By expanding the integrand and integrating term by term, refer to (6) in 
Exercise 2.18, obtain an approximate expression for the period. Show that three 
terms are needed in the expansion before one can obtain greater accuracy than 
that given in part (a) above. 



Number of Terms 
in Expansion 


1 


2 


3 


4 


5 


6 


Tu 


6.283 


7.069 


7.289 


7.366 


7.396 


7.407 



2.20. Use the method of harmonic balance to show that the first term in the 
nonlinear frequency of the system 

u+au 5 = 

is cj = (5c*/8)^ 2 <z 2 , where a is the amplitude of oscillation. 

2.21. Apply the method of equivalent linearization (e.g., Caughey, 1963; 
Blaquiere, 1966; Iwan 1969, 1973; Patula and Iwan, 1972; van der Werff, 1973, 
1975; Srirangarajan, Srinivasan, and Dasarathy, 1974; Dasarathy, 1975; Chou 
and Sinha, 1975; Iwan and Miller, 1977) to 

w" + w 3 = (1) 

that is, replace (1) by 

x" +Xjc = 

(the "equivalent" linear equation). Then the integrated square of the error over a 
time interval T is given by 

e= I (Xx-x 3 ) 2 dT = ((Xx-x 3 ) 2 ) 

Minimize this error with respect to X and obtain 

X=<jc 4 >/<jc 2 > 
Next write the solution of the linear equation in the form 

x = u Q cos (cot + j3) 
where u and j3 are constants of integration and 

cj = %/x 

Choosing T to be the period of x, show that 
in agreement with the results of Exercise 2.19. 
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2.22. Again consider 

w" + w 3 = (1) 

Now let the approximate form of u be 

u = u cos (cor +0) (2) 

where u and j3 are arbitrary constants and to is to be chosen in such a way as to 
optimize the approximation. Substituting (2) into (1), show that the "residue" is 

R = (|wq " oj 2 u )co$(gjt + P) + i"o cos (3cjt + 3j3) 

and that the average of R 2 over the interval In/co is 

^ </}*>= I (f tt 3_^ Mo )* + X M g 

(a) Show that if (R 2 ) is minimized with respect to u (assuming u is not 
zero), 

oj=\(6±y/6) l/2 u 

The root with the positive sign maximizes (R 2 ) and must be discarded. The 
other root is not in agreement with the result obtained by the methods of har- 
monic balance and equivalent linearization. 

(b) Instead of minimizing (R 2 ) with respect to m , show that if (R 2 ) is mini- 
mized with respect to cj, 

V3" 

(c) Instead of minimizing (R 2 ), show that if R is made orthogonal to the 
assumed solution (i.e., in this case {u R cos (cot + 0)> = 0) 

This is the Galerkin procedure. 

2.23. Is the method of multiple scales appropriate for solving u" + w 3 = 0? 
Explain your answer. 

2.24. Consider the system of Exercise 2.18 when the free length of the spring 
is£/(i.e.,L = £). 

(a) Show that the equation of motion becomes 

u +u + \u 3 +• • • = 

Assuming the motion begins from rest at u = ~u 0y show that 



f du 

" 2 J w [(u 2 -u 2 )(4 + u 2 + u 2 )V! 2 
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(b) Let u-~u cos 6 and put this expression in the form 

•0 



— — \ 

(4 + 2a 2 .) 1 ' 2 J 



dd 



(1 - k 2 sin 2 0) 1/2 



where A: 2 = u 2 ,/(4 + 2m 2 ,). 

(c) Make a plot of the period as a function of u . 

(d) For u much less than unity, expand the integrand, then integrate term by 
term, and obtain the following two-term expression for the period : 



H-tH 



Compare this result with (2.3.34). 
2.25. (a) Consider a system governed by the nonlinear equation 

x + a { x +a 3 jt 3 = 
Using the method of equivalent linearization, show that it can be replaced by 

i* + \x = 
where 

cMx^ + aaOc 4 ) 



X = 



<* 2 > 



Let x - a cos (cot + ]3), where a and j3 are constants of integration and cj = vX. 
Perform the averaging over 2n/oo and obtain 

X = Of! +|a 3 a 2 

in agreement with (2.3.34). 
(b) Now consider a system governed by the nonlinear equation 

x + a { x + a 2 x 2 + a 3 jc 3 = 

Using the method of equivalent linearization, replace it by 

x + \x = 

where 

_ Q 1 <Jc 2 ) + q 2 <.y 3 ) + Q3(.y 4 ) 

Show that in this case, one also obtains 

X = aj + f a 3 <z 2 
in disagreement with (2.3.34). 
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(c) Can you make any conclusions about the method of equivalent 
linearization? 

2.26. Show that the results obtained by using the Galerkin procedure depend 
on the assumed form of the solution for the following governing equation: 

x +<Xix + <x 2 x 2 +a 3 jt 3 = 

(a) Let 

x = a cos (cot +j3) 
and show that 

co 2 = c*i + f a 3 a 2 

(b) Let 

x = a cos (cot +0) + # 
and show that 

R = [-aco 2 + a { a + 2a 2 aB + f a 3 <z 3 + 3a 3 aB 2 ] cos (cot +/?) + aiB 

+ a 2 (±a 2 +B 2 )+a 3 (B 3 + %a 2 B) + [\a 2 a 2 + \a 3 a 2 B] cos(2cof +0) 
+ \a 3 a 3 cos(3cj/ + 3j3) 

(c) Using the condition that 

(aR cos(co/+j3)>=0 



over the interval T = 27T/co, obtain 
-aco 2 + a.\a - 
(d) Using the condition that 



aco 2 +a x a + 2a 2 aB + %a 3 a 3 + 3a 3 aB 2 = 



(BR)=0 
over the interval T = 2n/co, obtain 



Then show that 



a x B+a 2 (\a 2 + B 2 )+a 3 (B 3 + §<z 2 £) = 



B = -\a 2 a.\ l a 2 + ■ • ■ 



and 

4 



cj 2 = ai + |a 3 <z 2 - aja^a 2 + • • • 



(e) Let 

* = a cos (co/ + 13) + B + C cos (2cot + 20) 
and obtain 

co 2 = a x +f a 3 2 - f alarV 
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(f ) Compare these results with (2.3.34) and draw conclusions about the use 

of the Galerkin procedure. 

2.27. Consider the system governed by the following equation of motion: 

u - u + u 4 = 

(a) Show that u = 1 is a center. Then let v = u - 1 and obtain 

v + 3v + 6v 2 + 4u 3 + v A = 

(b) Use either the Lindstedt-Poincare method or the method of multiple 
scales to obtain a two-term frequency-amplitude relationship. 



F(u) 




-Oc 




F(u) 




(a) 



(b) 




(c) 



Figure 2-28. Exercise 2.28. 



92 CONSERVATIVE SINGLE-DEGREE-OF-FREEDOM SYSTEMS 

2.28. Consider the free oscillations of a system governed by 

w+F(i/) = 

where F(u) is defined in Figure 2-28 for three different cases. Show that in the 
first approximation 



(a) cog 



(b) o>l = k 



-?[--GH(-n 



(c) cog = fc 2 

[Many more cases were treated by Siljak (1969, Appendix F).] 

2.29. Consider the system governed by the following equation of motion: 

u + ku n ~ 

where n is an odd integer. Using the method of harmonic balance, show that an 
approximation of the frequency-amplitude relationship is 

where T is the gamma function. 

2.30. Consider the motion of a system governed by u - u + u n = 0, where h is 
a positive integer. Let w = 1 + v, expand for small e, and obtain 

v + (n- \)v + \n(n - \)v 2 + \n{n- \)(n - 2)v 3 +• -- = 

Determine a two-term frequency-amplitude relationship. 

2.31. Consider the system shown in Figure 2-29. 

(a) Show that the equation of motion of the disk can be written in the form 

/ 



e + oj 2 



i - 



[2r(r + /)(l - cos0) + / 2 ] 1/2 _ 



i(9 = 



where u> = 2k(r + l)/mr and /is the free length of the spring. 




^VW- 



LINEAR SPRING 



< 



^ Figure 2-29. Particle on a wheel restrained by 
a spring. 
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(b) Sketch the potential energy as a function of Q for 

(i) /</ 

(ii) /</</ + 2r 
(iii) f>l + 2r 

Show the equilibrium positions and indicate whether they are stable or unstable. 

(c) For /> / obtain a two-term expression relating the amplitude and the fre- 
quency of small oscillations around the equilibrium position. 

2.32. The cylinder rolls back and forth without slip as shown in Figure 2-30. 

(a) Show that the equation of motion can be written in the form 

Jc* + cj 2 [1 -/(l +x 2 y 1 f 2 ]x = 

where cj 2 = 2&/3M and / is the free length of the spring. All lengths were made 
dimensionless with respect to the radius r. 

(b) Sketch the potential energy as a function of x for 

(0 1</ 
(ii) \>f 

Show the equilibrium positions and indicate whether they are stable or unstable. 

(c) For /= \/~2, obtain a two-term frequency-amplitude relationship for small 
oscillations around the equilibrium position. 

2.33. Consider the system governed by (Baker, Moore, and Spiegel, 1971): 

u - 6(1 - w 2 )w = -e[w + (l -5)«] 

where e « 1 and6 = 0(l) 

(a) When e = 0, show that 

u 2 + 26(±u* - \u 2 + bu) = E 

Show that there are three equilibrium positions if |£>|<| and only one if 
\b\ > 3. Sketch the trajectories in the phase plane for the cases 

(i) b = 

2 



(ii) 0<b<j 
(iii) b>\ 

(b) Determine a first-order approximate solution for small e. 




B2r 



///////////// Figure 2-30. Cylinder rolls without slip. 
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2.34. Consider the motion of the simple pendulum of Section 2.4.1 . 

(a) Use the Lindstedt-Poincare technique to show that 

eV 
= ea cos (cof + 18) - cos (3cot + 3/3) + 0(e 5 ) 

/ eV eV\ . 

cj = cj 1 + + ^(e 6 ) 

°\ 16 1024/ 

nd0(O) = 

/ eV\ 

; 1 +- 

\ 64/ 



(b) Use the initial conditions 0(0) = and 0(0) = O to show that 



(c) Use (a) to eliminate co from (b) and obtain 

O 3eV 

— =2k = -ea + + • • • 

co 64 

Then show that 

ea = -2k- § A: 3 + • ■ • 

(d) Determine the period of oscillation and compare it with (2.4.6). 



CHAPTER 3 

Nonconservative 

Single- Degree-of- Freedom 

Systems 



In this chapter we consider the damped unforced oscillations of systems having 
a single degree of freedom. We begin with a discussion of several damping 
mechanisms. For a comprehensive discussion we refer the reader to the book of 
Lazan (1968). Next we discuss methods for obtaining qualitative and quantita- 
tive analyses. Then we consider systems with slowly varying coefficients, and 
finally we consider relaxation oscillations. 

Forces that are functions of the velocity are called damping forces. When the 
damping force, or simply the damping, causes the amplitude of the unforced 
motion to decrease, it is called positive damping. When the damping causes 
the amplitude to increase, it is called negative damping. In this chapter we con- 
sider both types of damping mechanisms. 

3.1. Damping Mechanisms 

3.1.1. COULOMB DAMPING 

When the contact surface between two solids is dry, the friction force 
opposing their relative motion is called Coulomb damping. When an external 
force is applied to move the block in Figure 3-\a from rest, a friction force 
which opposes the impending motion develops. The magnitude of the friction 
force / increases until a critical value is reached, and then the block moves. After 
the motion begins, the magnitude of /decreases as long as \x\ < \x m | and then 
increases when \x\ becomes larger than \x m \ as shown schematically in Figure 
3-16. The critical value is usually expressed as fi 5 N 9 where [i 5 is the so-called 
static coefficient of friction and TV is the normal force between the block and 
the surface; in this case, it is mg. In many applications, the Coulomb force is 
approximated by a constant. Thus referring to Figure 3- la, one writes the equa- 
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///////// 



mass 
m 



(Q} (b) 

Figure 3-1. (a) Spring-mass system, (b) Friction force as a function of velocity. 



tion of motion as 



nix + F(x) 



-<■{. 



tiding when x < 
Vd m 8 when x > 



(3.1.1) 



where ii d is the so-called dynamic, or kinetic, coefficient of friction and F(x) 
is the negative of the restoring force of the spring. 

3.1.2. LINEAR DAMPING 

When the contact surface in Figure 3~la is covered with a thin liquid film so 
that the two surfaces do not touch, it is usual to assume that the friction force is 
proportional to the velocity gradient (i.e., f&x/h, where x is the relative veloc- 
ity and h is the thickness of the film) and opposes the motion (Newton). Thus 
referring to Figure 3-l<z, one writes the equation of motion in the form 



mx + ex + F(x) = 



(3.1.2) 



where c is a positive constant that is a function of the fluid properties and the 
condition of the surfaces. Mahalingam (1975) investigated the combined in- 
fluence of Coulomb and linear damping on the response of vibratory systems. 

Another example of the drag force being proportional to the velocity occurs 
when an immersed body moves through a fluid at very low Reynolds numbers 
(Stokes flow). The case when the Reynolds number is large is discussed next. 

3.1.3. NONLINEAR DAMPING 

When an immersed body moves through a fluid at high Reynolds numbers, the 
flow separates and the drag force is very nearly proportional to the square of the 
velocity. Thus one writes the equation of motion in the form 



mx + F(x) = -c\x\x 



(3.1.3) 
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where c is a positive constant that is a function of the body geometry and the 
fluid properties. For moderate Reynolds numbers, the damping force lies be- 
tween the linear and quadratic forms. Consequently some researchers have repre- 
sented the damping force as -c\x | a jc, where < a < 1. Since these models of 
damping are not analytic, other researchers have used damping forms such as 
-cf(x)x or -cg(x)x, where f{x) and g{x) are even analytic functions of jc and 
jc, respectively. Hemp (1972) proposed a combination of Coulomb and qua- 
dratic damping for a runaway escapement mechanism. 

3.1 A HYSTERETIC DAMPING 

Let us consider the system shown in Figure 3-2#, which is a simple example 
illustrating hysteretic damping. The mass m lies on a smooth surface, and the 
restoring mechanism consists of an elastic spring (not necessarily linear) in 
parallel with a linear elastic spring and a "Coulomb damper" in series. The func- 
tions /i and f 2 give the forces in the springs. 

Let us suppose that the motion is started from rest by moving the mass m to 
the right. The restoring force in the top element is always given by fi(x), where 
x is the position of the mass m. However the restoring force in the bottom 
element depends on the path traveled by m. If x < x sy where f 2 (x s ) = f s is the 
critical friction force in the damper, the elongation in the bottom spring is x 
and the restoring force is kx, where k is the spring constant. When x > x S9 the 



-AAAr- 
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D 
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r <-X s *1 





(a) 



(b) 



Figure 3-2. id) Simple example of hysteretic damping, (b) Typical loading diagram for the 
bottom element in the restoring mechanism of Figure 3-2a. 
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damper slips, the elongation in the spring remains x 5 , and the restoring force 
remains / 5 = kx s as shown in Figure 3-2b. 

Let us assume that the motion reverses its direction at x = x b > x s . Initially 
the damper does not slip and the restoring force in the bottom spring decreases 
from kx s to k(x + x s - x b ) along the line BC. As the mass m reaches the location 
x = x c = x b - 2x s , the force in the bottom spring reaches the critical friction 
value f s , but now it is compressive. As jc decreases beyond x c , the damper slips 
and the restoring force in the bottom element remains -kx s . If the motion 
reverses its direction at x = x d , the damper does not slip initially and the re- 
storing force in the bottom element is given by k(x - x s - x d ) along the line 
DA. As x reaches x a , slipping occurs and the restoring force in this element 
remains kx s . If the motion reverses its direction again at x' b , initially no slipping 
occurs and the restoring force in the bottom element starts decreasing as shown 
in Figure 3-2b. The area enclosed in the diagram as the load is cycled equals the 
energy dissipated. 

The hysteresis described by the above example is of the hardening type and is 
linear. There are many structures that exhibit a hardening behavior under cyclic 
loading. These include riveted and bolted structures (Iwan and Furuike, 1973), 
externally reinforced masonry walls (Tso, Pollner, and Heidebrecht, 1974), and 
reinforced concrete shear walls and beam-column connections (Shiga, Shibata, 
and Takahashi, 1974; Townsend and Hanson, 1974). Miller (1977) presented a 
physical model, which produces a form of hardening hysteresis, and used it to 
determine the steady-state response of single- and multidegree-of-freedom 
systems. Caughey and Vijayaraghavan (1976) treated a one- degree- of-freedom 
system with linear hysteretic damping. Systems with bilinear hysteretic damping 
models were analyzed by Jacobsen (1952); Goodman and Klumpp (1956); 
Thomson (1957); Berg and DaPeppo (1960); Caughey (1960b, c); Tanabashi and 
Kaneta (1962); Iwan (1965); Jong (1969); Tso and Asmis (1970); Drew (1974); 
and Karasudhi, Tan, and Lee (1974). 

In addition to the structural systems discussed above, there are composites of 
ductile materials that are assembled in such a way as to slip or yield gradually. 
These exhibit a softening hysteretic behavior under cyclic loading; that is, their 
hysteresis loops are generally composed of smooth curves with rounded knees. 
Such systems were treated by a number of investigators including Jennings 
(1964), Iwan (1967, 1968a, b), and Jennings and Husid (1968). Distributed- 
element models for hysteresis were used by Pisarenko (1948), Iwan (1966, 
1970), and Jong and Chen (1971). 

Other interesting examples of hysteresis can be found in nonlinear aero- 
dynamics. In Figure 3-3, from Atta, Kandil, Mook, and Nayfeh (1977), the 
pitching moment and normal-force coefficients are plotted as functions of angle 
of attack. For this plot a rectangular wing is initially in a steady state at an angle 
of attack of 1 1°. Then the angle of attack suddenly starts to increase. When the 
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II II II 13 15 15 15 II II II 13 15 15 15 



or 

(a) 



(b) 



Figure 3-3. (a) Pitching-moment and (b) normal-force coefficients as functions of angle of 
attack. 



angle of attack reaches 15°, it stops changing and a new steady state develops. 
Then the angle of attack suddenly begins to decrease. It continues to decrease 
until it reaches 11°. Then it stops decreasing and a new steady state develops. 

In Figure 3-4 from Thrasher, Mook, Kandil, and Nayfeh (1977), a rectangular 
wing at an angle of attack undergoes a harmonic yawing motion around an axis 




0.7 



(c) 



Figure 3-4. (a) Rolling-moment, (b) pitching- 
moment, and (c) normal-force coefficients as 



-10 



io functions of yaw angle. 
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through the leading edge and perpendicular to the wing surface. The plots show 
the rolling-moment, pitching-moment, and normal-force coefficients as functions 
of the angle of yaw. The loads are calculated by using potential theory and 
allowing for viscous effects by separated vortex sheets. The area enclosed by a 
loading path equals the energy dissipated during one cycle of the motion. 

Davidenkov (1938) proposed an analytic hysteretic model which has a pointed 
hysteretic loop. It was used by Mozer and Evan-Iwanowski (1972) to analyze 
parametrically excited columns with hysteretic material properties and by Rajac 
and Evan-Iwanowski (1976) to analyze the interaction of a motor having limited 
power with a dissipative foundation. 

3.1.5. MATERIAL DAMPING 

When a real material is deformed, certain internal mechanisms are responsible 
for a dissipation of energy. Several models have been proposed for these mechan- 
isms; among them are analogies to springs and dashpots in series (Maxwell fluid) 
and springs and dashpots in parallel (Kelvin and Voight solid). For more details 
of these models of viscoelastic materials and other more complicated models we 
refer the reader to the books of Fliigge (1967) and Lazan (1968). Besides the 
investigators mentioned in Chapter 7 who treated the nonlinear vibrations of 
viscoelastic beams, plates, and shells, a number of other investigators studied the 
nonlinear vibrations of viscoelastic systems. These include Maiboroda and Mor- 
gunov (1972); Maiboroda, Koltunov, and Morgunov (1972); Movlyankulov 
(1974); Kravchuk, Morgunov, and Troyanovskii (1974); Karimov (1974); 
Ibragimov (1975); and Nambudiripad and Neis (1976). Caughey (1960a) showed 
that the variations of the amplitude and the phase of a wave train along a semi- 
infinite rod exhibiting weak bilinear hysteresis are quite different from those 
along a linear viscoelastic rod. 

It should be noted that viscous damping, including viscoelastic damping used 
to simulate the internal damping mechanism of physical systems, may lead to 
the prediction of some peculiar instabilities in certain circulatory systems sub- 
jected to n on conservative forces which depend on the generalized coordinates 
(Ziegler, 1952, 1953, 1956, 1968; Bolotin, 1963; Leipholz, 1964; Herrmann and 
Jong, 1965, 1966; Nemat-Nasser and Herrmann, 1966; Nemat-Nasser, Prasad, 
andHerrman, 1966; Herrmann, 1967; Nemat-Nasser, 1967, 1970). 

3.1.6. RADIATION DAMPING 

One mechanism of radiation damping involves the transfer of energy from a 
moving body to a surrounding, unbounded fluid. As examples, a pulsating 
bubble in a compressible fluid does work on the fluid during the motion and 
hence causes the kinetic energy of the fluid (in the form of pressure waves that 
radiate outward) to increase; similarly, a body vibrating at the interface between 
two liquids creates surface waves that radiate outward. In both cases the amount 
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of fluid set into motion continually increases. The effect is to damp the motion 
of the body. To illustrate this concept, we consider in detail the symmetric 
pulsations of a spherical bubble in an infinite, slightly compressible liquid. 

We assume that the bubble is initially in equilibrium with the liquid. The initial 
radius of the bubble is R , the initial density of the gas inside the bubble is p 0g , 
the initial pressure in both the gas and the liquid isp > and the initial density of 
the liquid is Po- 

The linearized equations describing the motion of the liquid are 

Conservation of Mass 

i a 1 a^ 

(3.1.4) 



(3.1.5) 



dp = c 2 dp (3.1.6) 

where u, p, /?, and c are the radial component of the velocity, the density, the 
pressure, and the speed of sound in the liquid, respectively. The problem for- 
mulation is completed by the specification of the boundary conditions. The 
linearized form of these boundary conditions at the bubble surface is 

p=p g and u = eR fi atr = R Q (3.1.7) 

where 

R=R [\+ev(t)} (3.1.8) 

is the instantaneous radius of the bubble. Since disturbances decay away from 
the bubble, 

u-+0 and p~*Po as r->«> (3.1.9) 

Equations (3.1.4) through (3.1.6) can be combined to yield the wave equation 

1 d 2 p 
-7^ (3.1.10) 





1 d r 2 
r l or 


1 dp 

Po ot 


Conservation of Radial Momentum 






ou 


1 dp 




~dt~ 


Po or 


Equation of State 







r 2 dr \ or) 



dt 
The solution corresponding to an outward-propagating wave is 



p-Po+f^ 1 (3.1-11) 
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Hence 

-(/p) = -c-(/-p) (3.1.12) 

To determine the equation describing rj, we integrate (3.1.5) from r =R to r - °°, 
use (3.1.7) and (3.1.9), and obtain 



( R °du 
L bt 



dr + p s Po = (3.1.13) 

Po 



To evaluate the integral in (3.1.13), we replace bu/bt by (1/r 2 ) (b/bt) (r 2 u), 
integrate the result by parts, and obtain 

[ R > a« f*° i a / , w aui*. [*• i d 2 

— dr=\ - T — (r 2 u)dr = -r--\ + - — -—{r 2 u)dr 

J„ bt J„ r 2 bt K bt\„ J. /• 9/-3r v ' 

(3.1.14) 



But from (3.1.4) and (3.1.6) one can obtain 



i a 2 2 . _r_ aV = i a 2 

r dr bt (r U) p c 2 dt 2 p c 2 dt 2 



Using (3.1.12) we express (3.1.15) as 

1 a 2 , i x i 9 2 , , 1 a / a?\ 

r 3r3r p c at or P<>cbr \ at I 

Combining (3.1.14) and (3.1.16) and performing the integration, we obtain 



1 



Rn bu bu 

— dr = -r — 
dt dt 



1 dp 

+ r~- 

PoC dt 



(3.1.17) 



Using (3.1.7) through (3.1.9) in (3.1.17) and combining the resulting equation 
with (3.1.13), we obtain 

- Ml ^*!L*El + PLlPl = ( 3. L18) 

p c dt p 

Conservation of mass in the bubble gives 

p g R 3 =p 0g Rl (3.1.19) 

For an isentropic motion of the gas inside the bubble 

7 



Po \Pog) 



(3.1.20) 

Po ' ■ ' 
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where y is the ratio of the specific heats of the gas. Thus from (3.1.8) it follows 
that 



ElL 
P 



HW- 



(1+er?)" 



-37 ~ 



1 - 3677? 



Substituting (3.1.21) into (3.1.18) yields 



. 3tPq 3tPq _ n 

PocRo Po^o 



(3.1.21) 



(3.1.22) 



The second term in (3.1.22) is a damping term which is due to the radiation of 
energy from the bubble outward via the liquid. 

For this damping mechanism there is actually conservation of energy if one 
regards the vibrating body and the surrounding fluid to be a single dynamic 
system. 

3.1.7. NEGATIVE DAMPING 

In all the examples described above, the damping is positive. Here we consider 
a van der Pol oscillator in detail. This is a simple example of a system having a 
dampinglike mechanism which acts to increase the energy (i.e., which is nega- 
tive) when the amplitude of the motion is small and to decrease the energy when 
the amplitude is large. As a result, the system reaches a so-called limit cycle 
which is independent of the initial conditions. 

The van der Pol oscillator is an electrical circuit consisting of two dc power 
sources, resistors, inductance coils, a capacitor, and a triode as shown in Figure 
3-5. The triode has three main elements: a cathode (filament A) heated by one 
of the dc sources so that it emits electrons; an anode (plate P, positively 
charged), which attracts the electrons emitted by the cathode; and a grid (course 
mesh G), which controls the flow of electrons from the anode to the cathode. 
The control is accomplished by changing the potential of the grid by a mutual 
inductance. 




Figure 3-5. Circuit diagram for the van der Pol oscillator. 
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To derive the equation governing the current i in the inductance coil of the 
oscillator, we apply Kirchhoff's laws: 



In addition, 



di die 

L >7 t + M -i= Ri « 

dt dt C 

di r , di 

V G =L 2 -^ + M- 

dt dt 

V p =E-Ri R 

i P = i + *R + h 

. _dq c 
dt 



(3.1.23) 
(3.1.24) 

(3.1.25) 

(3.1.26) 

(3.1.27) 

(3.1.28) 



where q c is the charge on the capacitor. 

The current in the grid iq is assumed to be negligible. Moreover it was shown 
experimentally, and it can be shown theoretically, that 

ip = 0(K c +AK p ) (3.1.29) 

where A is a constant. The reciprocal of A is called the amplification factor, and 
the function <p is called the characteristic of the vacuum tube. 
Using these assumptions one can combine (3.1.23) through (3.1.29) to obtain 



d 2 i Li di f , ,df 



(3.1.30) 



To simplify (3.1.30), we let 



and find 



where 



x = i- <HA£) 
LiC3c + jc + F(jc) = 



F(x) = — x - <p [AE + (M - ALi )jc] + 0(A£T) 
K 



(3.1.31) 



(3.1.32) 



The function F(x) describes the damping mechanism for the circuit. 

The character of the damping mechanism depends on the characteristic of the 
triode <j>. Typically the function has the properties shown in Figure 3-6. The 
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Figure 3-6. The characteristic of the triode. 



saturation exhibited by the triode is the result of the plate current being limited 
by the rate of production of electrons. 
When the amplitude of the motion is small (\x\ « 1), we may write 



F(x) = F '(0)i = [L X R' X - (M- AL l )<i>'(AE)]x 



(3.1.33) 



We note from Figure 3-6 that (j>(AE) is positive. Thus if one can make 
(M - AL i) > and (M - AL\ )<j>(AE) >L x lR> then one can make the damping 
negative. It is possible to build such a circuit. 

When the amplitude of the motion is large, is nearly a positive constant if 
x is positive, and is nearly a negative constant if x is negative. Now the 
damping is positive. Thus the character of the damping mechanism changes from 
negative to positive as the amplitude of the motion increases. 

To approximate the function F(i) in a region around the point x = which 
includes the transition from negative to positive damping, one can represent 
F(x) by a cubic function as 



F(x) = -a l x + a 3 x 3 



(3.1.34) 



where a x and a 3 are positive constants. Substituting (3.1.34) into (3.1.31) and 
letting x = «\A*iA*3> we obtain 



u + cjqU- e(u - w 3 ) = 



(3.1.35) 



where e = ^cjI and io\~{L\C) l . Equation (3.1.35) is often called Rayleigh's 
equation. Differentiating (3.1.35) with respect to t yields 



v + ooqV- e(l - v 2 )v = 0, v = \f3u 



(3.1.36) 



which is often called van der Pol's (1922) equation. 

Next we describe a mechanical system that exhibits negative damping. Specifi- 
cally we consider the system shown in Figure 3-la. It consists of a block of mass 
m resting on a rough belt which moves with a constant speed x and connected 
to a spring attached to a rigid support. If x is the displacement of the block from 
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Dip- 



(a) 




Figure 3-7. (a) Mechanical system capable of executing self-sustained oscillations, (b) The 
characteristic of the mechanical system. 



the free-length position of the spring, then 

nix + kx - f{x - x ) = 



(3.1.37) 



where / is the Coulomb friction force between the block and the belt and is 
shown in Figure 3-16. 
We introduce a new variable u defined by 



u = x 



k~ x /(-io) 



Then (3.1.37) becomes 



u + a)lu + F(u) = 



where coq = k/m and 



F(u) = m- l [f(-x )-f(u-x )] 



(3.1.38) 
(3.1.39) 
(3.1.40) 



If jc is not too large, F(u) has the form shown in Figure 3-7b. We note that the 
slope of F(u) at the origin is negative if x < \x m |. If x is large, then the slope 
of F(u) at the origin will be positive. Thus negative damping occurs only for 
values of x < \x m |, where \x m \ corresponds to the relative extrema of the 
curves in Figure 3-16. 

We note that dry friction can be used to exhibit negative damping in many 
other mechanical systems. Rayleigh used arguments similar to the above to 
explain the production of oscillations in a violin string resulting from drawing 
a bow in one direction across the string. Dry friction also produces self-excited 
oscillations in a pendulum swinging from a rotating shaft, and it causes whirling 
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of a shaft in a loose bearing. Dry friction can also be used to explain the chatter- 
ing of the brake shoes against the wheels of a railroad car when the brakes are 
applied. 

Self-excited oscillations resulting from a form of negative damping occur in 
many other physical systems. Lamb (1964) used a van der Pol model to de- 
scribe the multimode operation of lasers, Lashinsky (1969) used van der Pol 
models to describe mode locking and frequency pulling in Q machines, Keen 
and Fletcher (1970) used a van der Pol model to describe suppression of the 
ion sound instability in an arc discharge, and DeNeef and Lashinsky (1973) 
used a van der Pol model for unstable waves on a beam-plasma system. A van 
der Pol model was also used to describe the effect of a beam modulation on 
standing waves on an electron beam-produced plasma in which the endplate 
potential reflects the electron beam back into itself (Nakamura, 1971). 

Self-excited oscillations also occur in supersonic flutter of plates and shells 
(Fung, 1963; Dowell, 1975, Section 7.6) and in oil film journal bearings (Jain 
and Srinivasan, 1975). They also occur whenever a supersonic gas flows over a 
thin liquid film (Nayfeh and Saric, 1971a; Saric, Nayfeh, and Lekoudis, 1976). 

3.2. Qualitative Analysis 

The equations governing the systems discussed in the previous section have the 
form 

x=f(x,x) (3.2.1) 

where in general / is a nonlinear function of both x and x. It is convenient to 
replace (3.2.1) by a system of first-order equations by introducing two new 
dependent variables: 

Xi =x and x 2 = x 

Then, in place of (3.2.1) we can write 

Xi = x 2 

(3.2.2) 

x 2 = f( x l,X 2 ) 

In subsequent chapters we consider more general systems of equations having 
the form 

x i = X i (x l ,x 2 ,x 3 ,.. . ,x„) (3.2.3) 

for / = 1,2,. . . , n. Clearly (3.2.2) is a special case of (3.2.3). Here we begin the 
discussion with some general observations which apply to (3.2.3) for all n. Then 
we limit the discussion to the case n - 2. 
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It is convenient to introduce the matrix notation 

X 2 



x i 



X 2 



X=< 



so that (3.2.3) becomes simply 



y andX = < 



(3.2.4) 



X(x) 



(3.2.5) 



We assume that the vector function X has bounded first partial derivatives in 
the region D. It follows from the mean-value theorem for functions of several 
variables that in D there exists a constant M for which 



|X(x)-X(y)|<M|x-y| 
Here | | indicates the norm of the vectors, which is defined by 



(3.2.6) 



|x- yl=X l^-^l 



(3.2.7) 



and 



|X(x)- X(y)| =X \X ( {x u x 29 . . . ,x n )-X i (y l9 y 29 . . . ,y n )\ 



(3.2.8) 

Vector functions X that satisfy (3.2.6) are called Lipschitz functions. The sig- 
nificance of the vector function X being a Lipschitz function is that there exists 
a unique solution to the initial-value problem defined by (3.2.5) and a set of 
initial conditions having the form 



atf = 



(3.2.9) 



(e.g., Coddington and Levinson, 1955; Struble, 1962). 

At any instant, we may regard the solution vector as a point in space. For 
n - 1, 2, or 3, this space can easily be identified with the ordinary physical 
space, but for n greater than 3 it is an abstract space. The point representing the 
solution is often called the state of the system, or simply the state. The totality 
of all possible states, corresponding to all initial conditions and all times in the 
range under consideration, forms the state space. In two dimensions this space is 
simply a plane. In the special case when the equations have the form (3.2.2), the 
state space is called the phase plane, as in Chapter 2. 
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It follows that we may view the response of any system to an initial distur- 
bance as the motion of a single point through the state space. The path followed 
by this point representing the solution is a curve defined in terms of the param- 
eter t. As in Chapter 2, it is called the trajectory. The portion of the trajectory 
corresponding to t < is called the negative half- trajectory, while the portion 
corresponding to t > is called the positive half-trajectory. 

It may happen that the initial conditions, c, are such that 

Xj(c) = for/=l,2,...,« (3.2.10) 

Then it follows that for all t 

x ( = for/=l,2,...,w (3.2.11) 

In this case the trajectory consists of a single point, c. Such a trajectory is called 
a singular trajectory, or a singular point, and the corresponding solution is called 
a singular solution. Points that are not singular are called regular. 
The state speed is defined by 

[n Tl/2 [n T 1/2 

Thus the state speed is zero if, and only if, each x t is zero. It follows that the 
state speed is zero at a singular point. 

One can determine the components e t of the unit vectors which are tangent to 
the trajectories from 

e t = r„ *',,„ (3-2.13) 



' r " i >/ 



At every regular point, the direction field given by (3.2.13) is definite, and hence 
only one trajectory can pass through such a point. But at a singular point the 
direction field is not definite, and more than one trajectory can pass through 
such a point. There are cases for which all the X n are zero at a point, but the 
direction field is definite. This occurs when the X n have a common factor. Such 
cases are not included in this book. 

If trajectories pass through a singular point, as in the case of the saddle point 
considered in Chapter 2, an infinite amount of time is required for the state to 
reach the singular point from any other point. This is proved in Chapter 2 and is 
indicated here by the fact that the system is both at rest and in equilibrium at 
a singular point. In other words, if the initial conditions start the motion at 
such a singular point, the state of the system never changes; or if the initial 
conditions start the motion on a trajectory going into a singular point, but not 
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at the point itself, the state of the system continually changes but never reaches 
the singular point. 

A nontrivial trajectory corresponds to a periodic motion if, and only if, it does 
not pass through a singular point and it is closed. This follows from the fact 
that the representative point, having begun its motion at an arbitrary point on 
the closed trajectory, will return to its initial point in a finite period of time (the 
period of oscillation) because the state speed is nonzero at every point of the 
trajectory. 

One can obtain a good qualitative representation of the motion in the entire 
state space if one knows the character of the motion in the neighborhoods of 
the singular points. In the remainder of Section 3.2, we restrict our attention to 
systems for which n = 2. First we obtain the character of various singular points 
and in the process classify them; then we construct trajectories for the entire 
phase plane; and finally we study the stability of the motion in the neighbor- 
hood of a singular point. For a topological description of the singular points of 
systems with n > 3, we refer the reader to the book of Blaquiere (1966) and the 
monograph of Tondl, Fiala, and Skliba (1970). 

3.2.1 . A STUDY OF THE SINGULAR POINTS 

As discussed above, the singular points of (3.2.5) are the solutions of (3.2.10). 
Li study the behavior of the solution near one of these points, we shift the 
oiigin to this point by introducing the transformation 

.yi=*l-X 10 , .V2 = *2-*20 (3.2.14) 

in (3.2.3) to obtain 

y\ =*i(*io +7i,^2o +^ 2 ) 
y 2 =^ 2 Oio +.yi,*2o + yi) 



(3.2.15) 



if X x and X 2 have bounded first partial derivatives at x l0 and x 20 , we rewrite 
(3.2.15) as 



y 2 =A , 2 (jc 10 ,x 2 o) + fl2i^i +022.V2 +^2(^1,^2) 



(3.2.16) 



where a^ = dX t /dxj(x 10y x 20 ) and Rj(y\,y 2 ) - o(r) as r = y/y] + y\ -► 0. Since 
X j(x l0 , x 2 q) = for / = 1 and 2 and since R x and R 2 are small compared with 
\Jy \ + y\, one expects the character of the trajectories near the origin to be 
given by the linearized form of (3.2.16); namely 

y-[A]y (3.2.17) 
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where 



y = 



[yi) 



and [A] 



a n a l2 l 

a 2 \ a 22 \ 



(3.2.18) 



This is so provided that \[A] \ = a n a 22 - a X2 a 2l i= (i.e., the origin is an isolated 
singularity). The condition \[A]\ ^ is violated when the development of X\ 
and X 2 begins with terms of higher order than the first. In the latter case, 
singularities of higher order and of types which differ from those obtainable 
from (3.2.17) can occur; examples of these can be found in Section 2.4.2 when 
A = \ and Section 2.4.3 when A = 0. 

To study the singular points of (3.2.17), we find it convenient to introduce a 
linear transformation from y to u by using the nonsingular constant matrix [P] 
according to 

y=[P]u (3.2.19) 

This linear transformation preserves the topological features of the system 
(3.2.17). Under this transformation the origin is mapped into the origin, straight 
lines are mapped into straight lines, and parallel lines are mapped into parallel 
lines, with the spacing between them remaining proportional. 

Substituting (3.2.19) into (3.2.17) and premultiplying the result by [P] _1 , we 
obtain 

u=[B]u (3.2.20) 

where 

[B] = [P]- l [A][P] (3.2.21) 

Matrices [A] and [B] , related as in (3.2.21), are said to be similar matrices. The 
significance of this is that these matrices have the same eigenvalues. This is 
shown next. The eigenvalues of [B] are given by 

det([£] - X[/]) = (3.2.22) 

Using (3.2.21) and observing that 

[p]- i [iup] = [i) 

we can rewrite (3.2.22) as 

det([Pr l ([A]-XlI])[P}) = 
or, from the properties of determinants, 

det ([/>] _1 ) det ([A] - X [/] ) det ( [P] ) = 
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and because 

det([/»]- 1 )det([P])=l 

it is also true that 

det([A]-\[I]) = (3.2.23) 

We can choose [P] in such a way as to make [B] have the simplest possible 
form, the so-called Jordan canonical form. If the eigenvalues are distinct, 



[B] 



Xi 1 

o xj 



(3.2.24) 



If the eigenvalues are not distinct, [B] may have the form (3.2.24) where 
\i = X 2 , or it may have the following form: 



[B] 



u 



(3.2.25) 



Generally, the transformation (3.2.19) defines each component of y as a 
combination of both components of u. Consequently u may not be a convenient 
form for studying the response quantitatively. However u can be very convenient 
for studying the response qualitatively, which we do in this section. 

The eigenvalues of [A] are the solutions of 



flu 

a 2l 



\ a 12 



= 



or 



Hence 



X 2 - (a n + 022)^ + 0n#22 "" 012^21 = 



Xl f 2=iP±(ip a -^) l/a 



(3.2.26) 



(3.2.27) 



where p = a n + ^22* tne trace of [A] ;and q = a n a 2 2 ~ 12^21* the determinant 
of [A]. Thus the eigenvalues are real and distinct if p 2 > 4q, real and equal if 
p 2 = Aq, and complex conjugates if/? 2 < 4#. These cases are discussed in order 
below. 

The Case of Distinct Real Roots, In this case the Jordan canonical form is the 
following diagonal form: 



[B] 



_[X, 

~Lo x 2 



(3.2.28) 
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Hence (3.2.20) becomes 



u x = \\U X , u 2 = X 2 w 2 



whose solutions are 



u x = u lQ exp (kit), u 2 = w 20 exp (X 2 



Eliminating t from (3.2.30) gives 

u 2 = w 20 



vW Xi 



(3.2.29) 



(3.2.30) 



(3.2.31) 



if w 10 ^ 0. If w 10 = 0, the half-trajectories coincide with the « 2 -axis. 

The behavior of the trajectories passing through the origin depends on the 
sign of a. If a is positive (i.e., X x and X 2 have the same sign), the origin is called a 
node, or nodal point, and the arrangement of the trajectories is shown in Figures 
3-Sa and 3-86. When a > 1, the trajectories are tangent to the Wi-axis, and when 
a < 1, the trajectories are tangent to the w 2 -axis at the origin. When X 1 and X 2 
are positive, the representative point moves away from the origin as t increases, 
and the origin is called an unstable node. Figure 3-8 shows the arrangement of 
the trajectories for negative Xj and X 2 . 

If Xj and X 2 have different signs, the origin is called a saddle point] it is an 
unstable point. The arrangement of the trajectories is shown in Figure 3-9. It is 
clear that the u x - and w 2 -axes are integral curves. 




(a) (b) 

Figure 3-8. Stable nodes: (a) a > 1 ; (b) a < 1. 
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Figure 3-9. Saddle point. 



The Case of Equal Real Roots, In this case two Jordan forms are possible, 
namely 

TX 01 rx f 

[B}=\ or [B}= _ (3.2.32) 



X. 



When [B] has the first form, (3.2.20) becomes 

u = Xwi, u 2 = \u 2 
Hence 



Wi u 



«! = u l0 exp (X0, ^2 = w 2 o exp (XO, — = — 

^2 W 20 



(3.2.33) 



(3.2.34) 



and the origin is called a node. The node is stable if X < and unstable if 
X > 0. The arrangement of the trajectories when X < is shown in Figure 3-10. 




Figure 3-10. Stable node when the eigenvalues 
are equal and the Jordan form is diagonal. 
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Figure 3-11. Stable node when the eigenvalues 
are equal and the Jordan form is not diagonal. 



When [B] has the second Jordan form, (3.2.20) leads to 

u l =\iti+u 2j u 2 =Xu 2 (3.2.35) 

with the solution 

u 2 = u 2 o ex P O^X "i = ( M io + w 2oO ex P (^0 (3.2.36) 

The origin is also called a node in this case. The node is stable if X < and 
unstable if X > 0. The arrangement of the trajectories when X < is shown in 
Figure 3-11. The half- trajectories corresponding to u 2 o = coincide with the 
Mi-axis. From (3.2.36) 



u 2 u 20 1 

— = ► — as 

u { u l0 +u 20 t t 



t -* °° 



(3.2.37) 



for u 20 =£ 0. 

It follows from (3.2.36) that u 2 cannot change sign. Thus any one trajectory 
must lie entirely in either the upper half plane or the lower half plane. Moreover, 
as t approaches infinity u x and u 2 have the same sign and u 2 \u x approaches 
zero. Thus all trajectories in the lower half plane approach the origin from the 
left with zero slope, while all trajectories in the upper half plane approach the 
origin from the right with zero slope. This is illustrated in Figure 3-11. 



The Case of Complex Roots. In this case the Jordan canonical form is 



[B] 

so that (3.2.20) can be rewritten as 

u x =Xiii, 



U 



. = Aw, 



(3.2.38) 



(3.2.39) 
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Figure 3-12. Stable focus. 

where the overbar denotes the complex conjugate. Hence u 2 = u x . The solution 
of (3.2.39) is 

u x = u x0 exp (X r t + zV) (3.2.40) 

where X r and A, are the real and imaginary parts of X. In this case u x and u 2 and 
[P] are complex; however^! andj^ are real. 

Letting u x = v x + iv 2 in (3.2.40), where i^ and v 2 are real and separating real 
and imaginary parts, we obtain 

v x = a exp (X r t) cos (X ( t + 18), v 2 = a exp (X r t) sin (X z f + j3) (3.2.41) 

where u l0 = a exp (z|3). In this case the origin is called a focal point, or focus, 
when X r =£ 0, and it is called a center when X r = 0. The focus is stable if X r < 
and unstable if X r > 0. 

In a similar way u 2 can be represented as the sum of a real and an imaginary 
part. A possible arrangement for u x is shown in Figure 3-12 for X r < 0. The 
corresponding arrangement for u 2 , which is not shown, is similar. 

The preceding discussion shows that the character of the linear system (3.2.17) 
depends on the eigenvalues of [A] and hence on the parameters p and q accord- 
ing to (3.2.27). Thus one can divide the p#-plane into regions characterizing 
different singular points as shown in Figure 3-13. When q > 0,X X and X 2 are 
complex or real having the same sign depending on whether A = q - \p 2 is posi- 
tive or negative. Hence A > and p > correspond to unstable foci, while 
A > and p < correspond to stable foci. Moreover A < and p > corre- 
spond to unstable nodes. The curve p 1 = 4q, which corresponds to repeated 
eigenvalues, separates the nodes from the foci; while the positive #-axis, which 
separates the stable from the unstable foci, corresponds to centers. 

Again we emphasize that usually it is y x and y 2 which are convenient for 
describing the state of the system (i.e., it is y x and y 2 which can readily be 
associated with observed data), not u x and u 2 . But u x and u 2 are more con- 
venient to use for the analysis; consequently we obtained a qualitative repre- 
sentation of the state space using u x and u 2 . Though the y x y 2 -ptene and the 
u x u 2 -plane are not the same, they are similar and the results above also provide 
a true, albeit qualitative, picture of the state plane in terms of j^ andj> 2 - 
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There exist a number of techniques for graphically constructing the trajec- 
tories of systems governed by two first-order ordinary-differential equations 
(see, for example, Butenin, 1965; Andronov, Vitt, and Khaikin, 1966). In this 
book we describe the method of isoclines and Lienard's method. 



3.2.2. THE METHOD OF ISOCLINES 

If the equations describing the motion of the system are 

x l =X l (x 1 ,x 2 ) and x 2 = X 2 (x u x 2 ) 



the direction field is given by 



dx 2 = X 2 (x u x 2 ) 
dx x X x {x u x 2 ) 



ty{x u x 2 ) 



(3.2.42) 



(3.2.43) 



The curve \p(x { , x 2 ) = c for a fixed c is called an isocline; it is the locus of all 
state points for which the slopes of the trajectories are the same. 

This method consists of constructing a family of isoclines in the state plane as 
shown in Figure 3*14. The points of intersection of the isoclines are singular 
points. If a trajectory is to be initiated at a point A x on the isocline correspond- 
ing to c = c u we draw two straight lines passing through A x and having the 
slopes C\ corresponding to the isocline on which A { lies and c 2 corresponding to 
the adjacent isocline. We extend these lines until they meet the isocline c 2 at a 2 
and b 2 and take the point A 2i lying halfway between a 2 and b 2 on the isocline 
c 2 , as the next point on the desired trajectory. Then we draw two straight lines 
passing through A 2 with the slopes c 2 and c 3 . The third point on the trajectory 



4q = p2 



SADDLE POINTS 



SADDLE POINTS 




Figure 3-13. Singular points of equation 

4q = p* (3.2.17). 
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INITIAL 
POINT 



TRAJECTORY 



Figure 3-14. Method of isoclines. 



A$ is the point on c 3 halfway between a 3 and b 3 . By repeating the process, we 
determine an approximate but fairly detailed portrait of the trajectory. Ob- 
viously the more dense the family of isoclines is, the more accurate the tra- 
jectory is. 

3.2.3. LIENARD'S METHOD 

A simple method was devised by lienard (1928) for constructing the integral 
curves of equations having the form 

x + 0(i) + colx = (3 .2.44) 

We let r = co t and transform (3.2.44) into 

x" + 4>(x') + x = Q (3.2.45) 

where primes indicate derivatives with respect to r. Moreover we \etx l = x and 
x 2 ~ x and obtain the following differential equation for the trajectories: 




Figure 3-15. Lienard's method. 
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gl a _ »(*2)+*. (3246) 

dx x x 2 

To draw the trajectories, we first plot the curve x { = ~<p(x 2 ) in the phase plane 
as shown in Figure 3-15. To initiate the trajectory passing through points, we 
draw a line parallel to the x^axis until it intersects the curve x } = -0(x 2 ). We 
denote the point of intersection by B and construct a line which is parallel to 
the x 2 -axis from B to C Then the line CA is perpendicular to the direction field 
at A because the slope of CA is BCjAB = x 2 j[x x + 0(x 2 )] . Hence we draw a line 
from A perpendicular to AC and approximate the integral curve by a short 
segment AA X along the direction field. Then, starting with A l9 we repeat the 
process. 

3.3. Approximate Solutions 

In this section we determine approximate solutions of the equations governing 
the oscillations of systems having a single degree of freedom. Different types of 
damping are considered. In particular, we obtain approximate solutions of 
equations having the form 

u + ljqU = ef(u, u) (3.3.1) 

where e is a small dimensionless parameter and /(w, u) is a general nonlinear 
function of u and it. Klotter (1955) treated systems having quadratic damping 
and arbitrary restoring forces. Rasmussen (1970, 1973, 1977), Soudack and 
Barkham (1971), Christopher and Brocklehurst (1974), and Beshai and Dokainish 
(1975) devised approximate solutions for oscillators with strong nonlinear forces 
and small damping. Ludeke and Wagner (1968) treated a generalized Duffing 
equation with large damping. Popov and Paltov (1960), Mendelson (1970), and 
Arya, Bojadziev, and Farooqui (1975) used the method of averaging to deter- 
mine an approximate solution (Exercise 3.29) for 

it + 2jitw + (jolu = ef(u, u) 

when ix - 0(\). Tondl (1973b) investigated some properties of nonlinear systems 
and used his results to identify their damping characteristics. Cap (1974) devised 
a method based on the method of averaging to determine approximate solutions 
for systems governed by equations having the form (Exercise 3.30) 

u +/(w) = eF(w, u) 

in terms of the solutions of u + f(u) = 0. 

Since e is small, (3.3.1) is weakly nonlinear, and a number of perturbation 
methods are available for the determination of approximate solutions of this 
equation (see, for example, Nayfeh, 1973b). In this section we use the methods 
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of multiple scales and averaging to determine first-order expansions, which are 
valid as t increases, and use these expansions to investigate the effects of the 
various types of damping. 

3.3.1. THE METHOD OF MULTIPLE SCALES 

In using this technique, we introduce different time scales according to (2.3.37) 
and expand the time derivatives according to (2.3.38). We consider u to be a 
function of the various new scales, instead of f , and assume that u can be repre- 
sented by an expansion having the form 

u = u (T , T u T 2 , . . .) + eu^To, T u T 2 , ...) + •• ■ (3.3.2) 

Substituting (2.3.37), (2.3.38), and (3.3.2) into (3.3.1) and equating coeffi- 
cients of like powers of e, we obtain 

Z)§iio+cj2iio=0 (3.3.3) 

D\u x + cogii! = -2D D x u + f(u ,D u ) (3.3.4) 

D\u n +coo"h = F(u ,u u . . . , u n _ x ) forn>2 (3.3.5) 

It is convenient to write the general solution of (3.3.3) in the complex form 

u = A(T l9 T 2 , . . .)exp(ia> T ) + A(T u T 2 , . . .)exp(-icj T Q ) (3.3.6) 

The function A is still arbitrary at this level of approximation; it is determined 
by eliminating the secular terms (invoking the so-called solvability conditions) at 
the higher levels of approximation. 
Substituting for u into (3.3.4), we have 

D\u l + ojqU x = -2/cj Z) 1 i4 exp (/cj 7 1 ) + 2ito DiA exp (~ico T ) 

+ f[A exp (ito T ) +A exp (-ia> T ), ico A exp (ia> Q To) 

- ico A exp (-icjo^o)] (3.3.7) 

Depending on the function A, all particular solutions of (3.3.7) contain terms 
proportional to T exp (±/co T ) (these are the so-called secular terms). Thus 
eu l can dominate u for large t, resulting in a nonuniform expansion. We choose 
the function^ so that secular terms are eliminated from u Q and thereby obtain a 
uniformly valid expansion. To this end we expand f[u , D u ] in a Fourier series 
as 

/= £ f n (A,A)exp(inco T ) (3.3.8) 



where 



fn(A,A)= ^ f ° /cxp(-«cooro)rfr (3.3.9) 
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Hence the condition for the elimination of secular terms is 

•2tt/u> 

2tt 



1 f 

2*XM = — I fexp(-icj T )dT (3.3.10) 



For a first approximation we consider A to be a function of T x only and end 
the solution here. To solve (3.3.10) we find it convenient to express ^(^i) in 
its polar form as 

A(T l )=\a(T 1 )exp[iti(T 1 )] (3.3.11) 

so that we rewrite (3.3.6) as 

u =a(T l ) cos & <P=co T +P(T 1 ) (3.3.12) 

Substituting (3.3.1 1) into (3.3.10) we have 

1 f 27T 
i(a + /a/3' ) = I f(a cos 0, -to a sin 0) exp (-/0) d<j> 

27TCJo J 

Separating real and imaginary parts we obtain 

r2ir 
27rOJ J 

r 2tt 

2nco a J 
Therefore a first approximation to the solution of (3.3.1) is 

u = a(T l ) cos [oj> 7^0+13(70] +0(e) (3.3.15) 

where a and |3 are given by (3.3.13) and (3.3.14). 

3.3.2. THE METHOD OF AVERAGING 

When e = 0, the solution of (3.3.1) can be written as 

u -a cos (gl> t + ]3) = a cos0 (3.3.16) 

where a and |3 are constants. When e ¥= 0, the solution of (3.3.1) can still be ex- 
pressed in the form (3.3.16) provided that a and |3 are considered to be functions 
of t rather than constants. Thus (3.3.16) can be viewed as a transformation from 
the dependent variable u(t) into the dependent variables a(t) and fi(t). Since 
(3,3.1) and (3.3.16) constitute two equations for the three variables u, a, and 0, 
we are at liberty to impose an additional condition. It is convenient to require 
the velocity to have the same form as the case when e = 0; that is, 

u = -u> a sin (3.3.17) 



i r 

a = - — — I sin (j>f (a cos 0, -u) a sin 0)^0 (3.3.13) 

i r 277 

|3 = I cos0/(acos0, -Gj tf sin0)d0 (3.3.14) 

27ico a J n 
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To determine the equations describing a(t) and |3(f)> we differentiate (3.3.16) 
with respect to t and obtain 

it = -oj a sin + a cos - a|3 sin (3.3.18) 

Comparing (3.3.17) and (3.3.18), we find that 

<i cos - a/3 sin = (3.3.19) 

Differentiating (3.3.17) with respect to t, we have 

u = -cola cos - <j0 a sin - cj ^|3 cos (3.3.20) 

Substituting for it and ii in (3.3.1) yields 

co a sin + cjotf/3 cos = e/(a cos 0, ~io a sin 0) (3.3.21) 

Solving (3.3.19) and (3.3.21) for a and ft we obtain 

a = sin (j)f(a cos 0, -co o sin 0) (3.3.22) 

6 

|3= cos /(a cos 0, -cj ^ sin 0) (3.3.23) 

Equations (3.3.16), (3.3.22), and (3.3.23) are exactly equivalent to (3.3.1) be- 
cause no approximations have been made yet. 

For small e, a and are small; hence a and |3 vary much more slowly with t 
than 0= co f + ft In other words, a and |3 hardly change during the period of 
oscillation 2ti/oo of sin and cos 0. This enables us to average out the variations 
in in (3.3.22) and (3.3.23). Averaging these equations over the period 27i/(jj 
and considering a, ft a, and to be constants while performing the averaging, 
we obtain the following equations describing the slow variations of a and ft 



■— f 



27T 

sin 0/(a cos 0, -u) a sin 0) c?0 (3.3.24) 



o j 

27T 



27ro;otf J 



-r 



cos <pf(a cos0, -oj o sin0)<i0 (3.3.25) 



in agreement with (3.3.13) and (3.3.14) obtained in the previous section by 
using the method of multiple scales. 

Next we use these results to analyze the effects of the different types of damp- 
ing on the response of systems having a single degree of freedom. 

3.3.3. DAMPING DUE TO FRICTION 

In this section we consider the effects of linear damping, quadratic damping, 
constant damping, and hysteretic damping. 
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Linear Damping. In this case the equation of motion is 

u + (jjlu = -2etxu (3.3.26) 

Hence/= -2fiu, and (3.3.24) and (3.3.25) become 

•27T 



a=- I 



sin 2 d(j) = -efjta (3.3.27) 



o 

27T 



0=- — sin0cos0d0=O (3.3.28) 

7T J 

Solving these equations yields 

a = a exp(-6MO, /J = 0o (3.3.29) 

where a Q and j3 are constants. Hence (3.3.16) becomes 

u = a exp (-ejiU) cos (co f + j3 ) + 0(e) (3.3.30) 

To this approximation the frequency is not affected by the viscosity, while the 
amplitude decays exponentially with time. 

In Figure 3-16 the exact solution of (3.3.26) (solid line) and the amplitude 
given by (3.3.29) (dotted line) are plotted. 

Quadratic Damping. In this case the equation describing the motion has the 
form 

ii + G>lu = -eu\u\ (3.3.31) 

Then/= -ii|ii|, and (3.3.24) and (3.3.25) become 



1 r2it 

ea 2 up [ . 2 . 
a - i sin * 0| S in 0|^0 

2tt J 



i 
r 



J-27T 
' sin cos 0| sin <j>\ d<p 
o 



To perform the integration above, we break each integral into two parts— one 
with the limits and n and the other with the limits n and 2n. That is 

2("/*7T /-27T "I a 

a=- €a CJ ° sin 3 0<i0- | sin 3 0<i0 = ea 2 co (3.3.32) 

2tt [J ^ J 3rr 

0=0 (3.3.33) 
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u A 




-2.0 



3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 

TIME 

Figure 3-16. Linear damping: ( ) equation (3.3.29); ( ) numerical integration. 



The solution of (3.3.33) is = |3 , while the solution of (3.3.32) is 

JL J__ 4ea} o 
a a 3n 

or 



a- 



<*o 



i , 4€a;ogo 
3tt 

where a is a constant. Hence (3.3.16) becomes 



M = - 



+ 4eco go 
3tt 



cos(« o f + ft>) + 0OO 



(3.3.34) 



(3.3.35) 



As in the case of linear damping, the frequency is not affected by the damping 
to this order. However the amplitude decays algebraically rather than exponen- 
tially with time. 
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3 6 9 12 15 18 21 24 27 30 33 36 39 42 45 48 51 54 57 60 63 66 69 72 75 

TIME 
Figure 3-17. Quadratic damping: ( ) equation (3.3.34); ( ) numerical integration. 



In Figure 3-17 the exact solution of (3.3.31) (obtained by numerical integra- 
tion) and the amplitude as given by (3.3.34) are plotted (solid and dotted lines, 
respectively). 

It follows from (3.3.27) and (3.3.32) that initially the rate at which the ampli- 
tude of the response decreases is proportional to the amplitude of the initial 
disturbance for linear damping and to the square of the amplitude of the initial 
disturbance for quadratic damping. Thus when the amplitude of the initial 
disturbance is large, one expects the initial decay to be slower for linear damping 
than for quadratic damping. If the initial disturbance is small, one expects the 
opposite to be true. A glance at Figures 3-16 and 3-17 will confirm this. 

Coulomb Damping. In this case 



u + a>oW = / 






when u > 
when u < 



(3.3.36) 



Substituting for / into (3.3.24) and (3.3.25) and splitting the integration as in 
the previous case, we obtain 



a= - 



27rcor] 



Psin <pd<p- I sm0tf0| = -— (3.3.37) 
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= (3.3.38) 

The solutions of these equations are 

2e/x 



7TCO 



(3.3.39) 



Hence to this level of approximation, the frequency is not affected by the damp- 
ing, while the amplitude decreases linearly with time. 

In Figure 3-1 8 a the exact solution of (3.3.36) (obtained by numerical integra- 
tion) and the amplitude given by (3.3.39) are plotted (the solid and dotted lines, 
respectively). 

The phase plane can be obtained exactly by Lienard's method (Meissner, 
1932). The motion can be described by the differential equation 

JC+0(jt)+Jt = O 




3 6 9 12 15 18 21 24 27 
TIME 
(a) 



(b) 



Figure 3-18. (a) Coulomb damping: ( ) equation (3.3.39); ( ) numerical integra- 
tion, (b) LienarcTs method applied to Coulomb damping. 
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where 






forx>0 
forx<0 



We draw the lines x = ±fi in the state plane as shown in Figure 3-18&. The tra- 
jectories consist of a series of circular arcs having the centers C and B, depending 
on whether the representative point is in the upper or lower half-plane. Thus if a 
trajectory is initiated at A, we draw a circle clockwise with center C and radius 
CA until it meets the jc-axis at A x . Then we switch the center to B and draw half 
a circle clockwise with a radius BA X which meets the x-axis again at A 2 - We 
switch the center to C and draw half a circle clockwise with a radius CA 2 which 
meets the x-axis at A 3 . We continue the process until the representative point 
intersects the jc-axis between C and B. The motion ceases at such a point be- 
cause the maximum possible friction force exceeds the force in the spring. 

Hysteretic Damping, As an example we let the springs be linear and denote 
the constant of the top spring by k and that of the bottom spring by em in 
Figure 3-22?. Then if we neglect other forms of damping, the equation of motion 
becomes 



x + coq* = e/ 



(3.3.40) 



where goq = k/m and 



-/=< 



x+x s 
x - X 

X 



x b X b ^X^X c 

x c >x>x d 

s x d X a >X>X d 

x b >x>x a 



(3.3.41) 



where 

x c = x b - 2x s and x a =x d + 2x s 
Substituting for/from (3.4.41) into (3.3.24) and (3.3.25), we obtain 



2ttoo 



i 



(x + x s - x b ) sin <p d<t>(x) - I x s sin </> d<p(x) 

x b ^ x c 



f 



+ | (x - x s - x d ) sin d<p(x) + j x s sin <j> d<p(x) 



r 



(3.3.42) 
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~ x d 



P = 



2iroj 



r x c 

^ x b 



(x + x s - x b ) cos d<p(x) 



J«x a 



(jc - x s - x d ) cos <i0(; 



x c 

:*)+ f 

Jx 



X s COS 0^0 (jt) 



X 5 COS C/0(.X) 



(3.3.43) 



where the integrations over the cycle BCDAB of Figure 3-2/? have been broken 
into four parts over the segments BC, CD, DA , and AB. 

To perform the integrations in (3.3.42) and (3.3.43), we change the integra- 
tion variable from x to 0. To accomplish this, we note that the period in the 
variable is 2n; and since the motion is periodic, we set = at point B so that 
= 7r at point D. Since x = a cos 0, 



x b -a, x c = x b - 2x 5 -a cos0i 
x d ~ -a, x a =x d + 2x s = a cos 2 



where 



01 = cos * 



H*) 



and 02 = cos * 



M 



(3.3.44) 



(3.3.45) 



Then (3.3.42) and (3.3.43) become 



27TCO 



18 = 



2noo a 



J {a 

+ (a 

J (« 

/-0 2 

J (a 



cos + x s - a) sin (pdcj)- x s 



r 

I sin0 



d<t> 



• 2tt 



cos - x s + a) sin d<t> + x 5 I sin d0 

J 2 



(3.3.46) 



cos + x 5 - a) cos J0 - x s I cos <i0 

J 0, 






cos - x 5 + a) COS <i0 + JC, 



I 



27T 



COS £/0 



(3.3.47) 



Performing the integrations in (3.3.46) and (3.3.47) and using (3.3.45), we 
obtain 



a = 



2ex s 
7i(jj a 



(x s - a) 



(3.3.48) 



-iM^H-^MV-' 
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30 6 90 12 150 180 210 24 270 300 330 36.0 

Figure 3-19. Hysteretic clamping: ( ) equation (3.3.50); ( ) numerical integration. 



The solution of (3.3.48) is 



2 €X 

a+x s \n(a-x s )=-- — *- 
7ra> 



r + c 



(3.3.50) 



where c is a constant of integration. Thus a is given implicitly in terms of/. We 
cannot integrate (33.49) as we were able to do for a; however we note that, as 
t -><*>> a~+x s and /3 -* e/2<o , which agrees with the exact solution when the 
hysteretic mechanism is not activated. 

In Figure 3-19 the numerical solution of (3.3.40) is compared with the asymp- 
totic result (3.3.50). 

3.3.4. NEGATIVE DAMPING 

For a comprehensive treatment of self-excited mechanical oscillations, we refer 
the reader to the monographs of Tondl (1970b, 1976b). Tondl (1968) and 
El-Owaidy (1974) studied the perturbations of a class of self-excited oscillators, 
while Nguyen (1976b) analyzed some properties of the generalized van der Pol 
equation. George, Gunderson, and Hahn (1975) studied sustained small oscilla- 
tions in nonlinear control systems, while St. Hilaire (1976) studied the response 
of a self-excited structure, Warncke (1973) studied the vibrations of a rigid rotor 
running in a sliding bearing, while Kelzon and Yakovlev (1974) experimentally 
investigated self-excited vibrations of a high-speed rotor. Tarantovich and 
Kohnkin (1975) treated a two-frequency system with a stiff excitation. Klotter 
(1955) and Klotter and Kreyszig (1957, 1960) studied equations of the form 

u - fxu 2 f(u) sgn u + g{u) = (3.3.5 1) 
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Gumpert (1974) included the effects of friction when he investigated the exis- 
tence of nonrelaxation cycles for self-excited vibrations. Gyozo (1974) investi- 
gated the elimination of self-excitations by the use of Lanchester-type dampers. 
For the Rayleigh oscillator 



f=u-u 3 
so that (3.3.1) becomes 

u + coo" = e(u - w 3 ) 
and (3.3.24) and (3.3.25) become 



a- 



ea 

2tt 



(3.3.52) 



(3.3.53) 



/•21T 

I (sin 2 <p - ula 2 sin 4 <p)d<p=\ ea{\ - f o^a 2 ) (3.3.54) 



t 



--j-f 

2n J n 



27T 



(1 - ojla sin 2 0) sin cos d<p = 



(3.3.55) 



The solution of (3.3.55) is = O , while the solution of (3.3.54) can be obtained 
by separation of variables. The result is 



a\ 



: <^o0o + (1 - | <^o«o) exp (-er) 



(3.3.56) 



where a is the initial amplitude. 

Equation (3.3.56) shows that the amplitude of oscillation tends to a s = 2/v3co > 
irrespective of the magnitude of the initial amplitude as long as it is different 
from zero. Oscillators of this type are called self- sustained oscillators. Equation 
(3.3.54) shows that when a<a s , a>0, and hence a tends to increase; while 
when a > a s , a < 0, and a tends to decrease. The value a - a s is a stable amplitude. 

In Figure 3-20 the numerical solutions of (3.3.53) are compared with the 





Figure 3-20. Rayleigh oscillator: (a) large initial disturbance; (b) small initial disturbance; 
( ) equation (3.3.56); ( ) numerical integration. 
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Limit cycle 




Figure 3-21. Phase plane for the Rayleigh oscillator. 



asymptotic results (3.3.56) for a >a s and a Q < a s , respectively. In Figure 3-20a 
the initial amplitude is greater than the amplitude of the limit cycle; hence the 
damping is positive initially and the amplitude decays until it reaches the limit 
cycle. In contrast the initial amplitude in Figure 3-20b is less than that of the 
limit cycle; hence the damping is negative initially and the amplitude increases 
until it reaches the limit cycle. The corresponding trajectories in the phase plane 
are shown in Figure 3-21 . 

When e is very large, systems such as the one being considered here exhibit 
rather jerky motions called relaxation oscillations. These are discussed in Section 
3.5. 



3.3.5. EXAMPLES OF POSITIVELY DAMPED SYSTEMS HAVING 
NONLINEAR RESTORING FORCES 

For a pendulum with viscous damping the governing equation has the form 



+ 2m0 + a>§ sin 9 = 



(3.3.57) 



and the exact phase plane, obtained by numerical methods, is shown in Figure 
3-22. The singular points of (3.3.57) are 6 = integral multiples of it, as in the 
undamped case. The even multiples of n are stable foci, while the odd multiples 
are saddle points. 

We seek an approximate solution of (3.3.57) that is uniformly valid near = 
and that accounts for nonlinear effects. To this end we expand sin and retain 
only the first two terms; consequently (3.3.57) becomes 



9 + 2jtx0 + wS(0 - £0 3 ) = O 



(3.3.58) 
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377- Figure 3-22. Phase plane for a simple 
pendulum with viscous damping. 



We are primarily concerned with lightly damped motions. Consequently we let 



M = €*jU 



(3.3.59) 



where e is a measure of the amplitude of the motion. Now the nonlinear and 
damping terms will interact at the same level of approximation. 
Following the method of multiple scales we assume 

6(t;e) = e6 x (T , ^i, r 2 ) + e 2 6 2 (T , T u T 2 ) + e*6 3 (T 0j T u T 2 ) + • • • (3.3.60) 

Substituting (3.3.59) and (3.3.60) into (3.3.58) and equating coefficients of like 
powers of e, we obtain 



DlB x +co^! = 
Dl6 2 +ul6 2 = -2D D x e x 



(3.3.61) 
(3.3.62) 



D 2 Q 6 3 + wg0 3 = ~2D D X 6 2 - 2D Q D 2 6 X - D\B X - 2ixD d x + \oj~fi] (3.3.63) 



We can write the solution of (3.3.61) in the form 

O l =A l (T l9 T 2 )exp(icj T ) + ce 



(3.3.64) 



where cc stands for the complex conjugate of the preceding terms. Substituting 
(3.3.64) into (3.3.62) yields 



Dq0 2 + cold 2 = -2ioj D x A x exp (ioo T ) + cc 
To eliminate secular terms from 2 » we must put 

D x A x =0 



(3.3.65) 



(3.3.66) 



3.3. APPROXIMATE SOLUTIONS 133 

Thus A X =A X (T 2 ). It follows that 

02 = A 2 (T l9 T 2 ) exp (iw r ) + cc (3.3.67) 

Substituting (3.3.64) and (3.3.67) into (3.3.63), we obtain 

DqQ 3 + tol0 3 = -2ico D l A 2 exp (iaj T )~ 2ioo D 2 A x exp (ioo T ) 

- 2ico fiA j exp (icj T ) + \ a%A] exp (3ia> () T ) 

+ jcd^A^Ai ex P O^o^o) + cc (3.3.68) 

To eliminate secular terms from 3 we must put 

-2ico D { A 2 - 2ico D 2 A { - 2ico fiA l + \a^A]A x = (3.3.69) 

Since A v =A X (T 2 ), it follows from (3.3.69) that A 2 « T u and hence 2 /0i is 
unbounded as 7^ -* °° unless D X A 2 - and 

2ico (D 2 A l +Mi)" 2^M. = (3.3.70) 

Consequently 0j and 2 nave exactly the same form, and we may drop 2 . 
It is convenient to introduce the polar notation 

i4, = ±aexp(/0) (3.3.71) 

where a and are real functions of T 2 . Then substituting (3.3.71) into (3.3.70) 
and separating the result into real and imaginary parts, we obtain 

(O.M-, 

a+tia = 0, + -rr = (3.3.72) 

16 

where primes denote derivatives with respect to T 2 . Thus 

a = a exp (- M r 2 ), = - ^ exp (-2^) + O (3.3.73) 

32/x 

where a and O are constants of integration. In terms of the original variables 
and parameters, we obtain 



= efl o e-*cos|aM- ^^' + 0o 



+ 0(e 3 ) 



for the first approximation. 

When the motion is started from rest by giving the pendulum an initial dis- 
placement, this result becomes 



d = d e'^ cos 



co r-^(e-^-l)J+O(6 2 ) (3.3.74) 
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where O = ea , the initial displacement. Thus in the first approximation, the 
amplitude decays as in the linear case; but unlike the linear case, here the fre- 
quency is a function of the amplitude. However we note that the dependence of 
the frequency on the amplitude vanishes rapidly after the motion begins. 

It is essential to make the nonlinearity and damping interact at the same order 
[recall (3.3.59)]. If the damping term had been lower in order than the non- 
linear term, the solution would have predicted a slight perturbation of the linear 
damped solution, not the nonlinear frequency-amplitude dependence obtained 
above. 

As a rule in this book, we do not consider these highly damped systems. 
Instead we focus on the lightly damped systems, which strongly exhibit non- 
linear effects. 

For a pendulum with quadratic damping, the governing equation has the form 

+ 2ju0|0| + cogsin0 = O (3.3.75) 

We can obtain an exact expression for the trajectories in the phase plane. We 
note that, as before, the singular points of (3.3.75) are 6 = integral multiples of 
7r; even multiples are stable foci, while odd multiples are saddle points. We let 
6 ~ v so that (3.3.75) can be rewritten as 

(3.3.76) 



(3.3.77) 



(3.3.78) 

which we can integrate to obtain v 2 as a function of 6. The sign is chosen accord- 
ing to (3.3.77). It follows that 

c e ^ u + ~^z cos 6 + xr sin 6 





v= -2jlv\v\ - col sin 6 


It follows that 






dV ^^ . , -y . 

v — =-2jdv\v\ - c^osin 


Hence, 






1 dv 2 , ^ t . 

2 ~dd ^ ^ sin 



v = ± 



1 + 16M 2 1 + 16m 3 



(3.3.79) 



where c is a constant of integration. The signs change where the trajectories cross 
the 0-axis; at each crossing a new constant of integration must be chosen to 
insure the continuity of the trajectory. The exact trajectories in the phase plane, 
constructed by using (3.3.79), are shown in Figure 3-23. 

Next we obtain a uniformly valid approximate solution of (3.3.75) by using 
the method of multiple scales. Again we suppose the motion is started from rest 
by giving the pendulum an initial displacement, and we assume 

6(t;e)= eOtiTo, T u r 2 ) + e 2 d 2 (T , T u T 2 )^e 3 6 3 (T , T u T 2 ) + • ■ ■ (3.3.80) 
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37T 



Figure 3-23. Phase plane for a simple pendulum with quadratic damping. 



where e is a measure of the amplitude. In this case we must put 



(3.3.81) 



so that the nonlinear and damping terms will first appear at the same order. 
Again we expand sin and retain only the first two terms. 
It follows from (3.3.75) that 

D 2 Q e x +0)50! = 



Dle 2 + o>le 2 = -2D D l e l 



(3.3.82) 
(3.3.83) 



o 2 e 3 + cog0 3 = -2000,62 - lOoOidi - old, - 2ixD Q e l \D Q e l \ + id] 

(3.3.84) 

Proceeding as before, we express the solution of (3.3.82) in the form 

di=A(T lt T 2 ) exp (ko T q ) + cc (3.3.85) 

Then we find that secular terms are eliminated from 2 if ^4 is a function of T 2 
only. As in the case of a pendulum with viscous damping, we may drop 2 . It 
follows that 

Oq0 3 + cog0 3 = -2/coo [A 9 exp {ico Q T ) - A' exp (~ioj T )] 

- 2ii[iio Q A exp (ico T ) - ico A exp (-/co o r )] \ico A 

• exp (ico T ) - ico A exp (ioj T )\ + \A 3 exp (3/co r ) 



+ \A 2 A exp (icj T ) + \A 2 A exp (-ico r ) 
+ I A 3 exp (-3icoT ) 



(3.3.86) 



8M^o 2 n 
<r = 0, 

37T 


+— — 
16co 




97T 2 a Q 
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In this case it is convenient to introduce the polar notation 

A = \aexp(i0) (3.3.87) 

where a and |3 are real functions of T 2 . Introducing (3.3.87) into (3 .3.86) leads to 

Dq6 3 + coo#3 = 2co a sin + 2oj a^ cos0 + \a? cos + ^a 3 cos 30 

+ 2/xcoga 2 sin0|sin0| (3.3.88) 

where = co ^ + j3- We note that the damping term is periodic in and can be 
expanded in a Fourier series (as we did earlier in this section); that is 

oo 

sin 0|sin 0| = £ /„ sin n(j) (3.3.89) 

K = l 

where in particular/! = 8/37T. Thus secular terms are eliminated from 3 if 

a ' + ^o a 2 = 0; p- + _£L = o (3.3.90) 

It follows that 

37T + S/icooflo^' 128/iojo(3tt + Sixco aoT 2 ) 

where a and O are constants of integration. 

Rewriting the solution in terms of the original variables and using the initial 
conditions, we obtain 

3ir+8/ia>oM C ° S H^ 128co5/i(37r + 8MWoOoO" 128a>2£J ( * } 

(3.3.92) 

when O = e# , the initial displacement. Again the amplitude decays as in the 
linear case; but unlike the linear case here the frequency is a function of the 
amplitude. 



3.4. Nonstationary Vibrations 

In this section we consider nonlinear systems having components that are time 
dependent. These components may be masses, lengths, rigidities, coefficients of 
friction, material properties, the spin rate of the circle in Section 2.1.4 and 
the parabola in Section 2.4.3, etc. In analyzing the response of such systems by 
using the method of averaging, one uses the method of variation of parameters as 
in Section 3.3.2 to arrive at the following equations describing the amplitudes 
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and the phases: 

x = ef(x,f;e) (3.4.1) 

where e is a small dimensionless real parameter and x and fare real vectors. Since 
e is small, x is a slowly varying function of t, and to the first approximation one 
is tempted to average (3.4.1) and obtain 

l = ef o (0 (3.4.2) 

where 

U(Q=ta?_[jf f(«.*;0)</»] (3.4.3) 

Krylovand Bogoliubov (1947) and Mitropolsky (1965) gave sufficient conditions 
for the solutions of (3.4.1) to remain close to the solutions of (3.4.2) satisfying 
g(t ) = x(f ), over time intervals which are 0(e _1 ). Hale (1969) generalized these 
results to systems governed by 

x = ef(x,y,f;e) and y = [A]y + eg(x, y, t;e) (3.4.4) 

where x and y are real vectors and pi] is a matrix which may be constant or 
periodic in t. These results were generalized further by Volosov (1961) to sys- 
tems governed by 

x = ef(x,y;e) and y=g(x, y;e) (3.4.5) 

The above systems depend on one time scale. Mitropolsky (1965) obtained an 
asymptotic solution valid for t = #(e _1 ) for systems governed by 

i = ef(x,f,ef;e) (3.4.6) 

while Sethna and Balachandra (1974a) obtained a solution valid for finite time 
for systems with several slow time scales. Sethna (1967a) obtained an asymptotic 
solution valid for all t for systems governed by 

x = ef(x, f)+ eg(x, et) (3.4.7) 

while Roseau (1969) generalized these results to systems governed by 

x = ef(x,y,f,ef;e) and y = [A]y + eg(x, y, t, et;e) (3.4.8) 

where f and g are almost periodic in t and periodic in et. Sethna (1969, 1973) 
removed the restriction of almost periodicity and obtained results valid for all t 
provided that f and g are bounded in t for all t. Balachandra and Sethna (1975) 
proved under certain hypotheses the existence of bounded solutions of 

x = ef(x,y, r, et;e) and y = g(x, y, t, et;e) (3.4.9) 
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which approach certain special solutions of a derived averaged system of equa- 
tions as e -> 0. 

In this section we consider a single-degree-of-freedom system having slowly 
varying coefficients. Thus we consider equations having the form 

u + coI(t)u = e/(w, w, r) (3.4.10) 

where r = et and e is a small, positive, dimensionless parameter. Since e is small, 
r is a slow scale. Such systems were treated by Kuzmak (1959), Nayfeh (1969), 
Meyer (1976), Kaper (1976), and Rubenfeld (1977). Systems whose material 
properties exhibit time-dependent characteristics were studied by Paria (1968). 

The presence of the slow scale in (3.4.10) suggests the use of the method of 
multiple scales. Thus we seek an expansion for the solution in terms of the two 
scales r and 0, where 

(3.4.11) 









d(f>_ 
dt ~ 


■ <^o(r) 




In terms of these variables, the time derivatives become 
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2 



(3.4.12) 



9« 9m I 

(3.4.13) 

We expand u as 

w = Wo(0>r) + ew 1 (0,r) + -- * (3.4.14) 

Substituting (3.4.14) into (3.4.13) and equating coefficients of like powers of e, 
we obtain 

^(^ +w °r ° (3A15) 

"A^ +Wl i = " 2 ^ ^" Wo ^ + T 0>a;o ^V (3A16) 

The general solution of (3.4.15) can be written in the complex form 

u = A(t) exp (fy) + cc (3.4. 1 7) 
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Hence, (3.4.16) becomes 

<x>o( — ^ + u i) = -i(2co A' +<jo' A) exp(/0) + /(2co o ^' + ^>'oA) exp (~i<p) 
\o<p I 

+ f{A exp (70) + ^4 exp (-J0), /co [^ exp (z'0) - ^4 exp (-/0)], r} (3.4.18) 
Eliminating the terms in (3.4.18) that produce secular terms in u x yields 

i r 2n 

2ia> A'+io>oA = — \ f{A,A,$, r) exp (-/0)tf0 (3.4.19) 

2ttJ 

Letting A-\a exp (iff) in (3.4.19), where a and j3 are real, and then separating 
real and imaginary parts, we obtain 



t j /.27T 

a ~ ~ — — a - — — • / sin f(a cos 0, -co a sin 0, r) d\j/ (3.4.20) 
•A) 



2(jJq 27TCO 





i r 271 

|3'=-- / cos \pf(a cos 0, -u> a sin 0,r)<i0 (3.4.21) 

27ro; tf J 

where = + 0. From (3.4.14) and (3.4.17) we can write a first approximation 

tow as 

u = a(r) cos [0 + 0(r)] + 0(e) (3.4.22) 

where # and are obtained from (3.4.20) and (3.4.21). The frequency of oscilla- 
tion is given by 

oj = j t (<l> + ff) = o> Q + eff (3.4.23) 

When co is a constant and /is independent of t, (3.4.20) and (3.4.21) reduce to 
(3.3.13) and (3.3.14) obtained for the case of systems having constant param- 
eters. Next we specialize these formulas for conservative systems and for systems 
restrained by linear elastic forces and resisted by nonlinear friction forces, 

3.4.1. CONSERVATIVE SYSTEMS 

To allow for the variation of mass, charge, and length, we take the equation of 
motion in the form 

~ [m(r)u\ + k(r)u = € g(u, r) (3.4.24) 

at 

Hence 

ii + cjqU = e/(w, w, r) = [mu - g(u, r)] (3.4.25) 
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where u>l = kjm. Substituting for /into (3.4.20) yields 

a , = U<^^\ 

2\gj>o rn ) 
whose solution is 

1/4 



a = a Q 



o(owo)] 1/2 „ fl \rmm_ 

>0 (r)m(r)J [m(r)k(r) 



(3.4.27) 



where a(0) = a Q is a constant. Substituting for /into (3.4.21) gives 



-27T 



i r 

0' = / cos i// g(a cos ^ y r)d^ (3.4.28) 

2TToo ma J 

Combining (3.4.23) and (3.4.28), we obtain the following expression for the 
frequency: 

J*27T 
' cos $ g(a cos \p, r) d\fr (3.4.29) 

o 

Thus the oscillations described by (3.4.24) are nearly sinusoidal, with an ampli- 
tude that varies inversely with the fourth root of w(r) k(r) and a frequency that 
is given by (3.4.29). 

We apply these results to the motion of a particle having a slowly varying mass 
m{r) and restrained by a nonlinear cubic spring whose parameters vary slowly 
with time. The equation describing the motion can be written as 

— [m{r)x] + k(r)x + a(r)x 3 = (3.4.30) 

Letting x = ve u and rearranging terms, we rewrite (3.4.30) as 

— [m{r)u] +k(T)u = eg(u,T)=-ea(T)u 3 (3.4.31) 

dt 

Hence the amplitude of oscillation is given by (3.4.27), and from (3.4.29) the 

frequency of oscillation is 



/Ifrj" 3eaga(r)Vm(0)fc(0) 
Y m(T) %m{r) k{r) l< 



y m{T) 8w(r) k{r) 

As a second example we consider the oscillation of a simple pendulum whose 
mass m is constant but whose length varies slowly with time. The equation 
describing the motion is 

— [/ 2 (r) 6] + */(t) sin 6 = (3.4.33) 
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We let 6 ~ V7w in (3.4.33), expand sin 0, and obtain 

~- t V 2 (t)*] +gl(T)u=±egl(T)u* + 0(e 2 ) (3.4.34) 

Comparing (3.4.31) with (3.4.34), we conclude that the solution of the latter 
can be obtained from the solution of the former if we identify iti{t) with / 2 (r), 
k(r) with g/(r), and a with - |#/(r). Hence the amplitude and frequency of the 
pendulum are given by 

13/4 



n~« r /(o) r 



3'** 



(3.4.35) 



3.4.2. SYSTEMS WITH NONLINEAR DAMPING ONLY 

In this case the equation describing the oscillations has the form 

4- [m(r)u] + k(j)u = eg(u y r) (3.4.36) 

at 

Hence 

u + oolu = e/(w, u, r) = - — [mu - g(u, r)] (3.4.37) 

Substituting for/into (3.4.20) and (3.4.21) yields 

a' = -±(^ + — )a- — f sin^^(-cj flsin^,T)^ (3.4.38) 

z \co m I 2irmoo J 

= (3.4.39) 

Hence to the first approximation, the oscillations are sinusoidal with the fre- 
quency co (r) and an amplitude given by (3.4.38). 

We apply these results to the case of quadratic damping, that is, to a system 
governed by 

d 
— [m(T)u] +k(T)u = eg(u,r)= -ea(T)u\u\ (3.4.40) 

Substituting for g into (3.4.38) and carrying out the indicated integration, we 
obtain 

,_ 1 /coo m'\ 4aa;Q 

a = — I — + — \a a L (3.4.41) 

2 \<jJ q m / 37T/7Z 
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Equation (3.4.41) has the integral 

1 1 _ 4 f T a(T)fa# 2 (T) 

* 3/2 (r) 
or 



a\J oj {t) m{r) a \/oj (0) m(0) 
im(r)k{r)\ \ 3n J 



dr 



(?) 



™ (j) J J 



(3.4.42) 



where a is the initial amplitude. When k and m are constants, (3 .4.42) reduces 
to (3.3.34). 



3.5. Relaxation Oscillations 

In this section we return to Rayleigh's equation 

ii + u - e(u - ii 3 )= 



(3.5.1) 



We have already studied the behavior of the solutions of this equation for small 
e. We found that these solutions are approximately sinusoidal with slowly vary- 
ing amplitudes and phases and that they always approach a limit cycle as t -> °°, 
irrespective of the initial conditions. There are electrical and mechanical systems 
of interest for which e is large; van der Pol (1922) mentions that there are cases 
for which e is approximately 10 s . Here we consider the case of large e. 
Figure 3-24 shows the trajectories in the phase plane for the solutions of 




(c) 




(b) 




Figure 3-24. Phase planes for Rayleigh's equation; (a) e = 0-01 ; (b) e = 0.1 ; (c) e = 1.0; 

(d)e=10.0. 
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h 



V 




Figure 3-25. Solutions of Rayleigh's equation: (a) e = 0.01 ; (b) e = 0.1 ; (c) e = 1.0; id) e : 
10.0. 



(3.5.1) for four values of e, namely e= 0.01, 0.1, 1, and 10. For small e, the 
resulting limit cycle (i.e., closed curve) is nearly a circle, and the corresponding 
motion is nearly a harmonic motion with a definite amplitude as shown in Fig- 
ure 3-25a. As e increases, the limit cycle in the phase plane deviates more and 
more from a circle, and the corresponding motion deviates more and more from 
a simple harmonic motion. We note from Figure 3-25 that the distortion of the 
limit cycle (steady-state motion) from a sinusoidal form increases markedly with 
increasing e. When e= 10, the corresponding motion is jerky and consists of 
slowly varying stretches followed by abrupt changes. Such oscillations are often 
called relaxation oscillations (van der Pol and van der Mark, 1928). For the 
van der Pol circuit the energy is being stored in the capacitor during the slowly 
varying part of the motion, while during the abrupt changes the energy is being 
suddenly released. 

To analyze the behavior of these relaxation oscillations, we introduce the 
change of variable 



f = e" l ii 



u = v 



(3.5.2) 



Then (3.5.1) can be replaced by the following pair of first-order ordinary- 
differential equations: 

€- l v = -% + v-v 3 (3.5.3) 

k = e' l v (3.5.4) 

The set of equations (3.5.3) and (3.5.4) is a special case of the set 

e- 1 x = f(x,y,r;e- 1 ) (3.5.5) 
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y = g(x s y,r;e- 1 ) (3.5.6) 

where x, y, f, and g are real-valued vectors. 

When e-» °°, the system (3.5.5) and (3.5.6) is called a singularly perturbed 
system of equations because (3.5.5) and (3.5.6) become 

f(x,y,r) = (3.5.7) 

y = g(x,y,0 (3.5.8) 

whose solution cannot satisfy in general all the initial and boundary conditions 
because (3.5.5) is reduced from a differential to an algebraic equation. Thus the 
solutions of (3.5.7) and (3.5.8) cannot be expected to approximate the solutions 
of (3.5.5) and (3.5.6) for all t. Consequently a number of techniques have been 
developed to determine uniform solutions for such singularly perturbed systems. 
Foremost among these techniques are asymptotic methods, especially the 
method of matched asymptotic equations. Dorodnicyn (1947) and Cartwright 
and Little wood (1947) applied this technique to the van der Pol equation in the 
phase plane, while Cole (1968, Section 2.6) also applied it to the van der Pol 
equation but in the physical plane. In addition to the method of matched 
asymptotic expansions, a number of other techniques have been developed. 
They involve idealizing the system under consideration by representing the solu- 
tion as a combination of continuous segments and discontinuous or quasi- 
discontinuous segments (Andronov, Vitt, and Khaikin, 1966; Minorsky, 1962). 
Numerical solutions of the van der Pol equation for large e were obtained by 
Yanagiwara(1960), Krogdahl (1960), and Urabe (1963). 

Recently asymptotic methods have been the most widely used to study relaxa- 
tion oscillations. Besides the aforementioned studies, systems governed by a 
second-order differential equation were studied by Levinson and Smith (1942), 
Graffi (1942), Corbeiller (1931), LaSalle (1949), Stoker (1950), Caprioli (1954), 
and Coddington and Levinson (1955). Anh (1973) and Tondl (1970b) studied 
mechanical relaxation oscillations. Flatto and Levinson (1955) treated the case 
in which f and g are periodic in r, while Hale and Seifert (1961) and Hale (1963) 
treated the case in which f and g are almost periodic in t. Balachandra (1973, 
1975) obtained periodic solutions of singularly perturbed equations arising from 
gyroscopic systems and obtained new results for (3.5.5) and (3.5.6). 

In the remainder of this section we restrict our attention to (3.5.3) and (3.5.4). 
Eliminating t from these equations, we obtain the following equation for the 
trajectories in the phase plane : 

- dv v - v 3 - £ 

e "V-H (3 - 5 - 9) 

The curve £ = v - u 3 is shown by the solid line in Figure 3-26tf. Along this curve 
the slopes of the trajectories are zero, and because e is very large, the magnitude 
of the slope is very large away from this line. Around this line there is a bound- 
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Figure 3-26. Relaxation oscillations of Rayleigh's equation: (a) motion of representative 
points; (b) limit cycle. 



ary layer inside which the slopes of the trajectories change very rapidly. Also 
shown in Figure 3-26a are six trajectories, corresponding to six different starting 
points. In the shaded regions the representative point moves downward, slightly 
to the right when i; is positive and slightly to the left when v is negative. In the 
unshaded region the representative point moves upward, slightly to the right 
when v is positive and slightly to the left when v is negative. 

This construction clearly indicates the existence of a limit cycle as shown in 
Figure 3-266. As e -><», the limit cycle approaches QiQ 2 Q3QaQi- Thus it con- 
sists of the two vertical segments QiQ 2 and Q3Q4 and the segments Q4Q1 and 
G2G3. 

In Figures 3-27 two phase planes are shown. Each phase plane was constructed 



r 





(o) (b) 

Figure 3-27. Phase planes for Rayleigh's equation: (a) e = 0.01 ; (b) e = 10.0. 
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numerically, and each is for a different value of e. Several different trajectories 
are shown in each figure. The trajectories apparently form limit cycles very 
rapidly for large values of e. 

Next we follow Stoker (1950) and determine an approximation of the period 
of the limit cycle as e-»°°. Referring to Figure 3-266, we note that a first 
approximation to the period of the limit cycle as e -» °° is 

T=eS— (3.5.10) 

Since as e -> °° the segments Q x Q 2 and Q3Q4 are vertical, d% ^ along these seg- 
ments and hence the times needed to traverse these segments are zero. Moreover 
since the times needed to traverse the segments Q2Q3 and Q4Q1 are the same 

f Ql d% f Ql dv~3u 2 dv 
T=2e — =2e / (3.5.11) 

The point Q x corresponds to d%/dv=0 or 1 - 3v 2 = 0. Hence 17= l/\/3" and 
£ = 2/3 y/3. Moreover Q$ corresponds to % = -2/3>/3, and hence Q 4 corresponds 
to i; = 2/VT. Then (3.5.1 1) becomes 

T=2e J (— -3u^J = 2ef--ln2J^1.614e (3.5.12) 

Using the method of matched asymptotic expansions, one can find the following 
expansion for the period (Dorodnicyn, 1947): 

T= 1.61376 + 7.0143e" 1/3 - ^e" 1 In e - 1.32466" ! + 0(e" 4/3 ) (3.5.13) 

The last two terms in (3.5.13) were in error in the original paper of Dorodnicyn, 
and they were corrected by Urabe (1963). 

Exercises 

3.1. Determine the singular points and their types for the following equa- 
tions, and for each case sketch the trajectories and the separatrices in the phase 
plane : 

(a) u + 2/it/ +u +u 3 = 0, ju>0 

(b) u + 2juw +u - u 3 = 

(c) u + 2\xii - u + u 3 = 

(d) u + 2\xu - u - u 3 = 

3.2. Determine the singular points and their types for the system 

x = x - y 
y-x-y 

Sketch the trajectories and the separatrices in the state plane. 
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3.3. Determine the singular points and their types of the system 

x=x 2 + y 2 - 5 
y = xy - 2 

Sketch the trajectories and the separatrices in the state plane. 

3.4. Consider the Rayleigh equation 

x - e(x - ±x 3 ) + x = 
Let u = x and show that u is governed by the van der Pol equation 

u - e(l - u 2 )u +u = 

3.5. Consider van der Pol's equation in the following form: 

«+€(j8ii 2 - l)w+u = 

Use Lienard's method to construct two trajectories in the phase plane-one 
starting far outside the limit cycle and the other starting near the origin. This 
construction provides another, rather convincing, argument for the existence 
of a limit cycle. 

3.6. Consider the system governed by 

H+/isinw+u = 

Using Lienard's method, construct several trajectories. Show that more than 
one limit cycle exists. Some limit cycles are stable while others are unstable. 
How can one determine the stability of the various limit cycles by examining 
the trajectories in the phase plane? Indicate which limit cycles are stable and 
which are unstable in this example (see Figure 3-28). 

3.7. Consider the following system of equations: 

x l = -fix l + k sin x 2 

X? = O - (Xx\ + COS X<> 

Locate the singular points of this system. (Hint: Obtain a as a function of x x .) 
Show that the maximum value of x x is given by k/fi and occurs when a = ak 2 /ju 2 . 
Show your results by plotting*! and x 2 as functions of o for 

(a) a= 1, k- 1, and ju = \ 

(b) a= 0, k= 1, and/i= \ 

(c) a= -1, k = 1, and ju = | 

For a= 1, fc= 1, and fJL= \, determine the nature of the singular points (i.e., 
focus, col, etc.) when a = 0, 3, and 4. Sketch the trajectories in the state plane 
for each case. 

3.8. In studying the primary-resonance response of the van der Pol oscillator 
with delayed amplitude limiting, Nayfeh (1968) encountered the following sys- 
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LIMIT CYCLE 

LIMIT CYCLE 




LIMIT CYCLE 



Figure 3-28. Exercise 3.6. 



tern of equations: 

x x = x i(\ - x\) +fcosx 2 

2 f - 

x 2 - o +px\ sm x 2 

(a) Show that the Xx-coordinate of a singular point is a solution of 

p[(l-p) 2 +(a + *p) 2 ]=/ 2 
where 

p = x? 

(b) Using v- -0.15, plot the locus of the singular points in the pa-plane for 
f 2 ~ *> 3» Tf> and lo- What is the significance of the value ^? 

(c) Show that the interior points of the ellipse defined by 

(1 -p)(l - 3p) + (a + ^p)(a + 3i;p) = 

are saddle points and hence unstable. Also show that the exterior points are 
nodes if D > and foci if D< 0, where 



D = 4[(\ - 3v 2 )p 2 - 4vpo- o 2 ] 
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(d) Finally, show that the exterior points are stable if p > 4 and unstable if 

3.9. Consider a pendulum with a dry, rusty hinge. Assume that friction has 
constant magnitude so that the governing equation has the form 

+ 2/1 sgn + co 2 sin ~ 

Determine a first approximation for which accounts for both damping and 
nonlinearity. Ottl (1975) determined the transient motion of an oscillator with 
Coulomb damping. 

3.10. Consider the system defined by (Hayes, 1953) 

+ 2ju0 +6J 2 sin0=/ 

where / is a constant (pendulum with linear damping and constant torque). 
When /= 0, let *i = and x 2 — jcj. Then study the motion near the singular 
point defined by x x = and x 2 - 0, using the discussion of Section 3.2.1. Then 
compare your results with (3.3.74). Repeat for x Y - 7L When /^0, determine 
the equilibrium points and discuss the nonlinear motion around these points. 

3.1 1. Consider the system defined by 

+ 2At0|0|+co 2 sin0 = O 

(pendulum with quadratic damping). Let x t -6 and x 2 =x l . Then study the 
motion near the singular point defined by x % = and x 2 - 0, using the discussion 
of Section 3.2.1. Then compare your results with (3.3.92). Explain the differ- 
ences. Compare these results with those of Exercise 3.10 above. 

3.12. Consider Ray leigh's equation 

5 + co§u - €(u - w 3 ) = (1) 

Let x x =u and x 2 =x\. Study the singular point(s), using the discussion of 
Section 3.2. Then, instead of (1), consider the system 

i=4efl(l-|cogfl 2 ), ho (2) 

which is equivalent to (1) when e is small according to Section 3.3.4. 

3.13. The motion of a particle in the restricted three-body problem is gov- 
erned by 

m(x - 1 + m) (1 - m) (x + m) 

x - 2y ~ x- 

d\ d\ 

.. . . rny (1 - m)y 

where m is a reduced mass and 

d? = (l - m - x) 2 +y 2 , d 2 = (m +jc) 2 +y 2 
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(a) Show that there are five equilibrium points of this system; two of them 
are (^ - m, ±^y/J), while the other three are the solutions of 

m \ - m 

r=0 



(1 - m - x) 2 {m + x) 2 

These are usually called the Iteration, or Lagrange's, points. 

(b) Show that the first two are linearly stable when m < m c and unstable 
when m > m c , where m c - \ ( 1 - ^\/~69). 

(c) Show that the remaining three points are always unstable. 

3.14. In analyzing the effect of two-to-one resonances on the nonlinear 
stability of the triangular points in the restricted three-body problem and in 
analyzing second-harmonic resonances in the problem of capillary-gravity waves, 
Simmons (1969), McGoldrick (1970b), and Nayfeh (1971b, 1973c) encountered 
the following set of equations: 

a x = J x a x a 2 sin y 

a 2 = ^2^1 sm y 

a 2 y- Oa 2 + (J 2 a 2 + 2J\a\) cos y 

where J\,J 2 , and o are constants. 

(a) Show that the singular points of this system are given by 

y = nn, oa 2 +(J 2 a\ + 2J x a\) cos nn = 

(b) Show that these singular points are stable if J\J 2 < and may be unstable 
if/!/ 2 >0. 

3.15. Consider a simple pendulum with a dashpot as shown in Figure 3-29. 
(a) Show that the equation of motion is 

mliO^-mg sinB - {xmlj cos 2 (0 - 6) (1) 




Figure 3-29. A simple pendulum with a dashpot. 
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Then show that (1 ) can also be written as 

£(/i + / 2 ) 2 sin 2 . 

e + co 2 sin + - — — — 2 - - e = o (2) 

l\ + 2/i(/i +/ 2 )(1 - cosO) 

(b) Expanding and retaining through the cubic terms, show that (2) becomes 

0+co 2 (l - ^0 2 )0+2/;0 2 = O (3) 

where 

M(/i +/ 2 ) 2 
2/* s ,a 2 (4) 

'2 

Using (3), obtain the following first approximation for when the amplitude of 
the motion is small but finite: 



d = — . t = cos < 



VF7T 



2, 



JLW^ 



In 



^H <„ 



where ff and ]3 are constants of integration. Note that /I is not small and that 
in this case the frequency is affected by the damping in the first approximation. 
As a check, show that in the limit as ju ->- equation (5) reduces to equation 
(2.4.18). 

3.16. The free oscillations of a van der Pol oscillator with delayed amplitude 
limiting are governed by 

v + G)lv = 2e[(\ - z)v - zv] 

TZ + Z = V 2 

(a) Use the method of multiple scales and show that (Nayfeh, 1967) 
v = a cos (coq^ + 0) + 0{e) 
z = b exp (- t/r) + \ a 2 + \a 2 ( 1 + 4cjgr 2 ) - 1/2 
• cos (2co J + 20 - arctan 2co r) + 0(e) 



where 



a = ea(\ - \a r a 2 ), a r = (3 + 8gj>6t 2 )(1 +4co5r 2 )" 
l 

4 ( 



= -|ea^ 2 , a/ = -2co t(1 +4coo^ 2 ) ! 



6 = 2(1 + 2co 2 ) r 2 )(l + 4co 2 ,r 2 rVfc 

(b) Solve for a, 0, and 6. 

(c) Determine the steady-state motions and their stability. Free oscillations 
of other third-order systems were studied by Dasarathy and Srinivasan (1969), 
Srirangarajan and Srinivasan (1973, 1974), Srirangarajan and Dasarathy (1975), 
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and Joshi, Srirangarajan, and Srinivasan (1976). Baker, Moore, and Spiegel 
(1971) analyzed a third-order nonlinear system as a model for nonlinear instabil- 
ity. Nayfeh (1968) and Tondl (1968, 1974) determined the forced response of 
two third-order systems. 

3.17. The motion of a particle restrained by a linear spring and under the 
combined influence of Coulomb and viscous damping is governed by 

u + gjqU + e(jU sgn u + 2Hi u) = 

where fi and fx { > and e « 1 . 

(a) Show that 

u = a cos(co t + 0) + 0(e) 



where 



and 



fl = -e(— +/i!fll 



= 



(b) Show that 



a = Uo + — ) exp (~€Mi t) 



2Mo 

7TCO Ml 



where a is the initial amplitude, 
(c) Explain how the motion decays. When does it stop? 

3.18. The motion of a particle restrained by a linear spring and under the 
combined influence of Coulomb and square damping is governed by 

u +cjq" + e(j"o sgn u +ix 2 u\u\) = 

where ju and /I2 > and e « 1 . 

(a) Show that 

u^a cos (<jj t +0) + 0(e) 

where 



/2Mo 
a = -e[ 

\7TCO 



2ju 4 2 } 

+ — jLi 2 co * L \ 



{irco 3it 
and 

ho 
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(b) Show that 

1 /3/*o, / e / 8M2M0 \ 
a = — 1/ tan [c i/ — t 

<^o K ^ \ ^ K 3 / 

where c is a constant of integration. 

(c) Explain how the motion decays. When does it stop? 

3.19. The motion of a particle under the combined influence of viscous 
and square damping is governed by 

u +coq" +e(2jUiW +ju 2 m|m|)= 

where jtix and ju 2 > and e « 1 . 

(a) Show that 

u =a cos (co r +0) + 0(e) 



where 



and 



a = -e\ii l a+—ii 2 u a 2 \ 



(b) Show that 



a=a < 



j3 = 



exp(eMir) +a — [exp(ejuif)- 1] 

3mi 



where a is the initial amplitude. 
3.20. Consider the free oscillations of a system governed by 
u + coo" + e(2Mi" ~ ^o sgmJ) = 

where 6 « 1 and jdx and // > 0. 
(a) Show that 



m -a cos (co f +j3) + 0(e) 



where 



(b) Show that 



. /2ju \ 

\7TCO / 

/ 2jLf \ 



and (3 = 



7TCO0M 

where O is the initial amplitude 



flr - )exp(-e/i 1 r) + - 



7TCO ^l 
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(c) Discuss the limit cycle(s), if any. 

3.21. Consider the motion of a system governed by 

u +cjqw + e(ju 2 w|w| - ju sgn u) = 
where e « 1 and /i 2 and ju > 0. 

(a) Show that 

u = a cos (cj r +j3) + 0(e) 

where 

. 2e(fx 2fx 2 QJ \ . 

a = — I a I and p = 

7T \cj 3 / 

(b) Show that a can be written in the form 

/^ — 1 2 
3Mo I — + r - ^ 

2jti 2 | ° cexp -V32ju /i 2 /3n- ^o 

where c is a constant of integration. 

(c) Discuss the limit cycle(s), if any. 







3.22. Consider the motion of a system governed by 

u +cjqW + e(ju 2 ii|w| - 2ix x u) + eau 3 = 

where e « 1 and fjt 2 and A 1 ! > 0- Klotter (1955) studied the free oscillations of a 
system having quadratic damping and arbitrary restoring forces. 



(a) Show that 



where 



and 



u- a cos (oj t +j3) + 0(e) 



• / 4 a\ 

a~ elfXia- — ju 2 oj tf 1 



. 3ea . 

/} = a 2 

8cj 

(b) Show that a can be written in the form 

37TJU 



4/i 2 oj 



[1 +Cexp(-eMi01' 



where C is a constant of integration. 

(c) Discuss the limit cycle(s). What influence does eau 3 have? 
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3.23. Consider the motion of a system governed by 

u + lSqU +e(2ii l u +ju 2 w|w| +/i 3 w 3 ) = 
where e « 1 . Baum (1972) determined an approximate solution when Ma = 0. 

(a) Show that, to the first approximation, the amplitude is governed by 

/ 4 2 3 2 3 \ 

(Note that fx 3 must be positive for a realistic system.) 

(b) Determine the stationary motions and their stability as a function of the 
magnitudes and the signs of Hi and {jl 2 • 

3.24. A clock pendulum excited by pulses is governed by 

Jx+kx +Ax - \l(x - \x\)h(x -x ) = 
where J, k y X, and / are constants and 5(jc - x ) is Dirac's delta function, 
(a) Show that to the first approximation 

x = a cos \p, \p = cjt + 

where 

k 



oj 2 = - 



and 

x 

a = 

2Jn 



- ^"^o 

Xa >- <*" 



a f 2n 2 t la f 2lr 

— / sin' \p dip + / 8(a cos \p - x ) 

la C 
Jn J 

r 2n i r 

f cos \p sin \p dip + | 8 (a cos ip - x ) sin \p cos \p dip 

J Q 2Jrr J 



- sin i//(sin i// + |sin \p\)d\p = + J 5 (a cos i// - x ) sin 2 i// di// 

2J 2Jn 

X r2n 



(b) If a>x o >0, show that 



a ~ + Sm ylj 

2J 2/7T a 

4> = TT— cos \p a 

2Jm 



where ip a is the root of a cos ^ - x = 0. Hence 

. Xa I ( x 2 \ 1/2 

a- 

2/ 



-+— (i-4T 

>/ 2/7T \ a 2 / 



2/7ra 2 



1 56 NONCONSERVATIVE SINGLE-DEGREE-OF-FREEDOM SYSTEMS 
Hint: 

/ 8(a cos \p - x ) sin 2 \p d\p = — I 5(z - x ) sin [i//(z)] ^ z = — sin i// a 

(c) If x > a, show that 

\a 

a = , = 

2/ 

(d) Show that finite-amplitude stationary oscillations exist only when a ^x 
and jc <//27rX. 

3.25. A number of problems involving convection phenomena, such as the 
formation of Benard cells, the Rayleigh-Taylor instability, and various aperiodic 
plasma instabilities, lead to a model equation of the form 

u +juw - ol x u + a 2 w 3 = 

where /i, a x , and a 2 are positive. Determine an approximate solution to this 
equation and show that u =V a i/ a 2 is a saturation value (Cap and Lashinsky, 
1973). 

3.26. Use Lienard's construction to describe the behavior of the system 
governed by 

u + cjqU +e(2/iiw - ju sgn u) = 

where e» 1 and }i x and ju > 0. Show that the period of the motion ~+°° as 
e -* °°. Describe the motion when the signs of /ij and ju are reversed. 

3.27. Use Lienard's construction to describe the behavior of the system 
governed by 

u + cjIu + e(ju 2 w|w| - 2iiiu)= 

where e» 1 and ju 2 and {jl^ > 0. What is the period of motion? Describe the 
motion when the signs of ju 2 and /ij are reversed. 

3.28. Use Lienard's construction to describe the behavior of the system 
governed by 

u +cjqU + e(-2n l u - ju 2 w|w| +ju 3 w 3 )= 

where e » 1 where /ij, ju 2 , and ju 3 > 0. What is the period of the motion? Baum 
(1972) analyzed the case ju 2 = 0. 

3.29. Consider the response of a system governed by 

u + 2juw +w + ew 3 = 

where ju = 0( 1 ) and 1 - ju 2 > 0. 

(a) Seek a solution in the form (Popov and Paltov, 1960; Mendelson, 1970; 
Arya, Bojadziev, and Farooqui, 1975) 
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u - a cos i// + eu x {a, »//) + •• * 
a = -fja + e£i (a) + • • ■ = £(a) 
i// = cj + ecji (a) + ■ ■ • = cj(a) 

where cjJ = 1 - ju 2 . Show that the time derivatives are transformed into 

d a a 

— = cj — + £ — 
dt b\p ba 



d 2 ? a 2 u a 2 ^ a 2 d$ a dw a 

dt 2 b\p z b\jjba ba z da ba da b\p 



(b) Show that Wj is governed by 

~ b 2 Ui b 2 u x - b 2 Ui bui - di^ . 

Wo TTT " 2M^ flr — — - + /i 2 a 2 —5- + 2jucj — - " ira — ~ + (^o + M ) « l 
oi/r o\poa ba z by ba 

o d^\ I d% x \ 

= 2oj cj 1 tf cos \p + 2gj £i sin \j/ - [ia sin \jj +/i [a £i J cos ^ 

da \ da } 

~ | a 3 cos i// - | a 3 cos 3^ 

(c) Show that elimination of secular terms leads to 

2iO (jj x a + jjia /igj - 4a J = 

da 







2co £i 




ence 










h = i^ 3 


and 


3 2 
OJ! = g CJ tf 


(d) Show that 









a = -ya + f ejua 3 
^ = cj + | ecj a 2 
Hence 

a = a e^ t [\ + leaUe- 2 ^- 1))' 1/2 

* = * + " Q t - ^ In [ 1 + | ea 2 (e~ 2tlt - 1)] 
2ju 

3.30. The free oscillation of a single-degree-of-freedom system is governed by 

u + cj 2 sin u = ef(u, u), e «i 1 

(a) When e = 0, show that 

w = 2 sin' 1 [k sn (0, /c)] 
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where sn is the Jacobi elliptic sine function, \jj = cjt + 0, k is the modulus of the 
elliptic function (amplitude of the oscillation), and is the phase. 

(b) When e =£ 0, seek a solution as in (a) but with time-varying k and 0. 
Moreover impose the condition 

u = 2k(jj en (i//, k) 

where en is the Jacobi elliptic cosine function. Show that (Cap, 1974) 

e en _ . 

k f[2 sin (k sn), 2kco en] 

2cj 



(d sn 
sn + k 
dk , 



= sn + A; }/[2 sin" 1 (A; sn) + 2Axj en] 

2gj& dn 



,2 



(c) Determine a first approximate solution by averaging the equations for 
k and over the period AK of sn, en, and dn. Note that 






1/211 dd 



Vl - k 2 sin 2 6 



3.31. In analyzing the motion of a particle constrained to move on a circular 
path within a body that is spinning and coning, Mingori and Harrison (1974) 
encountered the equation 

dv , 

u + ju ! (l> - 1 ) - JU2M3 sin w - 4 JU3 sin 2w = 

<iw 

where /ii, ju 2 , and ju 3 are constants. 

(a) Determine the equations describing the singular points. 

(b) When Mi = 0.1 and fJL 2 ~ 2.0, show that bifurcation occurs at ju 3 = 0.0502, 
0.3, and 2.265. 

(c) Calculate the singular points and their types as ju 3 is varied from zero past 
2.265. 

(d) Sketch the trajectories in the phase plane. 

3.32. Consider the system govened by 

M+/(M,T)=0 (1) 

where dr/dt = e, a very small quantity. The variable r appears explicity in the 
coefficients of the various functions of w; thus (1) describes a system that has 
slowly varying parameters. 

(a) Following the generalized method of multiple scales (Nayfeh, 1973b, 
Section 6.4), assume 

w(f) = M 0',i7) + ewi(T,T?) + - • • (2) 
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where d7]/dt = g(r), a function to be determined as part of the solution. Here 
r? is the fast scale and r is the slow scale. We note that, in contrast with the 
derivative-expansion version, here the derivative of 17 with respect to t is a slowly 
varying function of time. 
Show that 

dt 2 br} 2 \ 817 3r Br? / 



Substituting (2) and (3) into (1), expanding / around u = u , and equating 
coefficients of like powers of e, show that 

S 2 {^-\ +F(u ,t) = c } (t) (4) 



m 



. b 2 u x bf(u 0y r) , bu b u 

drr ou of] or] or 



g -z~r + - ; « 1 = "£ -r— " 2g T—r- (5) 



where 



F(w , t)= 2 I f(u ,r)du 



and c 1 ! is an arbitrary function. In terms of the variable 17, (4) describes periodic 
motions around a center. 
Multiplying (5) by bu /br] and integrating, obtain 



* 2 i 



(bu x bu 
b-q br) 



"■*-f»)> «» 



where T is the period of motion in terms of the fast scale; Tis independent of r. 
The left-hand side vanishes if u x is periodic; thus the condition of periodicity 
(i.e., the solvability condition which eliminates secular terms) is 



•m 



Sir) I I ^) dr]=2c (7) 



where c is an arbitrary constant. 
Using (4), show that (7) can be rewritten as follows: 

I Vc, - F(u ,r)du = c (8) 

where j ! and y-i are the zeros of c x - F. 

(b) Consider a linear oscillator having a time-dependent, restoring-force 
coefficient 

nu ,T) = k(T)u (9) 
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Show that (4) and (9) lead to 






where 



(r) 

sin0 (10) 



r? = -^=- U+- (11) 



Hence the period (which is independent of r) is given by 

ng(T) 



r=-p^ (12) 



If we let T- 27T, then it follows that 

£(T)=Vfc(T) (13) 

Show that (8) and (9) lead to 

C\(t) 2c 

, = — , a constant ( 1 4) 

\/k(T) it 

Finally combine (14), (13), (1 1), and (10) to obtain 

w =- y— *" 1/4 cost? (15) 



RecaDing that 

dri 



dt 



we can rewrite (15) as follows: 



^'-[jjT g (T)<,T + Vo] 



where a and t?o are constants. Compare this result with that in Section 3.4.1. 



CHAPTER 4 



Forced Oscillations of Systems 
Having a Single Degree of Freedom 



In the previous chapters we considered systems having one degree of freedom 
that were initially disturbed and then allowed to respond with no further 
external excitation. In contrast, we now consider systems having one degree of 
freedom that are continuously excited. In this book two types of excitations 
are considered: (1) the excitation appears as an inhomogeneous term in the 
equations governing the motion of the system, and (2) the excitation appears as 
a variable (i.e., time-dependent) coefficient in the governing equations. The 
second type, which is called a parametric excitation, is considered in the fol- 
lowing chapter. The first type, which is called an external excitation, is con- 
sidered in this chapter. 
Here we consider systems governed by 

u + cjqW = e/(w, u) + E 

where e is a small parameter, /is a nonlinear function of u and u, and E is an 
externally applied force called the excitation. We distinguish between two types 
of excitations. First, the excitation draws on an energy source that is assumed to 
be unlimited or so large that the excited system has a negligible effect on it. In 
this case E = E(t); that is, E is not a function of the state of the system u, u, or 
u. Such sources are said to be ideal sources of energy. Second, the excitation 
draws on an energy source that is limited so that the excited system has an 
appreciable effect on it. In this case E = E(t, u, w, u)\ that is, E is a function of 
the state of the system. Such sources are said to be nonideal sources of energy. 
Systems are classified as ideal or nonideal according to the energy source. 

In Sections 4.1 through 4.4 we treat ideal systems and take the excitation to 
be the sum of N terms, each of which is harmonic: 

zr(o=£ K n co&(n n t + e n ) 
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If the K n (amplitudes), £l n (frequencies), and O n are constants, the excitation 
is said to be stationary; otherwise it is said to be nonstationary. Perturbation 
methods lend themselves to the analysis of nonstationary systems when the 
amplitudes and frequencies are slowly varying functions of time. 

In Sections 4.1 through 4.3 we treat stationary excitations. Systems having 
cubic nonlinearities are treated in Section 4.1, those having quadratic and cubic 
nonlinearities are treated in Section 4.2, and self-excited systems are treated in 
Section 4.3. Generally the discussion treats only one-term (harmonic) excita- 
tions; however multifrequency excitations are treated in Sections 4.1.5-4.1.7, 
4.2.4, and 4.3.5. In these subsections, the frequencies are assumed to be distinct 
and away from each other. The case in which two or more frequencies are close 
to each other is best treated by the approach used in Section 4.4, where non- 
stationary excitations are considered. This is so because, if 

E(t) = K x cos (£1^ + d l ) + K 2 cos(£V + 2 ) 

then we can write 

E(t) = K(t) cos [J2i (0 + 0(01 
where 

K 2 =(K X + K 2 cosj3) 2 +i^sin 2 = A:? +K\+2K X K 2 cosj3 



= 0i+ arctan 



/ ^2 sin g \ 
\K l + K 2 cosjS/ 



= (£2 2 - S20* + 2 - 0i 

Thus, if £2t — £2 2 , the excitation may be considered a monofrequency excita- 
tion with slowly varying amplitude and frequency. 

For a detailed treatment of nonstationary excitations we refer the reader to 
the book by Mitropolsky (1965). Anderson (1974a, b) analyzed a system sub- 
jected to a step-function excitation; Arya, Bojadziev, and Farooqui (1975) 
analyzed a system subjected to a slowly varying excitation; and Srirangarajan 
and Srinivasan (1973) analyzed a system subjected to a pulse excitation. Helfen- 
stein (1950) and Hsu (1960) obtained exact solutions for the Duffing equation 
when E(t) is a Jacobian elliptic function. In a series of papers, Loud (1957, 
1968, 1969) studied the response of nonlinear systems to large-amplitude 
excitations. 

In Section 4.5 we treat nonideal systems. 

4.1 . Systems with Cubic Nonlinearities 

Instead of treating general systems for which the algebra is involved, we 
treat simple systems that exhibit the essential ideas. Thus we consider the forced 
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oscillations of a particle attached to a nonlinear spring under the influence of 
slight viscous damping so that the equation of motion has the form 

ii + cjgw = -2e/iw- eocu 3 + E(t) (4.1.1) 

where fx is positive and a can be either a positive (hard spring) or a negative 
(soft spring) constant. As mentioned in the introduction, we assume that 

E(t) = K cos Sit (4.1.2) 

except in Sections 4.1.5-4.1.7, where E(t) is a multifrequency excitation. 
Primary resonances (i.e., 12 « o; ) are considered in the next section, and other 
resonances are considered in Sections 4.1.2 through 4.1.4. Besides the books 
listed in the preface, there are many studies dealing with primary and secondary 
resonances in single-degree-of-freedom systems under the influence of mono- 
frequency excitations (e.g., Klotter, 1953a, b; Klotter and Pinney, 1953; Sethna, 
1954; Caughey, 1954; Loud, 1955, 1965; Shen, 1959; Lamb, 1960;Plotnikova, 
1962, 1963b; Kononenko, 1964;Newland, 1965; Moser, 1965; Aks and Carhart, 
1970; Ness, 1971; Bykov and Chinkaraev, 1972; Stanisic and Euler, 1973; van 
Dooren, 1973a; Ablowitz, Funk, and Newell, 1973; Chao and Sikarskie, 1974; 
Dobias, 1974; Samoilenko and Momot, 1974; Varga and Aks, 1974; Nocilla and 
Riganti, 1974; Ovcharova and Goloskokov, 1975; Hsieh, 1975; Cheshankov, 
1975; Anderson, 1975a, c; Bastin and Delchambre, 1975; Plakhtienko, 1975; 
Beshai and Dokainish, 1975; Eminhizer, Helleman, and Montroll, 1976; Mishra 
and Singh, 1976). Tondl (1970a, 1973a, b) analyzed the primary responses of 
general systems with various types of damping. He intended the results to be 
used for the identification of the damping character and for finding the most 
suitable function expressing the damping force from experimental observations. 

4.1.1. PRIMARY RESONANCES, 12 « cj 

Instead of using the frequency of the excitation 12 as a parameter, we intro- 
duce a detuning parameter a, which quantitatively describes the nearness of 12 
to cj . This has the advantage of helping one to recognize the terms in the 
governing equation for u x that lead to secular, and nearly secular (small divisor), 
terms. Accordingly we write 

!2 = cj +eo (4.1.3) 

where a = 0(1). The linear undamped theory will predict unbounded oscillations 
when o - irrespective of how small the excitation is. In the actual system these 
large oscillations are limited by the damping and the nonlinearity. Thus to 
obtain a uniformly valid approximate solution of this problem, we need to order 
the excitation so that it will appear when the damping and the nonlinearity 
appear. To accomplish this, we set K - ek. We note that this scheme for ordering 
the terms is consistent with our primitive notions of primary resonance; namely 
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we anticipate that in a lightly damped system a small-amplitude excitation pro- 
duces a relatively large-amplitude response. 

An approximate solution of the problem can be obtained by a number of per- 
turbation techniques. Here we use the method of multiple scales. Accordingly 
we express the solution in terms of different time scales as 

u(t;e) = u (T 0y T l ) + €U l (T ,T l ) + -> (4.1.4) 

where T = t and T\ = et. We also express the excitation in terms of T and 
T x as 

E(t) = ek cos (co T + oT x ) (4.1.5) 

Substituting (4.1.4) and (4.1.5) into (4.1.1) and equating the coefficients of 
6° and e on both sides, we obtain 

Dlu + co 2 o u o =0 (4.1.6) 

D\u x + coqWi --2D D x u - 2txD u - aul + k cos(co T + °T X ) 

(4.1.7) 

We note that, as a result of the ordering, the excitation, damping, and nonlinear 
terms appear in (4.1 .7). 
The general solution of (4.1 .6) can be written as 

u = A(T X ) exp (ico T ) + A(T X ) exp (-ico T ) (4.1.8) 

where A(T X ) is an undetermined function at this point; it will be determined by 
eliminating the secular terms from u x . Substituting u into (4.1 .7) and express- 
ing cos (cl? T + oT x ) in complex form, we have 

DqU x +coq w i =-[2/co (/4' + jll4) + 3aA 2 A ] exp (icj T ) 

- oA 3 exp (3ico T ) + \ k exp [z(co r + oT x )] + cc (4.1.9) 

where cc stands for the complex conjugate of the preceding terms. Secular terms 
will be eliminated from the particular solution of (4.1.9) if we choose A to be a 
solution of 

2iG> (A' + yA) + 3aA 2 A - \ k exp (ioT x ) = (4.1.10) 

To solve (4.1 .10), we write A in the polar form 

A = \aexp{i$) (4.1.11) 

where a and fi are real. Then we separate the result into its real and imaginary 
parts and obtain 

k 
a = ~\ia + A - — sin (oT x - 0) 

(4.1.12) 

a$ = | — a 3 - J — cos (ar, - 0) 
co co 
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Substituting (4.1.11) into (4.1.8) and substituting that result into (4.1.4), we 
obtain the first approximation 

u = a cos (co r + j3) + 0(e) (4.1.13) 

where a and are given by (4.1.1 2). 

Equations (4.1.12) can be transformed into an autonomous system (i.e., one in 
which Ti does not appear explicitly) by letting 

7 = a!T 1 -0 (4.1.14) 

The result is 

i k 
a =-/xfl + \ sin y 

(4.1.15) 

3 a 3 _,_ 1 k 

ay = oa- f — a + ^ — cos 7 

The system of equations (4.1.15) have the general form of the equations dis- 
cussed in Section 3.2. To determine the character of the solutions, we first locate 
the singular points and then examine the motion in their neighborhoods. Because 
the amplitude and phase are not changing at a singular point, the response of the 
system is said to be a steady-state motion. The nature of the trajectories in the 
neighborhoods of singular points shows whether a small perturbation in the 
steady-state motion decays or grows; that is, they illustrate the stability of the 
steady-state motion. 

Steady-State Motions. Steady-state motions occur when d - y - 0, which 
corresponds to the singular points of (4.1.15); that is, they correspond to the 
solutions of 



(4.1.16) 



1 * • 

ya = X Sm y 

3 a 3 1 k 

ao- i — a = - ^ — cos 7 
Squaring and adding these equations, we obtain 

Equation (4.1.17) is an implicit equation for the amplitude of the responses as 
a function of the detuning parameter a (i.e., the frequency of the excitation) 
and the amplitude of the excitation k\ it is called the frequency-response 
equation. 

Substituting (4.1.14) and (4.1.3) into (4.1.13), we find that the first approx- 
imation to the steady-state solution is given by 

u= a cos (a) t + eot- 7) + 0(e) = a cos (Sit - 7) + 0(e) (4.1.18) 
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where a and 7 are constants. Hence the steady-state response is exactly tuned 
to the frequency of the excitation. However the phase of the response is shifted, 
in general, from that of the excitation by -7. 

The plot of a as a function of o for given ju and k is called a frequency- 
response curve. Each point on this curve corresponds to a singular point in a 
different state plane; there is one state plane for each combination of param- 
eters. Later an example of a state plane is presented. To draw such a curve, one 
can solve a cubic equation for a 2 as a function of a, or one can solve for o in 
terms of a. The latter approach, which is easier, gives 



°=f 



co 






(4.1.19) 



Figure 4-1 shows a comparison of the linear (a = 0) and nonlinear (a > 0) 
response curves. Equation (4.1.19) indicates that the peak amplitude, which is 
given by a p = /c/(2cl> ju), is independent of the value of a. The linear results are 
symmetric to this order of approximation and represent the solution in a very 
narrow band around the resonant frequency (recall that £2 = co + eo; so the 
frequency scale o is greatly expanded). The effect of the nonlinearity is to bend 
the amplitude curve and distort the phase curve. In both cases multivalued 
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Figure 4-1. Comparison of linear and nonlinear response curves: (a) and (b) amplitudes; 
(c) and (d) phases. 
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Figure 4-2. Frequency -response curves for primary resonances of the Duffing equation: 
(a) effect of nonlinearity ; (b) effect of amplitude of excitation. 

regions are formed. As we shall discuss later, the multivaluedness is responsible 
for a jump phenomenon; arrows indicate the jumps. 

Figure 4-2a shows that the nonlinearity bends the frequency-response curve 
away from the linear curve (a = 0), to the right for hard springs (i.e., a > 0) and 
to the left for soft springs (i.e., a < 0). Figure A-2b shows the variation of the 
frequency-response curves with the amplitude of the excitation for a hard 
spring. As the amplitude of the excitation increases, the frequency-response 
curves bend away from the a = axis. The locus of the peak amplitudes is the 
parabola o = | (a/to )a 2 , which is shown by a dotted line in Figure 4-2b. It is 
often called the backbone curve. We note that, depending on the value of k, 
some of the frequency-response curves are multivalued while others are single- 
valued. 

Figure 4-3 shows the influence of the damping coefficient ju on the response 
curves. In the absence of damping, the peak amplitude is infinite, and the fre- 
quency-response curve consists of two branches having as their asymptote the 




Figure 4-3. Effect of damping on the response of 
the Duffing equation to a primary-resonance 
excitation. 
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Figure 4-4. Amplitude of the response as a function of amplitude of the excitation for 
several detunings. 

curve o = | (a/co Q )a 2 . When /u = 0, y = nit, where n is an integer according to 
(4.1.16). Hence (4.1.18) shows that the response is either in phase or 180° out 
of phase with the excitation. However in the presence of damping, the peak 
amplitude is finite. Moreover the first of (4.1.16) shows that 7 = sin -1 
(2//tfCJ /&), and hence the damping alters the phase shift of the response. 

Figure 4-4 shows the variation of the amplitude of the response with the 
amplitude of the excitation for several values of a. The values of a and ju are the 
same for all curves. These curves were obtained directly from (4.1.17). We note 
that, depending on the value of a, some curves are multivalued while others are 
single-valued. 

Jump Phenomena. The multivaluedness of the response curves due to the 
nonlinearity has a significance from the physical point of view because it leads to 
jump phenomena. To explain this, we imagine that an experiment is performed 
in which the amplitude of the excitation is held fixed, the frequency of the 
excitation (i.e., a) is very slowly varied up and down through the linear natural 
frequency, and the amplitude of the harmonic response is observed. The experi- 
ment is started at a frequency corresponding to point 1 on the curve in Figure 
4-5a. As the frequency is reduced, o decreases and a slowly increases through 
point 2 until point 3 is reached. As a is decreased further, a jump from point 3 
to point 4 takes place with an accompanying increase in a and a large shift in 
7, after which a decreases slowly with decreasing a. If the experiment is started 
at point 5 and o is increased, a increases slowly through point 4 until point 6 is 
reached. As o is increased further, a jump from point 6 to point 2 takes place 
with an accompanying decrease in a and a large shift in 7, after which a decreases 
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(a) 

Figure 4-5. Jump phenomena for primary resonance of the Duffing equation: (a) a > 0; 
(b) a < 0. 



slowly with increasing a. The maximum amplitude corresponding to point 6 is 
attainable only when approached from a lower frequency. The portion of the 
response curve between points 3 and 6 is unstable and hence cannot be produced 
experimentally. The stability is discussed below. 

For a soft spring, if the experiment is started at point 1 in Figure 4-5b and o is 
slowly decreased, a jump from point 3 to point 4 takes place. On the other hand, 
if the experiment is started at point 5 and o is increased, a jump from point 6 
to point 2 takes place. Thus the jump phenomenon is a nonlinear phenomenon 
which takes place for soft as well as hard springs. As the frequency is decreased, 
the response amplitude jumps to a lower amplitude for a soft spring and to a 
higher amplitude for a hard spring. As a is increased, the opposite takes place. 

If the experiment is performed with the frequency of the excitation £1 held 
fixed while the amplitude of the excitation is varied slowly, a similar jump 
phenomenon can be observed. Suppose that the experiment is started at point 1 
in Figure 4-6. As k is increased, a slowly increases through point 2 to point 3. As 
k is increased further, a jump takes place from point 3 to point 4, with an 
accompanying increase in a and a large shift in 7, after which a increases slowly 
with k. If the process is reversed, a decreases slowly as k decreases from point 
5 to point 6. As k is decreased further, a jump from point 6 to point 2 takes 
place, with an accompanying decrease in a and a large shift in 7, after which a 
decreases slowly with decreasing k. 




Figure 4-6. Jump phenomena for primary 
k resonance of the Duffing equation. 
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fa 




Figure 4-7. Amplitude of the response as a function of amplitude and frequency of the 
excitation: (a) catastrophe surfaces; (b) a schematic of a cusp. 



When two stable steady-state solutions exist, the initial conditions determine 
which of these represents the actual response of the system. Thus in contrast 
with linear systems, the steady-state solution of a nonlinear system can depend 
on the initial conditions. This point is illustrated later when we discuss the state 
plane for a case in which two stable solutions exist. 

Another way of viewing the jump phenomenon involves the use of catastrophe 
theory. For a given /x one can regard (4.1.17) as the equation of a surface 
[a = a (a, k)] . In Figure 4-7a, the intersections of several planes of constant k 
with this surface are shown by the solid lines, while the intersections with several 
planes of constant o are shown by the broken lines. The former are the curves 
shown in Figure 4-2Z?, and the latter are the lines shown in Figure 4-4. This type 
of surface is called a cusp. 

In Figure 4-7b a schematic view of a cusp is shown. If a quasi-steady process is 
started at point A and follows path 1 (only o changes), there will be a spon- 
taneous jump from point B to point C (a catastrophe). On the other hand if a 
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process is started at point A and follows path 2 (requiring both k and o to 
change), the amplitude will increase smoothly to its value at point C. If the 
process continues from point C to point D, a spontaneous downward jump (a 
catastrophe) occurs. With this approach all possible responses and quasi-steady 
processes can be represented by a single surface and viewed simultaneously. For 
a comprehensive treatment and more references on catastrophe theory, we refer 
the reader to the book of Lu (1976). 

The jump phenomenon is a result of the nonlinear phase-amplitude interaction 
indicated in the second equation of (4.1.16). 

Stability of Steady-State Motions. The stability of the different portions of 
the response curves can be determined either by investigating the nature of the 
singular points of (4.1.15) as in Section 3.2 or by superposing a perturbation 
v(t) on the steady-state solution given by (4.1.18). In the latter case one lets 
u = a cos (Sit - y) + v (t) in (4. 1 . 1 ), uses (4, 1 .2), and obtains 

v + ojqU + 2efiv + 3eaa 2 vcos 2 (Sit - y) + [(u>l - SI 2 + f eaa 2 )a cos (Sit - y) 

- leixaSl sin (Sit - y) + \ eom 3 cos (3Slt - 3y) - ek cos Sit] 

+ 3eav 2 cos (Sit - y) + ev 3 = (4. 1 .20) 

Neglecting the term cos (3Slt - 37), one can easily show that the term in the 
square brackets vanishes on account of (4.1.3) and (4.1.16). Then (4.1.20) 
becomes 

v + coqU + 2ejufi + 3ecm 2 v cos 2 (Sit - y) + 3eav 2 cos (Sit - y) + ev 3 = 

(4.1.21) 

Thus the stability of the steady-state motion is transformed into the stability 
of the solutions of (4.1.21), which is an equation with variable coefficients. 
Equations with variable coefficients are discussed in Chapter 5. 

In this chapter we determine the stability of the steady-state motion by 
investigating the nature of the singular points of (4.1.15). To accomplish this, 
we let 

a = O + #i 

(4.1.22) 

7 = To + Ti 

Substituting (4.1.22) into (4.1.15), expanding for small a x and 7^ noting that 
a Q and 7 satisfy (4.1 .16), and keeping linear terms in ax and 71 , we obtain 



J k \ 

a, =-AMi +1- — cosy l 7i 

T ; = _ (3Mo + * CQS 7 \ _ / * sjn \ 



(4.1.23) 
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Thus the stability of the steady-state motions depends on the eigenvalues of the 
coefficient matrix on the right-hand sides of (4.1.23). 
Using (4.1.16) one can obtain the following eigenvalue equation: 



-M-X 



\ 8cj / 



/ 3aa§\ 



a 



Expanding this determinant yields 



-v-\ 



= 



X 2 + 2/iX + jti 2 + 



\ 8co / \ 8co / 



Hence the steady-state motions are unstable when 

■-('-£) (-£)♦"•<• 

and are otherwise stable. The condition (4.1.24) corresponds to the portion 
between points 3 and 6 in Figure 4-5 because points 3 and 6 correspond to 
T = 0, which is the locus of the vertical tangents to the frequency-response 
curves. This can be shown by differentiation of (4.1.17) implicitly with respect 
to a 2 and setting do) 'da 2 = 0. 

The preceding analysis determines the linear or local stability of the steady- 
state solutions. The stability of motions in the large can be determined the- 
oretically by the use of the Liapunov method. This method depends on the 
existence of a so-called Liapunov function, which in practice can be found for 
very few problems (e.g., LaSalle and Lefschetz, 1961 ; Szego, 1966; Hahn, 1967). 

In the case of linear systems and in the presence of positive damping, the 
steady-state forced response is independent of the initial conditions. In nonlinear 
systems the initial conditions play a crucial role. When more than one stable 
steady-state solution exist the initial conditions determine which steady-state 
solution is physically realized by the system. It turns out that there are instances 
in which a small change in the initial conditions produces a large change in the 
response of the system. To illustrate this point we used (4.1.15) to calculate 
several trajectories in the state plane corresponding to o p in Figure 4-1. The 
trajectories are plotted in Figure 4-8. Points P x and P 3 are stable foci, and point 
P 2 is a saddle point. All initial conditions in the shaded area lead to the steady- 
state solution on the upper branch P u while all initial conditions in the un- 
shaded area lead to the lower branch P 3 . The arrows indicate the direction of 
the motion of the representative point. Thus all the shaded area constitutes the 
domain of attraction of point P u and all the unshaded area constitutes the 
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Figure 4-8. State plane for the Duffing equation when three steady-state solutions exist. 



domain of attraction of point P 3 . Domains of attraction were studied by a 
number of investigators (e.g., Loud and Sethna, 1966; Sethna, 1967b; Tondl, 
1970a, 1973a). 

In summary, the question of the stability to small disturbances can be settled 
with relative ease as in Section 3.2 because the analysis is linear. However to 
find the stability in the large and to determine the effects of changes in the 
initial conditions and the system parameters, one has to use a state plane as used 
above or formulate some form of integrals of motion or energy levels or lia- 
punov functions (e.g., Struble, 1962; Brauer and Nohel, 1969; Roseau, 1966; 
Leipholz, 1 970). The use of state planes is most suited to systems governed by 
two first-order differential equations as in this section. Although the other 
approach is not limited by the degrees of freedom of the systems, it is limited by 
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the ability to find an integral of motion or a Liapunov function. For canonical 
systems some form of the Hamiltonian can be used, but for general systems the 
integrals of motion and Liapunov functions are known for very few problems. 

4.1.2. NONRESONANT HARD EXCITATIONS 

When ft is away from co , the effect of the excitation will be small unless its 
amplitude is hard; that is, unless K = 0(1). Thus we express the excitation as 

E(t) = K cos nT (4.1.25) 

As in the case of primary resonances, we seek an approximate solution by using 
the method of multiple scales. We express the solution in the form 

u{t\ c) = w (r , r,) + m x (r , ro + ■ • • (4.1.26) 

Substituting (4.1.26) into (4.1.1), using (4.1.25), and equating the coefficients 
of e° and e on both sides, we obtain 

Dlu + col w = K cos ft r (4. 1 .27) 

Dlu x + coluy =~2D D l u - 2fiD u - aul (4.1.28) 

The general solution of (4.1.27) can be written as 

u = A(T X ) exp (/cj r ) + Aexp (i£lT ) + cc (4.1.29) 

where A = \ K(u>l ~ ft 2 )" 1 . Substituting u into (4.1 .28) yields 

Dlu x + ojIu x = - [2ioj (A' + iiA) + 6a^A 2 + 3aA 2 A ] exp (ico T Q ) 

- a {A 3 exp (3ico T ) + A 3 exp (3/12 T ) 

+ 3A 2 A exp [/(2cj + Q>)T ] +3A 2 Aexp [/(ft- 2gj )^o] 
+ 3A A 2 exp [/(cj + 2ft) T ] + 3A A 2 exp [z(cj " 2ft) T ] } 

- A[2/juft+3oA 2 + 6aAA] exp (iSlT ) + cc (4.1.30) 

In addition to the terms that are proportional to exp (±/co r ), secular or nearly 
secular (small divisor) terms may occur whenever ft = 0(e) or whenever there is 
a secondary resonance, that is, whenever co % (fncj + w ^)» where m and n are 
integers such that \m | + | n \ - 3. This occurs whenever ft ^ 3 co °r ft ^ 3co ; 
the first case is called superharmonic resonance, and the second is called sub- 
harmonic resonance. Thus in eliminating terms that produce secular terms, we 
need to distinguish four cases: (a) ft is away from 0, 3 gj , and 3cj ; (b) ft ^ 0; 
(c) ft « 3 co ; and (d) ft ^ 3co - The first case is discussed in this section, the 
second case is a special case of the problem discussed in Exercise 4.37, the third 
case (superharmonic resonance) is discussed in the next section, and the fourth 
case (subharmonic resonance) is discussed in Section 4.1.4. 
In the nonresonant case secular terms are eliminated if 

2ico (A' + jll4) + 6aA 2 A + 3aA 2 A = (4.1.31) 
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Letting A-\a exp (ijS) in (4.1.31), where a and ($ are real, and separating real 
and imaginary parts, we obtain 

a =-na 

(4.1.32) 
u Q a$ = 3a(A 2 +£fl 2 )fl 

Therefore for the first approximation 

u=acos(co t + p) + K(col- S2 2 )" 1 cos J2r + 0(e) (4.1.33) 

where a and j8 are given by (4.1.32). The general solution for a is a = # exp 
(-fxTi), where a is a constant. Thus the free-oscillation (homogeneous) solution 
decays with time so that the steady-state response consists of the forced (partic- 
ular) solution only, as in the linear case. While the free-oscillation term is de- 
caying, however, its frequency is a function of the amplitude of the particular 
solution. 

4.1 .3. SUPERHARMONIC RESONANCES, £1 ** $ co 

Besides the books listed in the preface, there are a number of studies that treat 
superharmonic and higher-harmonic resonances in single-degree-of-freedom 
systems under the influence of monofrequency excitations (e.g., Atkinson, 
1957;Szemplinska-Stupnicka, 1968; and Maezawa and Furukawa, 1973). 

In this case we express the nearness of £2 to 3 co by introducing the detuning 
parameter a according to 

3n = oj Q +eo (4.1.34) 

In addition to the terms proportional to exp (±ito T ) in (4.1.30), there is 
another term that produces a secular term in u x . This is -aA 3 exp (±3i£lT ). To 
eliminate the secular terms, we express 3£IT Q in terms of to T according to 

312 T = (co + eo)T = oj T + oeT = u T + oT x (4.1.35) 

Using (4.1.35), we find that the secular terms in u x are eliminated if 

2iu (A' +yA) + 6a\ 2 A + 3aA 2 A + aA 3 exp (ioT x ) = (4.1.36) 

Letting A = \a exp (/0) in (4.1.36), where a and are real, and separating real 
and imaginary parts, we have 

aA 3 
a = -\m sin {oT x - |8) 

3oc qA 
aft' = — (A 2 + {a 2 )a + cos {oT x - 0) 

Equations (4.1.37) can be transformed into an autonomous system by setting 

7 = a7' 1 -j8 (4.1.38) 
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and thereby obtaining 



aA 3 
-\m sin 7 

co 



, / 3aA 2 \ 



3 a ^ a A 3 

ay = \g 1 a a cos y 

8co to 



(4.1.39) 



Therefore for the first approximation 

u = a cos (3ftf - y) + K(cjI - ft 2 )" 1 cos ftf + 0(e) (4.1.40) 

where a and y are given by (4. 1 .39). 

The steady-state motions correspond to a -y - 0; that is, they correspond to 
the solutions of 

aA 3 

-jUtf = sin 7 

co 

(4-1.41) 
aA 2 3a 3 aA 3 

la- 3 \a a = cos7 

\ co / 8gj to 

Squaring and adding these equations leads to the frequency-response equation 

NX,"*. *,)■].,.«!£ (4 ,. 42) 

[ \ co 8co / J coo 

Solving this equation for a in terms of a yields 



aA 2 

a=3 + 

co 



3a /a 2 A 6 \ 1/2 

^t^TT-M 2 (4.1.43) 

8a> W a 2 *} v ' 



Therefore when ft *» ^coq, the free-oscillation term does not decay to zero in 
spite of the presence of damping and in contrast with the linear case. Moreover 
the nonlinearity adjusts the frequency of the free-oscillation term to exactly 
three times the frequency of the excitation so that the response is periodic. 
Since the frequency of the generated free-oscillation term is three times the fre- 
quency of the excitation, such resonances are called superharmonic resonances, 
or overtones. In Figure 4-9 the three curves show how the response is formed 
from the particular solution and the free-oscillation term [recall (4.1.40)] . 
In this case the peak amplitude of the free-oscillation term is given by 

aA 3 

a p = 

In contrast with the case of primary resonance, a p is a function of a, the coeffi- 
cient of the nonlinear term. The corresponding value of the detuning is given by 



3aA 2 
co 



/ a 2 A 4 \ 

I 8 M 2 co 2 / 
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Figure 4-9. Synthesis of the response of the Duffing equation to superharmonic excitation: 
(a) free-oscillation solution; (b) particular solution; (c) actual response. 



It follows from (4.1.42) that when the amplitude of the free-oscillation term 
is small, it is proportional to A 3 ; thus the response approaches that of the linear 
system as A vanishes. 

In Figure 4-10 various frequency-response curves are shown. These curves 
show the influences of varying a, A, and p. Here, as in the case of primary reso- 
nance, the bending of the frequency-response curves is responsible for a jump 
phenomenon. There is symmetry about the o = line when the sign of a is 
changed [symmetry is indicated by (4.1 .43)] . 

In Figure 4-1 1 the amplitude of the free-oscillation term is plotted as a func- 
tion of the amplitude of the excitation. The broken lines show the unstable 
portions of the curve, and the arrows indicate the jumps that occur as the ampli- 
tude of the excitation is increased (upward jump) and decreased (downward 
jump). By comparing Figures 4-4 and 4-11, we can discover important differ- 
ences between the character of the two responses. As the amplitude of the 
excitation decreases, the amplitude of the response vanishes much more rapidly 
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Figure 4-10. Superharmonic frequency-response curves for the Duffing equation: (a) effect 
of nonlinearity ; (b) effect of amplitude of the excitation; (c) effect of damping. 



in Figure 4-11 than it does in Figure 4-4. This can also be seen by comparing 
(4.1.41) with (4.1.16); for primary resonances the amplitude of the excitation 
appears in the equations governing the steady-state solution, while for super- 
harmonic resonances the cube appears. After the jump in Figure 4-11, the ampli- 
tude of the response decreases as the amplitude of the excitation increases until 
point E is reached, while in Figure 4-4 the amplitude of the response increases 
monotonically. This can also be seen by comparing (4.1.41) with (4.1.16); in 
the second equation of (4.1.41) there is an extra term multiplying the amplitude 
a, -3aA 2 /co . As A is increased for a fixed a, the effect is to decrease the 
apparent detuning. The effect of decreasing a can be seen in Figure 4-4. Thus 



cr= 50 
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a -- 20 \i \ 
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Figure 4-11. Jump phenomenon in the superharmonic response of the Duffing equation. 
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when A increases, there are two influences competing simultaneously: one tends 
to increase the amplitude of the response while the other tends to decrease the 
amplitude of the response. 

4.1.4. SUBHARMONIC RESONANCES, £1 « 3co 

Subharmonic and ultrasubharmonic resonances in conservative systems having 
a single degree of freedom were studied by Cartwright and Little wood (1947); 
Reuter (1949); Levenson (1949, 1968); Obi (1950); Stoker (1950); Hayashi 
(1953b); Gambill and Hale (1956); Rosenberg (1958); Hsu (1959); Kronauer 
and Musa (1966b); Tomas and Tonal (1 967); Proskuriakov (1971); Loud (1972); 
Fu (1974); Yamamoto, Yasuda, and Nagasaka (1976); and Prosperetti (1976). 

To analyze subharmonic resonances for (4.1.1) and (4.1.2), we introduce the 
detuning parameter o according to 

£2 = 3<x> +e(j (4.1.44) 

In addition to the terms proportional to exp (±/co 7o), tne term proportional to 
exp [±/(£2 - 2(jOq)T ] produces a secular term in u x . We express (£1- 2u> )T as 

(n - 2oo )T = oo T + eoT = u T + oT x (4.1.45) 

Therefore to eliminate the terms in (4.1.30) that produce secular terms in w L , we 
put 

2i<o (A' + yA) + 6ol\ 2 A + 3aA 2 A + 3aAA 2 exp (ioT l ) = (4.1 .46) 

Letting A = \a exp (/j8) in (4.1.46), where a and & are real, and separating real 
and imaginary parts, we obtain 



3aA . 
a = ~\m - - — a sin (oT x - 3/3) 
4co 

a& = — (A 2 + {a 2 )a + —a 2 cos (aT x ~ 3j8) 
co ° 4co 



(4.1.47) 



To transform 


(4. 


1.47) 


into an autonomous system, we let 












7 = 


oT 1 - 


3/3 






and obtain 




a 


= -/ifl 


3aA . 

" ~A ^ 

4co 


sin 7 












ay 


4- 


9<*A 2 \ 


9ft 

8co 


a 3 - 


9aA , 
- - — a 1 cos 
4co 


7 



(4.1.48) 



(4.1.49) 
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Therefore for the first approximation 

u = a cos [\ (Sit - 7)] + K(u 2 - SI 2 )' 1 cos Sit + 0(e) (4.1 .50) 

where a and y are given by (4.1 .49). 
The steady-state motions correspond to the solutions of 

3aA , 

-\m a sin 7 

4co 

(4.1.51) 
/ 9a A 2 \ 9a , 9aA , 

1 a J a a * = a cos 7 

\ cj / 8co 4co 

Eliminating 7 from these equations leads to the frequency-response equation 

I" 2 / 9aA 2 9a A 2 ] 2 81a 2 A 2 4 

r*r~ i^ a )r-i^r (4,52) 

Equation (4.1.52) shows that either # = or 

n , / 9aA 2 9a 9 \ 2 81a 2 A 2 , 

9ju 2 + a — a 2 ) --r—ra 2 (4.1.53) 

\ cj 8cj / 16<x>o 

which is quadratic in a 2 . Its solution is 

a 2 =p±(p 2 - q) 1/2 (4.1.54) 



where 



8coq<j . a2 , 64col 

p = 6A and a = - 

9a H 81a 2 



rai 



9 M 2 + a (4.1.55) 



We note that q is always positive, and thus nontrivial free-oscillation amplitudes 
occur only when p > and p 2 > q. These conditions demand that 



\ 8w / 



4co o , aA 2 , » ■ „ - 

A <^7 and ^l°--^-)- 2 ^>° (4- 1 - 56 ) 



It follows that a and o must have the same sign. 

It follows from (4.1.56) that, for a given A, nontrivial solutions can exist 
only if 



^>-77- + ^— (4-1.57) 



2/i 2 cj 63a 2 A 2 
A 2 8cj 

while for a given a, nontrivial solutions can exist only if 



--(-7-63 <- <-+/_. 63 (4.1.58) 

M \M 2 / 4co At ju \M 2 / 
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Figure 4- 1 2. Regions where subharmonic responses 
exist. 



In the Aa-plane the boundary of the region where nontrivial solutions can exist 
is given by 

M 2 



63aA 2 _q /a 2 V 
4co M M \M 2 / 



which is shown in Figure 4-12 for a > 0. 

When these conditions hold, it is possible for the system to respond in such a 
way that the free-oscillation term does not decay to zero in spite of the presence 
of damping and in contrast with the linear solution. Moreover in the steady 
state, the nonlinearity adjusts the frequency of the free-oscillation term to one 
third the frequency of the excitation so that the response is periodic. Since the 
frequency of the free-oscillation term is one third that of the excitation, such 
resonances are called subharmonic resonances, or frequency demultiplication. 
Several frequency-response curves are shown in Figure 4- 13a, and the amplitude 
of the free-oscillation term is plotted as a function of the amplitude of the 
excitation in Figure 4-136. 

We note that although the frequency of the excitation is three times the 
natural frequency of the system, the response is quite large. For example, certain 
parts of an airplane can be violently excited by an engine running at an angular 
speed that is much larger than their natural frequencies (von Karman, 1940). 
Lefschetz (1956) described a commercial airplane in which the propellers 
induced a subharmonic vibration of order \ in the wings which in turn induced 
a subharmonic of order \ in the rudder. The oscillations were so violent that the 
airplane broke up. 

We note that there is no jump phenomenon in this case. In the regions where 
two stable solutions exist (a = and a =£ 0), the initial conditions determine 
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Figure 4-13. Subharmonic response for the Duffing equation; amplitude of the free- 
oscillation term versus (a) detuning and (b) amplitude of the excitation. 



which solution represents the response. One could construct a figure similar to 
Figure 4-9, showing the synthesis of the response. In this case the high-frequency 
component is the particular solution and the low-frequency component is the 
free-oscillation term. 
A possible state plane for the free-oscillation term is shown in Figure 4-14. The 




Figure 4-14. State plane for the subharmonic response of the Duffing equation. 
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trajectories were calculated by using (4.1.49). Point P 2 is a saddle point and 
point P 3 is a stable focus. These points correspond to those labeled in Figure 
4-13. The initial conditions must fall in the shaded area if the subharmonic is 
to appear in the first approximation of the steady-state response. All initial 
conditions outside this area lead to the trivial solution for the free-oscillation 
term. 

4.1.5. COMBINATION RESONANCES FOR TWO-TERM EXCITATIONS 

In this section we consider excitations that consist of two terms having the 
form 

E(r) = K l cos(I2 1 r + <9 1 ) + /i: 2 cos(O>/ + 2 ) (4.1.59) 

where K n , £2„, and 6 n are constants. Moreover we assume that K n = 0(1), and 
we exclude the primary-resonance cases co ~ ®> n for « = 1 and 2. We assume 
an expansion of the form 

u(t;e) = u (T ,T l ) + eu l (T ,T l ) + '- (4.1.60) 

in (4.1.1), use (4.1.59), equate the coefficients of e° and e on both sides, and 
obtain 

Dlu + <oSw =*i cos (r^ T + 1 ) + ^2 cos(£2 2 r + 2 ) (4.1.61) 

Dlu x + cjo^i = - 2D D x u - 2ixD Q u - aul (4.1.62) 

The general solution of (4. 1.61) can be written in the form 

u =^(7 , 1 )exp(/cj 7 , o) + A 1 exp(i*2 1 7 , ) + A 2 exp (i« 2 7\>) + cc (4.1.63) 

where 

\ n = \K n (ul-£lly l exp(/0„) 

Substituting u into (4.1.62) gives 

D\u x +gj§«i =-[2i<j0 (A' + fiA) + 3a(AA +2AiA! +2A 2 A 2 )^] 

• expO'cjo^o)- [2/12 1 jti + 3a(2>lJ+ A, A, +2A 2 A 2 )] A t 

• exp(i£2,r )- [2/S2 2 ji + 3a(2/lJ+2A 1 A 1 +A 2 A 2 )] A 2 

• exp(i£l 2 T )~ aA 3 exp (3ito Q T Q ) - aA] exp (3/£2, T ) 
-aA^ exp(3/n 2 r )- 3aA 2 A ] exp [i(2co +12,) T ] 
~3aA 2 A 2 exp [i(2co + £l 2 )T ] " 3a^ 2 A, 

• exp [i(2co - £2i) T ] - 3a^ 2 A 2 exp l/(2co ~ ^2)^0] 
- 3a A A 2 exp [i(to + 2^) T ] - 3aAAl 
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• exp [/(o> + 2n 2 )T ] - 3a A A? exp [i(co - 2ft,):To] 

- 3otAAl exp [i(co - 2£l 2 )T ] - 6aAA Y A 2 

• exp[/(o) + ft t +&> 2 )T ]- 6av4A,A 2 

• exp [/(co - ft, - ft 2 )7o] " 6ttv4A, A 2 

• exp [z(co - ft, + ft 2 )7\)] " 6otAA 1 A 2 

• exp[z(co + ft, - ft 2 )7 ] - 3aA?A 2 exp[/(2ft, + ft 2 )^o] 

- 3aA?A 2 exp [/(2ft, - Sl 2 )T ] - 3aA, \\ 

• exp [z(ft, + 2ft 2 )r ] " 3a A, A^ exp [z(2ft 2 - Sli)T ]+cc 

(4.1.64) 

Equation (4.1.64) exhibits a number of resonant combinations some of which 
we encountered earlier in cases of monofrequency excitations and some of 
which are characteristic of multi frequency excitations. These combinations are 

co ^ 3ft rt superharmonic resonance 

gj ^ 3 ft rt subharmonic resonance 

cj ^ I ±2ft m ± ft w | combination resonance 

co ^ \ (ft m ± ft„) combination resonance 

where m = 1 and 2 and « = 1 and 2. For excitations with three or more fre- 
quencies, the resonant combination co ^ | ±ft m ± ft rt ± ft*| might occur. 

We note that for a multifrequency excitation, more than one resonant con- 
dition might occur simultaneously; that is, both superharmonic and subharmonic 
resonances can occur simultaneously or both superharmonic and combination 
resonances can occur simultaneously, etc. For a two-frequency excitation, at 
most two resonances can occur simultaneously. If these frequencies are de- 
noted by ft, and ft 2 , where ft 2 > fti , the only secondary resonances that can 
occur are 

co ^ 3ft, or 3ft 2 

cj «» 3 ft, or 3 ft 2 

cj % ft 2 ± 2ft, or 2ft, - ft 2 

cj ^ 2ft 2 ± ft, 

cj *£(I2 2 ±ft,) 
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Inspection of these resonances shows that more than one of them occur simul- 
taneously if 
(a) 12 2 % 912j ^ 3gj 



(b) 


S"2 2 % £i t % 3cj 


(c) 


S2 2 ^ £2, % 3 u?q 


(d) 


12 2 ^ 512j ** | cj 


(e) 


12 2 ^ 712 1 ^ 3 cj 


(0 


12 2 ^ 212, ^ | cj 


(g) 


12 2 ^ 3 12! » 7cj 


(h) 


12 2 ^ § 12i ^ 5cj 



where we note that cases (b) and (c) in which 12 2 ** £l\ can be best treated by 
considering the excitation to be a monofrequency nonstationary excitation, as 
discussed at the beginning of this chapter. 

Since the individual primary, superharmonic, and subharmonic resonances 
were discussed at length in Sections 4.1.1 through 4.1.4, we devote the rest of 
this section to individual combination resonances and to a case in which sub- 
harmonic and superharmonic resonances occur simultaneously, that is, case (a) 
above. Combination resonances in one-degree-of-freedom systems were treated 
by Tomas and Tondl (1967); Tondl (1972); Yamamoto, Yasuda, and Nakamura 
(1974a, b, c); Efstathiades (1974); Tiwari and Subramanian (1976); and Mojad- 
didy,Mook,Nayfeh(1977). 

In the remainder of this section we consider the case in which co «s 212! + 12 2 . 
We introduce a detuning parameter o according to 

cj = 212! + 12 2 - eo (4.1.65) 

and express (212 j + 12 2 ) T as 

(212! +12 2 )r =cj 7 +ea7 =cj r + oT x (4.1.66) 

Then the secular terms will be eliminated if 

2ico (A' + ixA) + a(3AA+ 6A t A x + 6A 2 A 2 )A + 3<*A? A 2 exp (ioT^ = 

(4.1.67) 

Letting A-\a exp (i|8) in (4.1.67), where a and are real, using the definition 
of A n , and separating real and imaginary parts, we obtain 

a =- fia- aVx sin y (4.1.68) 

3a 

a(f = ar 2 a+ a 3 +aTi cost (4.1.69) 

8cj 
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where 

r, = lK\K 2 u>z l (wl - n 2 y 2 (<4 - nlr 1 

T 2 = fa* 1 [K 2 (oj 2 - SI])' 2 +K\{u>l ~ SI 2 )' 2 ] (4.1.70) 

y=oT l - j3 + 2^! + 2 
Eliminating j3 from (4. 1 .69) and (4. 1 .70) gives 

ay' = (a- aT 2 )a- a 3 - aTi cost (4.1.71) 

8co 

Therefore for the first approximation 

u=acos[(2Sl l +n 2 )t- 7 + 219, + 2 ] + ^(0^ - ft?)" 1 cos^jf + 0j) 

+ ^ 2 (cjg- S^l)" 1 cos (fi 2 f + 2 ) + 0(e) (4.1.72) 

For steady-state solutions of (4.1.68) and (4.1.71), a = y = so that and 7 
are the solutions of 

-fia = aT, sin 7 

(4.1.73) 
3a , 

(o- aT 2 )a a = aTi cos 7 

8cj 

Eliminating 7 from these equations leads to the frequency-response equation 

a 2 =ct 2 T 2 (4.1.74) 



M°~ arv ^ a2 ) 2 



It follows that the peak amplitude a p is given by 

fl p = |a|r 1 //x (4.1.75) 

and occurs when 

3cta 2 „ 3a 3 r? 



8cj 8cj /i 2 

We note that the peak amplitude is independent of T 2 , but the frequency at 
which it occurs is not. Equation (4.1.72) shows that unless Sl 2 and S2 { are com- 
mensurable (i.e., unless there exist integers m and n such that mSl x + nSl 2 - 0), 
the motion cannot become periodic. 

In Figure 4-15, several frequency-response curves are shown. These figures il- 
lustrate the effects on the amplitude of varying F h T 2 , a, and jli, respectively. 
The bending of the frequency-response curves produces a jump phenomenon. 

Equation (4.1.74) shows that a is always different from zero. Consequently, 
in spite of the presence of damping, the free-oscillation term, tuned by the non- 
linearity to exactly the combination frequency 2VL l + Sl 2 , is part of the steady- 
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Figure 4-15. Amplitude of the free-oscillation term as a function of the detuning for a 
combination resonance of the Duffing equation: (a) effect of 1^; (b) effect of r 2 ; (c) effect 
of a; (d) effect of m. 



state motion for all conditions, in contrast with the subharmonic-resonance case 
(Section 4.1.4). 

The results for the resonant case co ^ ft 2 + 2ft 1 can be obtained from the 
above results by simply interchanging the subscripts 1 and 2. Moreover the 
results for the resonant case co ^ 2ft j - ft 2 can be obtained from the above by 
simply changing the sign of ft 2 . 



188 FORCED OSCILLATIONS OF SINGLE-DEGREE-OF-FREEDOM SYSTEMS 

4.1.6. SIMULTANEOUS RESONANCES: THE CASE IN WHICH oj « 3£2, 
AND <jj % ^ £l 2 

In this section we consider a case of double resonance in which subhar- 
monic and superharmonic resonances exist simultaneously, that is, the case 
cj ^312! %|^ 2 - Other cases of simultaneous resonance can be treated in a 
similar fashion. 

To analyze the case in question, we introduce the two detuning parameters 
o x and o 2 according to 

3^j = cj + ea, and £2 2 = 3cj + ea 2 (4.1.76) 

Then we express £7 t T and ^2^0 as 

^1^0 = 3 ^0^0 + 3 O1T1 and £l 2 T = 3cj 7 1 + o 2 T x (4.1.77) 

Using (4.1.77) in eliminating the terms in (4.1.64) that produce secular terms in 
«i, we obtain 

2io> (A' + ixA) + 3ct(AA +2AiAi + 2A 2 A 2 )>4 + aA? expO'cr,^) 

+ 3a A 2 A 2 exp (io 2 7\ ) = (4.1 .78) 

Letting A = \a exp (/j3), where a and j3 are real, in (4.1.78) and separating real 
and imaginary parts, we have 

a +iLa + aT x sm(o i T l +30! - ff) + aY 2 a 2 sm(o 2 T x +6 2 ~ 3j3) = (4.1.79) 

-5 3 

-00'+ + ar 3 a + ar 1 cosCaiTi + 3^ 1 - j3) 

8cj 

+ af 2 a 2 cos (a 2 7\ + 2 - 3j3) = (4.1.80) 



and 



where 






r - 


r 2 = 


3/r 2 


11 8co (w§-^) 3 ' 


8cj (A>o ~ ^2)' 






4cj 



_*! 1 

\ - ni) 2 J 



Recalling (4.1 .76), one can rewrite these as follows: 
729A:? 3K 2 

r «=4^ +o(e) > r2= -^r o(e) > and 

We note that r x , T 2 , and T 3 are not independent. They are functions ofA^ and 
K 2 only, which are the true independent parameters characterizing the ampli- 
tudes of the excitation. 
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Inspection of (4.1.79) reveals that steady -state motions (i.e., a = 0) exist if, 
and only if, both o Y T x - and o 2 T x - 30 are constants. That is, 

0\ - p' and o 2 = 30' 

Therefore steady-state motions exist only when a 2 = 3a! = 3a. It follows from 
(4.1.76) that S~2 2 = 9Sl\. That is, steady-state motions occur only when the ex- 
citation is periodic. 

When steady-state motions occur, (4.1.79) and (4.1.80) show that they cor- 
respond to the solutions of 

lia + art sin(7 + 30 1 ) + <*r 2 2 S in(37 + 2 ) = O (4.1.81) 

aa ■ + ar 3 <i + ar 1 cos(7 + 30 1 ) + ar 2 a 2 cos(37 + 2 ) = O (4.1.82) 



-ao + 



8cj 



where 7= oT x - j3. Letting A = \a exp (ij3) in (4.1.63) and substituting the 
result into (4.1 .60), we obtain 

u = K l (ul- SI])' 1 cos(12 1 r + 1 ) + flfcos(3S7 1 r-7) 

+ A: 2 (w 2 -9^?)- 1 cos (9£V + 2 ) + 0(e) (4.1.83) 

Therefore steady-state motions, if they exist, are periodic. The effect of the 
nonlinearity is to adjust the frequency of the free -oscillation term to be per- 
fectly commensurable with the frequencies of the excitation. 

In Figure 4- \6a a typical frequency-response graph is shown. The various 
solid and dotted branches indicate stable and unstable solutions, respectively. 
We note that there are as many as seven branches for a given a and that these 
branches do not intersect at some large value of a; that is, the curves do not 




Figure 4-16. (a) Amplitude vs. detuning and (b) phase vs. detuning for simultaneous reso- 
nances of the Duffing equation. 
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close. When two branches are close together in this figure, one must examine 
the phases, which are quite different, to recognize the existence of all the 
distinct branches, see Figure 4-1 6b. 

Comparing Figure 4-16 with Figures 4-10 and 4-13 shows that the simulta- 
neous presence of superharmonic and subharmonic resonances changes the 
character of the frequency-response curves in a number of ways. The two 
branches A and D resemble those for a superharmonic resonance in the absence 
of damping. The remaining two curves B and C resemble those for a subhar- 
monic resonance. For the subharmonic resonance, there are two possibilities: 
either a single trivial solution or three solutions one of which is trivial and an- 
other of which is unstable. For the superharmonic resonance there are also two 
possibilities: a stable nontrivial solution or three nontrivial solutions one of 
which is unstable. In contrast, for the simultaneous resonances there are four 
possibilities: (a) a nontrivial stable solution, (b) three nontrivial solutions one 
of which is unstable, (c) five nontrivial solutions two of which are unstable, 
and (d) seven nontrivial solutions three of which are unstable. In the case of 
more than one stable solution the initial conditions determine which one is 
physically realized, as illustrated in the state plane shown in Figure 4-17. 
The points P x , P s , P&, and P 7 are stable foci, while the points P 2 , P3, and 
P4 are saddle points. If the initial conditions fall in the shaded area 5, 6, or 7, 
the motion ends up at points P 5 , P^ or /%, respectively. Otherwise, the motion 
ends up at point P x . Figure 4-17 shows that small changes in the system param- 
eters or the initial conditions might drastically change the response of the 
system. 

Figure 4-18 shows the influence of the relative phase (Q x - 2 ) of the two 
excitations on the response of the system. This relative phase has only a slight 



r 




Figure 4-17. State plane for the free-oscillation term for simultaneous resonances of the 
Duffing equation. 
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Figure 4-18. Influence of the relative phase of the excitations on the response of the Duff- 
ing equation to simultaneous subharmonic and superharmonic excitations: (a) 0i = O; 
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Figure 4-19. Effect of nonlinearity on the response of the Duffing equation to simultaneous 
subharmonic and superharmonic excitations: {a) a- 1 ; (b) a = 5. 
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70- 





Figure 4-20. Influence of the amplitudes of the excitations on the response of the Duff- 
ing equation to simultaneous subharmonic and superharmonic excitations: (a) K\ = 2; 
{b)K x = 1.22. 

effect on the superharmonic-resonance type of curves (branches A and D), but it 
has a significant effect on the subharmonic-resonance type of curves (B and C). 
As 6 1 increases from to 2n, curves B and C are shifted to the right, while curve 
C is shifted upward and curve B is shifted downward until they are nested when 
X = it. As 6 1 increases further, the upward and downward shift of curves B and 
C continues; in addition they shift to the left. When X -► 27T, the frequency- 
response curves are the same as the case 9 X = 0, except that curves B and Care 
interchanged. 

Figure 4-19 shows the influence of the nonlinearity (i.e., the influence of a). 
As a increases, all curves bend and shift to the right. The shift to the right is due 
to an apparent increase in the natural frequency with increasing nonlinearity. 
Moreover an increase in a results in the separation of the various curves. 

Figure 4-20 shows the influence of K x , the amplitude of the subharmonic 
excitation. As K x decreases, the superharmonic-resonance type of curve sepa- 
rates into two curves. Figure 4-20& shows that when K x = 1.22, one of these 
curves has qualitatively the character of the superharmonic-resonance curves 
of Figure 4-10, while the second curve has qualitatively the character of the 
subharmonic-resonance curves of Figure 4- 13a. 

4.1.7. AN EXAMPLE OF A COMBINATION RESONANCE FOR 

A THREE-TERM EXCITATION 
Here we consider systems governed by equations having the form 



3 

I 

n = l 



« + o) 2 M = e(-a« 3 - 2/xm)+ £ K n cos (£2„ + 6„) (4.1.84) 
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where the £2„, K n , and n are constants. Equations of this type arise in the 
study of transverse vibrations of plates and beams. In this context u represents 
the inertia, 2ejuw represents the damping force, cj 2 u represents the restoring 
force due to bending, and the cubic term represents the restoring force due to 
stretching of the midplane or neutral axis. For the case above the structure sup- 
ports three harmonic loads simultaneously. However we note that the fre- 
quencies £l n are not necessarily commensurable, and hence the load is not 
necessarily periodic. Because the equations are cubic, three loads can interact 
nonlinearly to produce several interesting resonances (Mojaddidy, Mook, and 
Nayfeh, 1977). 

There are many possible cases that can produce some sort of resonant re- 
sponse. Here we consider the following: 

n x + n 2 + n 3 = gj + eo (4.1.85) 

We use the method of multiple scales and obtain from (4.1.84) 

3 

w =v4(7\)exp0"tj7 1 o )+ £ A„ exp (Xl n T + W n ) + cc (4.1.86) 

where 

A„=itf„(co 2 -^) 

Then one finds, after some manipulation, that secular terms are eliminated 
from u i if 

2ito(A' + ix A) + cjotFiA + 3aA 2 A + ojc*r 2 exp [i(oT x +0, +0 2 +0 3 )1 =0 

(4.1.87) 
where 

T, = 6co _1 (A? +Aj +Al) and T 2 =6co" 1 A 1 A 2 A 3 

The steady state of the homogeneous term corresponds to the solution of 

(1 2 \ 
o- \aT x - ~-j- <*F 2 cos 7 = (4.1.88) 

where 

A = \aexp(iP) and 7 = oT x - + B x + 2 + 3 (4.1.89) 
The frequency-response equation follows immediately: 

Comparing (4.1.90) with (4.1.43), we see the similarity between simple super- 
harmonic resonance and the present example. 
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a 3.0 




Figure 4-21. Frequency-response curves for a combination resonance involving three-term 
excitation. 



Because o must be real, the peak amplitude is given by 

<xr 2 



and it occurs when 



o p = \ olT x + 



8co/i 2 



(4.1.91) 



(4.1.92) 



In Figure 4-21, a is plotted as a function of a. Again we note the presence of a 
jump phenomenon. 
It follows from (4.1 .89) that 

too^o +J8=co 7 , o + o7 , 1 -7 + 0i + #2 + #3 =(^i + ^2 +^3)^0 

Thus for the first approximation 

w = tf cos [(n x + C2 2 +n 3 )r + 0! + 2 + 3 - 7] 



+ z 



*„ 



CJ 



cos (n w r + M ) + 0(e) (4.1.93) 



where a and 7 are given by (4.1.88). We note again that the £l n are not neces- 
sarily commensurable, and hence u is not necessarily periodic. 

In Figure 4-22, u is plotted as a function of time. In Figure 4-22a, a is zero 
and hence this corresponds to the solution of the linearized problem. In Figure 
4-226, a is unity, the other parameters are the same, and the scales in the two 
drawings are the same. We note that when a is nonzero, the maximum a is ap- 
proximately four times as large as in the case when a is zero. The presence of a 
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t 

(b) 



Figure 4-22. Response of the Duffing equation to a three-frequency excitation: (a) linear 
case; (b) nonlinear case. 



strong high-frequency component in the second case is clearly evident. These 
results were verified by integrating (4.1.84) numerically. 

Including the cubic term in the equation has the effect of stiffening the re- 
storing force and significantly altering the phase. The latter is responsible for 
the drastic increase in amplitude; it makes the forces act closely in phase with 
the velocity and hence increases the rate at which they do work. 

It is the practice in structural design to consider the structure safe from a 
resonant response if all the frequencies of the loads are below the fundamental 
frequency of the structure. Such a practice is based on linear models of the 
structural elements. However as large amplitudes of the response develop, the 
midplane stretches. The term which accounts for the stretching is cubic, and 
ultimately the equation governing the response can be put in the form of 
(4.1.84). Thus the present example clearly illustrates the need to consider non- 
linear effects in the models of structural elements. 



4.2 Systems with Quadratic and Cubic Nonlinearities 
In this section we consider systems governed by equations having the form 

x +2jujc + ulx + a 2 x 2 +<x 3 jc 3 = E{t) (4.2.1) 
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The damping is taken to be linear, for simplicity. As in the previous case we as- 
sume that the excitation is a linear combination of harmonic functions, that is, 

N 

E{t) = £ */ cos (*V + °/) ( 4 - 2 - 2 ) 

/ = l 

where Kj, Slj, and ; - are constants. In the next three sections we consider mono- 
frequency excitations, while multifrequency excitations are treated in Section 
4.2.4. 



4.2.1. PRIMARY RESONANCES 

We consider E(t) = K cos Sit in this and the next two sections. For the pri- 
mary resonance to occur, cj « SI. To analyze this case we need to order the 
damping, the nonlinearity, and the excitation so that they appear at the same 
time in the perturbation scheme. If we let x = e cos co 1, then the nonlinearity 
generates a term proportional to cos co t at 0(e 3 ). Therefore if we let jc = ew, 
we need to order jujc as e 2 /xx and K cos Sit as e 3 k cos Sit so that the governing 
equation becomes 

u + (joIu = - 2e 2 iiii - ea 2 u 2 - e 2 a 3 u 3 + e 2 k cos Sit (4.2.3) 

In studying the forced response of a spherical bubble to a harmonic excitation, 
Lauterborn (1970) solved numerically an equation similar to (4.2.3). He found 
large responses when SI/<jJ = 1 , 2'3'4>i>f>3» 2 ' ■ - - • 
We seek an approximate solution to this equation by letting 

w (r;e) = wo(ro,r 1 ,r 2 ) + 6 Wl (ro,r 1 ,r 2 ) + e 2 W2 (r ,r 1 ,r 2 ) + - • (4.2.4) 

Since the excitation is 0(e 2 ), SI - co is assumed to be 0(e 2 ) for consistency. 
Hence we put 

fi = o; +e 2 a (4.2.5) 

Substituting (4.2.4) and (4.2.5) into (4.2.3) and equating the coefficients of 
e° , e, and e 2 on both sides, we obtain 

Dlu + ojIu = (4.2.6) 

D 2 Q u x + cogwi ^-2D D x u Q - ol 2 u 2 (4.2.7) 

DqU 2 + ojqU 2 =-2D Q D l u l - 2D Q D 2 u Q - D 2 iU Q - 2fiD Q u - 2a 2 u u l 

- a 3 u 3 + k cos (cjo^o + oT 2 ) (4.2.8) 

The general solution of (4.2.6) can be written in the form 

w =A(T l9 T 2 ) exp (icj T ) +A{T X , T 2 ) exp (-icj T ) (4.2.9) 
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Substituting w into (4.2.7) yields 

Z>o«i +cjqWi = - 2iaj DiA exp (ioj T ) - a 2 [A 2 exp (2ioj T Q ) + AA ] + cc 

(4.2.10) 

Eliminating the terms in (4.2.10) that produce secular terms in w, yields 
D { A ~ 0, or A = A(T 2 ). Hence the solution of (4.2.10) becomes 

u x =-^\- [~2AA+\A 2 exp (2iu T ) + \ A 2 exp (- 2ico T )\ (4.2.11) 
Substituting w and Wj into (4.2.8) gives 
D\u 2 + co 2 u 2 = - 2/co (^ f + M^) + (30:3 - Y~T") A ^ 



<oT 2 )] 



- \kexp(ioT 2 )\exp(icj Q T ) + cc + NST (4.2.12) 

where the prime denotes the derivatives with respect to T 2 and NST stands for 
terms proportional to exp (±3ico T ). Secular terms will be eliminated from 
u 2 if 

2/co o 04' + M)+ (30:3 " ~-jA 2 A- ±kexp(ioT 2 ) = Q (4.2.13) 

Letting A~\a exp (iff) in (4.2.13) and separating real and imaginary parts, 
we have 

k 

tf' = -Mtf + sin 7 (4.2.14) 

2co 



9<x 3 ^o - 10a? , k 

r a* ~ — - 

24(aJq 2co 



afi' = Z°. 3 <*' - — cos 7 (4.2. 1 5) 



where 



7 = a7 2 -]3 (4.2.16) 

Eliminating j3 from (4.2.15) and (4.2.16) yields 



9a 3 «2- 10a 2 2 3 * 

= a + 

24co5 2co 



07' = ao = a + cos 7 (4.2. 1 7) 



Therefore to the second approximation 

w = <zcos(fif- 7)+£ea 2 a>oV[-1 + 3Cos(2S2f- 27)] +0(e 2 ) (4.2.18) 

where a and 7 are defined by (4.2. 14) and (4.2. 1 7). 

Since (4.2.14) and (4.2.17) have the same form as (4.1.15), the discus- 
sion in Section 4.1.1 applies to this case provided that we identify a with 
a 3 ~ "V*" a l <*>o 2 ■ When a 3 = 0, a < 0, and the quadratic nonlinearity has a soften- 
ing effect which tends to bend the frequency-response curves to lower frequen- 
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cies, irrespective of the sign of a 2 . Thus unless a 3 > -^ alco^ 2 , the nonlinearity 
has a softening effect. When a 3 - -y-c^too 2 , the nonlinearity has no effect on 
the response to this order because the effects of the quadratic and cubic non- 
linearities cancel each other. 

Even-power, nonlinear terms are responsible for drift or steady streaming, 
as we discussed before. In this case we note the presence of the drift term 
- ^ea 2 Wo 2 a 2 , which indicates that the oscillatory motion is not centered at 
w = 0. 

4.2.2. SUPERHARMONIC RESONANCES 

To examine subharmonic and superharmonic resonances, we need to order the 
excitation so that it appears at the same time as the free-oscillation part of the 
solution; that is, the excitation should appear in the lowest-order perturbation 
equation. Thus if x - ew, K = eK. Moreover to analyze subharmonic and super- 
harmonic resonances generated by the quadratic nonlinearity, we need to order 
the damping so that it appears in the same perturbation equation that generates 
these resonances. In this case these are the result of x 2 = e 2 u 2 . Hence we let 
jujc = e 2 juw so that (4.2.1) for a monofrequency excitation becomes 

w + coow = -2ejuw- ea 2 u 2 - e 2 a 3 u 3 +K cos 12/ (4.2.19) 

where £2 is assumed to be away from cj in this section. 
We seek a first approximation to the solution of (4.2.19) in the form 

u = u (T , T x ) + en ! (7- , T x ) + • • ■ (4.2.20) 

Substituting (4.2.20) into (4.2.19) and equating the coefficients of e° and e 
on both sides, we obtain 

Dlu Q +cogw =A:cos£27 (4.2.21) 

D\u x + uj>qU x = - 2D D { Uq - 2juZ) w - ot 2 ul (4.2.22) 

The general solution of (4.2.21) is taken in the form 

w = A(T X ) exp (/coo^o) + A exp (iSlT ) + cc (4.2.23) 

where A = {K(to 2 Q - I2 2 )" 1 . Then (4.2.22) becomes 

Dlu x +coo"i =-2icj Q (A' + fiA)exp(iu) T )- 2iidA£lexp(i£lT Q ) 

- a 2 {A 2 exp (2iaj T ) + A 2 exp (2iSlT ) + AA + A 2 

+ 2JAexp [i(n- oo )T ] + 2A A exp [i(£l + u )T Q ] } + cc 

(4.2.24) 

Equation (4.2.24) shows that secondary resonances occur whenever co ^ 212 or 
co =» \ £2; the first corresponds to a superharmonic resonance, while the second 
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corresponds to a subharmonic resonance. In this section we treat superharmonic 
resonances, and in the following section we take up subharmonic resonances. 

For superharmonic resonances the particular solution and the homogeneous 
solution for w interact in u x . Thus we introduce the detuning parameter a 
defined by 

2£l = co + €0 and 2£IT = co T + oT x (4.2.25) 

Then eliminating the terms in (4.2.24) that produce secular terms in u x , we have 

2/co (i4' + fiA) + a 2 A 2 exp (ioT l ) = (4.2.26) 

whose solution is 

A=a exp (- ixT x ) + "* 2 , exp (ioT x ) (4221) 

2co (ju + io) 

where a is a complex constant of integration. As t -*• °°, ^ -> °°, and 

^;r J T^exp(/ar 1 ) (4.2.28) 

2co (Af + /a) 

Therefore to the first approximation the steady-state solution is 

u = — -z — — t- cos £2 J - — -z — *^~ t t-ttt sin (2£lt - y) + 0(e) 

cog - n 2 4co (to 2 ) " ^ 2 ) (M + o ) /2 

(4.2.29) 

where 7 = tan -1 (o/jjl). Thus a steady-state superharmonic term exists for all 
conditions and the response is periodic, as in the case of cubic nonlinearity. We 
note that the second term is proportional to the square of the amplitude of the 
excitation K. Thus the second term vanishes more rapidly than the first term as 
K vanishes, and this solution approaches the solution of the linear problem, 

4.2.3. SUBHARMONIC RESONANCES 

Subharmonic resonances in systems with quadratic nonlinearities were studied 
by Eller and Flynn (1969), Neppiras (1969), Lauterborn (1970), Safar (1970), 
Nayfeh and Saric (1973), Ashwell and Chauhan (1973), and Eller (1974). To 
analyze these subharmonic resonances to first order, we let 

£1 = 2co + eo (4.2.30) 

so that 

(n- co )r =co r + a^ (4.2.31) 

Then eliminating the terms in (4.2.24) that produce secular terms in u x yields 

/cj (i4' + ixA) + oc 2 A A exp (ioT x ) = (4.2.32) 
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We let A = B exp (\ ioT x ) so that (4.2,32) becomes 

ico (B' + \ ioB + ixB) + a 2 BA = (4.2.33) 

Putting B = B r + iB t in (4.2.33), where B r and B t are real, and separating real and 
imaginary parts, we obtain 

B' r + nB r - Ua+ ^jB i = and B'^jiB^ \A°~ ^J B " = 

(4.2.34) 

These are linear equations having constant coefficients; so the solution can be 
expressed in the form 

5 r = Z? r exp(Xr 1 ) and B t = b t exp (\T X ) (4.2.35) 

where b r , b h and X are constants. Upon substituting (4.2.35) into (4.2.34), one 
finds that in order to have a nontrivial solution 

X=- M ± [-V-- (4.2.36) 



Hence we find that 

1. if o 2 > 4<x\ A 2 loSl,B oscillates and decays 

2. if4c*2A 2 /a;o > o 2 >4(a2A 2 /coo " M 2 ),^ decays without oscillating 

3. if 4 (a! A 2 /col - ju 2 )> a 2 , 5 grows without bound (4.2.37) 

Actually the motion does not grow without bound. As the amplitude in- 
creases, the problem is no longer weakly nonlinear and the present analysis is not 
valid. However the present analysis clearly points out the conditions when one 
should expect to see a marked change in the solution develop. This is illustrated 
in Figure 4-23. 

In Figures 4-23 the steady-state results obtained by integrating (4.2.19) nu- 
merically are shown for the case a = and ot 2 and co are unity. For Figure 
4-23<7 K = 5.8, while in Figure 4-236 K = 6.1 . It follows from (4.2.37) that, to 
within an error of 0(e), K = 6 is the boundary between growing and decaying 
free- oscillation terms. The presence of a lower harmonic (i.e., the free-oscillation 
term) is obvious in Figure 4-236. We note that the frequency of the free- 
oscillation term is adjusted to exactly one half that of the excitation. Also we 
note the drift in Figure 4-236, as one would expect because of the quadratic 
term in the equation of motion. 
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Figure 4-23. Response of a system having quadratic nonlinearities: (a) subharmonic re- 
sponse not excited; (b) subharmonic response excited. 



4.2.4. COMBINATION RESONANCES 

In this section we consider multifrequency excitations, using the same order- 
ing as in the preceding two sections. Thus we consider first- order approximate 
solutions of 

w + cog M = -2e//w- eoc 2 u 2 +K X cos(n l t + l )^K 2 cos(n 2 t+6 2 ) (4.2.38) 
where £2 2 >£2, . 

We exclude primary resonances and seek a first approximation to the solution 
of(4.2.38)intheform 

u(t;e) = u (T O9 T 1 ) + eu l (T Of T l ) + -- (4.2.39) 
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Substituting this expansion into (4.2.38) and equating the coefficients of e° and 
e on both sides, we obtain 

Dlu +coS"o =K\ cos {£l x T Q + l )+K 2 cos (£l 2 T +0 2 ) (4.2.40) 

Dlu x +coo"i = -2Z) D 1 m - 2fiD u - ot 2 ul (4.2.41) 

The solution of (4,2.40) is written in the form 

w =i4(r,)exp(/cj r ) + Ai exp(/I2 1 7 , ) + A 2 exp (i£l 2 T ) +cc (4.2.42) 

where A m = ~ K m (col ~ ^m)' 1 exp (id m ). Then (4.2.41) becomes 

D\u x + cjqWi = - 2iu) (A' + ijlA) exp (ico T ) - 2/ju^iAi exp(/£2ir ) 

- 2//i£2 2 A 2 exp(i£l 2 To)~ oc 2 {A 2 exp (2ico T ) 

+ A? exp(2/fi 1 r ) + \\ exp(2/fi 2 7o) +AT+A 1 A 1 + A 2 A 2 

+ 2,4 At exp[i(cj + n 1 )7 , ] + 2 jAi exp [i(I2, - oj )T ] 

+ 2,4A 2 exp [/(cj + £2 2 )r ] + 2^4 A 2 exp [/(£2 2 - a; )7"o] 

+ 2A,A 2 exp [/(fij +^2)^0] 

+ 2A!A 2 exp [/(^i - r2 2 )r } + cc (4.2.43) 

With primary resonance excluded, (4.2.43) shows that the resonances which 
might exist to this order are 

ooq^IZIx or 2£2 2 superharmonic resonance 

LOQ^^Sli or \£l 2 subharmonic resonance 

co ^ £2 2 + ^1 or ^2 " ^1 combination resonance 

We note that for a multifrequency excitation more than one resonance can 
occur simultaneously, as in the case of cubic nonlinearity. With a two-frequency 
excitation at most two resonances can occur simultaneously. If these frequencies 

are denoted by ^ and £2 2 , where £2 2 is away from and larger than £2 1 , simulta- 
neous resonances occur whenever 

(a) il 2 ^4^! ^2co 

(b) n 2 ^3^! ^|co 

3 1 

2 ' 



(c) n 2 *sf 12! ^3co 



As discussed at the beginning of this chapter, the case 12 1 ^ £2 2 can best be 
treated by considering E{t) as a monofrequency, nonstationary excitation and 
then applying the analysis of Section 4.4. The case £l { ^ is discussed in Ex- 
ercises 4.37 and 4.38. 
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Since the individual primary, subharmonic, and superharmonic resonances 
were treated at length, we devote the rest of this section to the combination- 
resonance case cj ^ £2 2 + ^1 an d l eav e the simultaneous-resonance cases 
as exercises for the reader. Yamamoto and Nakao (1963) studied the case 
co ^^2 +^i> while Yamamoto and Hayashi (1964) studied the case to = 

We let 

^j + ft 2 =co +ea (4.2.44) 

so that 

{£l x +£2 2 )r =co o r o +oT x (4.2.45) 

Then eliminating the terms in (4.2.43) that produce secular terms in u { , we 
obtain 

iaj (A' + nA) + a 2 A l A 2 exp(ioT l ) = (4.2.46) 

whose solution is 

A =a exp (-M^) + "** l 2 exp (ioTx) (4.2.47) 

co (M + ^) 

where a is a constant. Therefore to the first approximation, the steady-state 
motion is given by 

w = ?_L^ *in [(£2j +n 2 )r + 0! + 2 - 7] 

2co (coJ- n?)(cjg- C^W/i 2 +C7 2 

+ 2 Kl COSOV+0O+ 2 ^ 2 cos (n 2 f + 2 ) + 0(e) (4.2.48) 

where 7= tan _1 (a/ju). Thus steady-state motions exist in this case for all condi- 
tions. We note that the nonlinearity adjusts the frequency of the free-oscillation 
term so that it is exactly equal to the sum of the frequencies of the excitation. We 
note also that the response is periodic only when 12 t and £2 2 are commensurable. 
The results for the case in which co ^£l 2 ~ ^1 can be obtained from the 
above results by simply changing the sign of ^l x . 

4.3. Systems with Self-Sustained Oscillations 

In this section we consider systems that have free, self-sustained oscillations. 
Thus we consider systems governed by equations having the form 

u + oj 2 u = e(u - ±u 3 ) + E{t) (4.3.1) 
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where E{t) is assumed to consist of a single harmonic in the next four subsec- 
tions, and is assumed to consist of two harmonic terms with different fre- 
quencies in Section 4.3.5. 

4.3.1 PRIMARY RESONANCES 

To analyze the effect of primary-resonance excitations, we order the amplitude 
of the excitation so that it will appear in the same perturbation equation as the 
damping and nonlinear terms. Thus we assume the excitation to be soft and to 
have the form 

E(t) = ek cos Sit, H = co + eo (4.3.2) 

As in the previous section , we seek an approximate solution in the form 

u{t\ e) = u (T , T x ) + eu x (T 0i T x ) + • • • (4.3.3) 

Substituting this expansion into (4.3.1) and (4.3.2) and equating the coefficients 
of e° and e on both sides, we obtain 

D 2 u + u 2 u = (4.3.4) 

Dlu x +cogw! = -2£> £>i"o + A)"o " |(A>"o) 3 + * cos (u T + oT x ) (4.3.5) 

The solution of (4.3.4) is given the form 

w =A(T 1 ) exp (icooTo) + A{T X ) exp (-iu T ) (4.3.6) 

Hence (4.3.5) becomes 

Dlu x + coq«i " [-2io> A' + icj A ~ iu\A 2 A + \k exp (ioT x )] 

■ exp (zto To) + 3MU 3 exp (3ico T ) + cc (4.3.7) 

Secular terms will be eliminated from u x if 

-2iu> A' + ico A - ico 3 A 2 A + \k exp (ioT x ) = (4.3.8) 

Letting A-\a exp (z]3) in (4.3.8), where an a and j3 are real, and separating 
real and imaginary parts, we obtain 



JL 

2co 



a = 1(1 - ± u 2 a 2 )a + ^^ sin 7 (4.3.9) 



<I0' = cost (4.3.10) 

2co 

where 

y = oT x -p (4.3.11) 
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Eliminating j3 from (4.3.10) and (4.3.11) gives 

k 
ay ~ao + cos 7 (4.3.12) 

2co 

Therefore for the first approximation 

u = a cos (Sit - 7) + 0(e) (4.3.1 3) 

where a and 7 are defined by (4.3.9) and (4.3.12). 

For a steady-state motion, a = 7' = 0. Then it follows from (4.3.9) and (4.3.12) 
that 



2 - 4 cootf 2 )tf = - ^7— sin 7 



2co ' 



(4.3.14) 
k 
ao = cos 7 

2co 

Moreover it follows from (4.3.13) that the steady-state motion is periodic, with 
a frequency equal to that of the excitation. Thus the response is synchronized at 
the frequency of the excitation. Squaring and adding equations (4.3.14) yields 
the frequency-response equation 

p(l - p) 2 + 4a 2 p = \k\ p = \ u\a 2 (4.3.15) 

In the pa-plane, the frequency-response equation provides a one-parameter 
family of response curves that are symmetric with respect to the p-axis. For 
k = 0, the curves of the family degenerate into the line p = and the point (0, 1), 
in agreement with the free-oscillation solution. As k increases, the curves first 
consist of two branches— a branch running near the a-axis and a branch consist- 
ing of a closed curve (an oval) which can be approximated by an ellipse having 
its center at the point (0, 1). As k increases further, the ovals expand, and the 
branch near the a-axis moves away from this axis. When k 2 reaches the critical 
value 4^, the two branches coalesce, and the resultant curve has a double point 
at (0, 3) as shown in Figure 4-24. As k increases beyond this critical value, the 
response curves are open curves. However p is still not a single-valued function 
for all a until k 2 exceeds the second critical value k 2 = ||. Beyond this critical 
value the response curves are single-valued functions for all a. The heavy broken 
line is the locus of vertical tangents and separates the stable from the unstable 
solutions. The stability of these solutions is discussed later. 

The following discussion is based on Figure 4-24. For < k 2 < ^, there are 
three periodic solutions for a given a when \o\ is small, and there is only one 
periodic solution when \o\ is large. When three solutions exist, only the one 
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Figure 4-24. Frequency -response curves for primary resonances of the van der Pol oscillator. 



having the largest amplitude is stable and hence corresponds to a realizable 
motion. When only one solution exists, it is unstable. 

For y| < k 2 < 1 there is a region of small \o\ where only one periodic solution 
exists, followed by a region of larger |a| where three exist, and finally followed 
by a region of even larger |a| where only one exists. In the first region the only 
periodic solution is stable; in the second region only the solution having the 
largest amplitude is stable; and in the third region the only solution is unstable. 

For 1 < k 2 < || one can again identify three regions as in the discussion 
directly above. However for this case, in the second, or middle, region there are 
two stable periodic solutions corresponding to the largest and smallest ampli- 
tudes. Here the initial conditions determine which of the solutions represents 
the actual motion. 

For k 2 > || there is only one periodic solution for a given o. If \o\ is small, the 
solution is stable; while if \o\ is large, the solution is unstable. 

To determine the stability of these periodic motions, we use the method of 
Andronov and Vitt (1930) and let 



a -a + ci\ 

7 = 7o + Ti 



(4.3.16) 



where a and 7 are solutions of (4.3.14). Substituting (4.3.16) into (4.3.9) and 
(4.3.12), using (4.3.14), and keeping only the linear terms in a x and y l9 we 
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obtain 



k 
{{I ~ l<^ 2 al)a x + - — (costo)Ti 

ZCOq 

k k , 

- (cos y )a l - (sin 7 ) Ti 



(4.3.17) 



If we let^i =a l0 exp(\7 1 1 ) and y x = y l0 exp (XT^), then 

k 

(2 " l^o^o- X)tf 10 + I — (cos7 )tio = 
zco 



■(— 

\2cj 



(cos 70) flio + I ~ sin 7 + X W 10 = 



(4.3.18) 



2co ^o " " '"' *" \2co ^o 

For a nontrivial solution the determinant of the coefficient matrix must vanish. 
Using (4.3.14), we write this condition as 

X 2 -(l -2p)X + A = (4.3.19) 

where 

A=±(l -4p + 3p 2 ) + a 2 (4.3.20) 

When A < 0, the roots of (4.3.19) are real and have different signs; hence 
the predicted periodic motions correspond to saddle points and are unrealiz- 
able. These are shown as the interior points of the ellipse A = in Figure 4-25. 
It follows from differentiating (4.3.15) with respect to p that this ellipse is 
the locus of vertical tangents forming part of the boundary between stable 
and unstable solutions in Figure 4-24. Since the discriminant of (4.3.19) is 
D = p 2 - 4a 2 , periodic motions corresponding to D< are focal points, while 
those corresponding to D > are nodal points. These motions are stable or 
unstable depending on whether p is greater or less than \. A summary follows: 

stable nodes if p > \ 
unstable nodes if p < A 




(a) p 2 >4a 2 

(b) p 2 = 4a 2 nodes 



saddle points 

stable ifp > \ 
unstable if p < ~ 

stable focal points if p > ^ 
(c) p 2 <4a 2 \ unstable focal points ifp < \ 

centers if p = \ 

This classification is shown in Figure 4-25 together with a hashed curve separat- 
ing stable from unstable motions. 
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Figure 4-25. Stability of the steady-state responses of the van der Pol oscillator for primary 
resonances. 

The results in Figure 4-24 indicate that a small change in the frequency of the 
excitation can cause a drastic change in the response. As an example we consider 
the case when e = 0.1 , co = 1 , and k 2 = 2. According to Figure 4-24 the response 
is periodic when |12| < 1.0426 and aperiodic when \Cl\ > 1.0426, approximately. 
To illustrate this result further, we integrated (4.3.1) and (4.3.2) numerically 
for ft = 1.04 and 12 = 1.05. The results are shown in Figure 4-26. For the first 
approximation when 12 = 1.05, we expect the response to consist of two terms 




itii:,|i i^mi 



Figure 4-26. Forced response of the van der Pol oscillator when the frequency of the 
excitation is near the natural frequency: (a) response below the pull-out frequency; (&) re- 
sponse above the pull-out frequency. 
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having nearly the same frequencies. Thus we expect the response to exhibit a 

strong beating behavior, as the numerical integration shows. Finally we note that 
the amplitude of the response is very close to the value predicted by the per- 
turbation solution. 

When the two terms combine to yield a single-frequency response, the particu- 
lar solution is said to entrain the homogeneous solution, or the homogeneous 
solution is said to lock onto the particular solution. When the two solutions 
separate to yield an aperiodic response, they are said to unlock. Associated with 
this separation is a pull-out frequency. There is a similar phenomenon associated 
with varying the amplitude of the excitation at a constant frequency. In this 
case one can identify a pull-out amplitude, below which the solution is aperiodic. 

As the discussion above indicates, when the amplitude of the excitation is 
small [recall (4.3.2)], stable periodic solutions exist for only a narrow band of 
frequencies of the excitation around the natural frequency of the system. The 
width of this band increases as the amplitude of the excitation increases. In 
the next section we analyze the response of the system outside this region of 
resonance. 

4.3.2. NONRESONANT EXCITATIONS 

For a nonresonant excitation ft must be away from co , and to first order, as 
we shall show, ft must be away from ^ co and 3co . Since £2 is away from co , 
the excitation is assumed to be hard, and it is written as 

E(t) = K cos Sit (4.3.21) 

Substituting (4.3.3) into (4.3.1), using (4.3.21), and equating the coefficients of 
e° and e on both sides, we have 

D 2 u + cjgw = K cos £IT (4.3.22) 

D 2 u y + co 2 ) w 1 = -2D Q D l u +D u - \{D u f (4.3.23) 

The solution of (4.3.22) is written as 

u = A{T X ) exp (zcoo^o) + A exp (i£lT ) + cc (4.3.24) 

where A= \K(cjI - ft 2 )" 1 . Hence (4.3.23) becomes 

DqUi +cjo"i = [~2ioj A t + /co (l - 2ft 2 A 2 ) ,4 - ioj%A 2 A] exp(/co 7o) 

+ I i {cog A 3 exp (3 /co T ) + ^ 3 A 3 exp (3 /ft r ) 

+ 3ftA(l - ft 2 A 2 - 2colAA) exp (/ftr ) + 3co 2 ) ftA,4 2 

• exp [/(ft + ?^j ) T ] + 3co 2 ) ftA^ 2 exp [/(ft - 2co ) T ] 
+ 3co ^ 2 A 2 ^ exp [/(2ft + co ) ^o] - 3co ^ 2 A 2 ^4 

• exp [/(2ft - co ) T Q ] } + cc (4.3.25) 
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Equation (4.3.25) shows that in addition to the primary resonances there might 
exist secondary resonances: superharmonic resonances (when 12^-^coo) and 
subharmonic resonances (when 12 & 3co )* In this section we treat the case of 
nonresonant excitations (i.e., 12 is away from co , 3^0* anc * 3co )- Superhar- 
monic resonances are treated in the next section, while subharmonic resonances 
are treated in Section 4.3.4. 
For nonresonant excitations secular terms will be eliminated from u x if 

-2A' + (1 - 2Q 2 A 2 )A - cj 2 A 2 A = (4.3.26) 

Letting^ - \a exp (/j8) and separating real and imaginary parts, we have 

a' = ±( V -±Gj 2 a 2 )a, 0' = (4.3.27) 

where 17 = 1 - \ 12 2 /C 2 (coo - 12 2 )" 2 . The solutions of (4.3.27) are j3 = constant 
and 

W~ ~ °) ex P( -T ? r i) 

wherefl is the initial amplitude. Therefore to the first approximation 

w = tf(r)cos(co o ' + 0) + £(co 2 ) - 12 2 )" 1 cos 12f + 0(e) (4.3.29) 

where j3 is a constant and a is defined by (4.3.28). 

Equation (4.3.28) shows that the steady -state motion depends on the sign of 
t?. WhenrjX) (i.e., K <\/2 12 _1 |cog - 12 2 |), a -* Ico^Vv as T x -►« and the 
steady -state motion consists of a combination of the forced (particular) and free 
(homogeneous) solutions according to (4.3.29). In general 12 and co are not 
commensurable, and hence the motion is not periodic. However when 17 < 0, 
a -> as T x -+ °° and the steady state is periodic, consisting of the forced solution 
only. These results for self-sustaining systems are at variance with those obtained 
for the response of a nonlinear spring in Section 4.1 .2. Here a large force causes 
the free-oscillation term to decay, while a small force permits it to approach a 
nonzero value. An examination of (4.3.26) shows that the particular and homo- 
geneous solutions of (4.3.22) interact in the cubic (positive) damping term, 
essentially causing the coefficient of the linear (negative) damping term to 
change. The process of increasing the amplitude of the excitation to cause the 
free-oscillation term to decay is called quenching. The problem of quenching was 
studied by Struble (1962), Pengilley and Milner (1967), Minorsky (1967), Fjeld 
(1968), Nayfeh (1968), Dewan and Lashinsky (1969), Mansour (1972), and 
Tondl (1975a, b, 1976b, d). When the amplitude of the excitation exceeds a cer- 
tain critical value, the coefficient of the linear term changes sign and the free- 
oscillation term decays. 
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Figure 4-27. Forced response of the van 
der Pol oscillator illustrating the phe- 
nomenon of quenching: (a) unquenched 
(b) response; (b) quenched response. 



As an example we let co = 1 and £2 = \fl. Then the critical value of K is 
unity. Using (4.3.21), we integrated (4.3.1) numerically for K= 0.9 andA> 1.1. 
According to the perturbation analysis, the free- oscillation term does not decay 
for the former and decays for the latter. The numerical results are shown in Fig- 
ure 4-27; they agree with the analysis. 

Finally we note how these results are consistent with the trend predicted in 
the previous section. Here the amplitude of the excitation is 0(1) [whereas in 
the previous section it was 0(e)], and we find that it must exceed a certain 
critical value, which is proportional to |cjq ~ Q 2 \, in order to suppress the homo- 
geneous solution and produce a periodic response. 

4.3.3. SUPERHARMONIC RESONANCES 
To analyze these resonances we let 

3tt = co + eo (4.3.30) 

and express the resonant term involving exp (3i£lT ) as exp [i(cj T + oT^]. 
Then eliminating the terms that produce secular terms in (4.3.25) yields 

-2cj A' + cj t)A - u 3 A 2 A +^ 3 A 3 exp(/ar 1 ) = (4.3.31) 

Letting A =^aexp [/(a7\ - 7)] and separating real and imaginary parts, we 
obtain 

co a = \ (17 - \ cootf 2 ) oj a + T cos 7 

(4.3.32) 
co ay = Oix> Q a - V sin 7 
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3* 



where f = 4 f2 3 A 3 . Therefore to the first approximation 



u = a cos (3ttt - i) + K(ul - ft 2 )" l cos Sit + 0(e) (4.3.33) 

where a and 7 are defined by (4.3.32). 
The steady-state motions correspond to the solutions of 

2 (V ~ \ ^W) ">o<i = ~ T cos 7 

(4.3.34) 
o(*) a = T sin 7 

Eliminating 7 from these equations yields the frequency-response equation 

p( V - pf + 4pa 2 = T 2 , p = ± a; 2 * 2 (4.3.35) 

Equation (4.3.35) has the same form as (4.3.15), which was obtained for the 
case of primary resonance. However there is a significant difference; here the 
amplitude of the excitation appears in two places rather than one (both 17 and V 
are functions of K). Recalling that 77 = 1 - \ £2 2 /T 2 (gj 2 ~ ^ 2 )~ 2 , we note that, as 
K increases, 77 decreases and can become negative. Referring to (4.3.32), we see 
that the effect of decreasing 7? is one of decreasing the linear-, or negative-, damp- 
ing coefficient. Thus in this case, as in the case of nonresonant excitations 
treated in the previous section, the nonlinear interaction between the particular 
and homogeneous solutions leads to an apparent change in the linear-damping 
coefficient. One should compare (4.3.32) and (4.3.27) with (4.3.9). 

For a given value of £2, co , and K, one can calculate^ Q.A -^QK(cjI - £2 2 ) -1 , 
t?=1-212 2 A 2 , and r = 3^2 3 A 3 . Therefore for each harmonic excitation, 
(4.3,35) furnishes p and hence the amplitude of the response. In the pa-plane 
the frequency-response equation provides a one-parameter family of curves with 
£2 A as the parameter, as shown in Figure 4-28. These curves are symmetric 
with respect to the p-axis. For % = 0, the curves of the family degenerate into 
the a-axis and the point (0, 1). As | increases, the curves first consist of two 
branches— a branch running near the a-axis and a branch consisting of a closed 
curve (an oval) which can be approximated by an ellipse having its center at the 
point (0, t?). 

Because t? is a function of the amplitude of the excitation (| essentially), all 
these ovals are not centered on the same point, or nested, as in the case of pri- 
mary resonance. As % decreases, the ovals become smaller and are centered 
higher on the p-axis, and the branch near the a-axis moves closer to this axis. 
Finally the branches collapse onto the point (0, 1) and the a-axis. As % increases, 
the ovals expand, and the branch near the a-axis moves away from this axis. 
When % reaches the critical value [2 + (|)^ 3 ]" 1/2 ^ 0.586, the branches coalesce 
and the curves have a double point at (0, ^77). Beyond this critical value, the 
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Figure 4-28. Response of the van der Pol oscillator to a superharmonic excitation. 



response curves are open curves. The broken lines indicate the unstable portions 
of the frequency-response curves. 

To study the stability of the steady-state solutions, we need to classify the 
singularities of the system (4.3.32). To do this, we let 



a = a + # x 
T = To + Ti 



(4.3.36) 



Noting that a and y are the solution of (4.3.34), we can write the following 
linear variational equations: 



*i = I 07 - f ^W) a i - — (sin To) Ti 



co 



r r 

Ti = — 5 (sin To) *i " -7^7 (cos To) Ti 



(4.3.37) 



u> a 



co a 
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According to Section 3.2.1, the character of the singular points depends on 

the determinant of the coefficient matrix of the right-hand sides of (4.3.37). 
Using (4.3.34) we can write this condition as 

X 2 - (7?-2p)X+A = (4.3.38) 

where 

A=4(T? 2 -4r ? p + 3p 2 ) + a 2 

The discriminant of (4.3.38) is 

D=p 2 - 4g 2 

Using arguments similar to those used in Section 4.3.1, one can summarize the 
stability of the steady -state solutions as 




(a) p 2 >4a 2 



(b) p 2 = 4a 2 nodes 



(c) p 2 <4a 2 



stable nodes ifp > \r\ 
unstable nodes if p < \ 77 
saddle points 

stable ifp > \r} 

unstable if p < ^77 

stable focal points if p > \ 17 
unstable focal points if p < \ 77 
centers ifp = ^77 



We note that when 77 <0 (i.e., K> \/2 £l~ l \<x>l - 12 2 |), the steady-state solu- 
tion is always stable. 

4.3.4. SUBHARMONIC RESONANCES 

Subharmonic resonances were studied by Cohen (1955); Matkowsky, Rogers, 
and Rubenfeld (1971); and Korolev and Postnikov (1973). To analyze these 
resonances we let 



12 = 3cj + eo 



(4.3.39) 



and express the resonant term involving (12 - 2u> ) T a s O^o^o + 0T1). Then 
eliminating the terms in (4.3.25) that produce secular terms in u x gives 



-2.4' + 77,4 - u>lA 2 A +u £4 2 exp(/a7 , 1 ) = 



(4.3.40) 
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where £ = S7A and rj = 1 - 2| 2 . Letting A = \a exp [\i(oT x - 7)] in (4.3.40) 
with real a and 7 and separating real and imaginary parts, we obtain 

*' = 2 fa ~ 4 <^o^ 2 )^ + 4 -'oS* 2 cos 7 

(4.3.41) 
07' = ao - I cj £# 2 sin 7 

Thus to the first approximation 

u = a cos (-£ S2f - ^ 7) + ^(wg - ft 2 )" * cos S2f + 0(e) (4.3.42) 

where <z and 7 are defined by (4.3.41). 
Steady-state motions are periodic and correspond to the solutions of 

ifa" k ula 2 )a = -ji<jj & 2 cos 7 

fla = ^ co £" sin 7 

Eliminating 7 from these equations leads to the frequency-response equation 

[|a 2 + (r ? -p) 2 ]p=p 2 | 2 (4.3.44) 

where p = | ojQtf 2 . Equation (4.3.44) shows that there are two possibilities: 
either p = or 



P 



\-ie±a 2 - 2 A 4 ~U 2 ) 112 (4.3.45) 



Equation (4.3.45) shows that nontrivial solutions exist only when certain 
restrictive conditions on o and £ are satisfied. Because p is real, 

e-l?-%o 2 >Q (4.3.46) 

Thus in the |a-plane, the boundary of the region where a subharmonic response 
can exist is defined by the equality in (4.3.46). This region is shown in Figure 
4-29tf. 
It follows from (4.3.46) that 

\o\<i$(\-tey 12 

and hence that 

2 3 

0<£<-^=- and 0<|a|<—^ (4.3.47) 



The maximum value of a occurs when £ = y2/7. Some representative frequency- 
response curves are shown in Figure 4-296. The curves are symmetric with 
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Figure 4-29. Response of the van der Pol oscillator to a subharmonic excitation: (a) region 
where subharmonic resonances exist; (b) frequency-response curves. 




respect to the p-axis. As £ increases from %/2/7, the ovals become smaller and 
finally collapse on the point (0, 0.143) when £ = 2/y/l. For £ > 2/^7, p = 
according to (4.3.44). As £ decreases from x/2/7, the ovals become smaller and 
finally collapse on the point (0, 1) when £ = 0. 

4.3.5. COMBINATION RESONANCES 

In this case the excitation has multifrequencies. For simplicity, we assume that 
it contains two frequencies only so that we can express it as 



E(t) = K l cos (S2if + 6 l )^K 2 cos(T2 2 / + 2 ) 



(4.3.48) 



Substituting the expansion (4.3.3) into (4.3.1), using (4.3.48), and equating the 
coefficients of 6° and e on both sides, we obtain 

Dlu + colu = K l cos {£l x Tq + S^ + Ki cos (£2 2 T + 2 ) (4.3.49) 

Dlu x +colu x = -2D D x u + D Q u - \{D Q u f (4.3.50) 

The solution of (4.3.49) can be expressed in the form 

u = A(T X ) exp (ico T ) + A x 127 l e *P O^i T ) + A 2 12 2 * exp (z£2 2 T ) + cc 

(4.3.51) 

where A m = ^ /C m £2 m (cjo ~ ^m)" 1 exp (/0 m ). Then (4.3.50) becomes 

D\u x +cjJw! =/u [-2i4' + (l - 2AiA! - 2A 2 A 2 ),4 - colA 2 A\ exp(/cj 7o) 

+ /{AfA 2 exp [i(2Q,i + S2 2 ) T - A] A 2 exp [/(2^! - ft 2 ) T J 

+ A t \\ exp [/(^i + 2ft 2 ) T \ - A! \\ exp [i{-Sl x + 2ft 2 ) 7 J 

+ 2( j j A x A 2 A exp [i(£l x + 12 2 + cj ) r ] - 2gj Ai A 2 .4 
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* exp [/(£2| + £2 2 - a? ) 7^] + 2(jJq\ x A 2 A exp [/(-^2i + £2 2 
- cj ) T \ + 2co Ai A 2 A exp [(i(£l\ - 12 2 - cj ) ?o]} + cc 
+ [terms with frequencies ±12^ ±12 2 , ±3£2i, ±312 2 , ±3oo , 
±12! ± 2co , ±12 2 ± 2cj , ±2f2j ± cj 0) ±2f2 2 ± co ] (43.52) 

In addition to the primary, superharmonic, and subharmonic resonances, (4.3.52) 
shows the possibility of the existence to this order of the combination resonances 
co ^ 2ft m ± Sl n and co ^ 2 (^*w ± ^n)- We note tnat more than one resonance 
can occur simultaneously for any multifrequency excitation as discussed in detail 
in Sections 4.1.5 and 4,2.4. 

The Case cj % 212 a + £2 2 . To analyze this case we let 

cj = 2^! + n 2 - eo (4.3.53) 

and express the term involving this combination resonance in (4.3.52) as 

exp [/(2£2i + £2 2 ) T ] = exp [i(co T + oTi)] 

Then eliminating the terms that produce secular terms in (4.3.52) gives 

-2 A' + r\A - u\A 2 A + cjq 1 A? A 2 exp (ioT { ) = (4.3.54) 

where 

17= 1 - 2A!A! - 2A 2 A 2 

Letting A-\a exp \i{pT x - y + 26 j + 2 )] in (4.3.54) with real a and 7 and 
separating real and imaginary parts, we obtain 

a = 4 0? " z <^o# 2 ) fl + o>o * T cos 7 

(4.3.55) 
07 = <za - a? r sin 7 

where 

r = \K 2 K 2 n 2 n 2 (co 2 - n?)- 2 (wg - nlr 1 

Therefore to the first approximation 

u= a cos [(212i +f2 2 )r- 7 + 20! + 2 )] + #j(co?>- £2?) _1 cos (fyf + flO 

+ ^ 2 (wg-nl)- 1 cos(ft 2 f+0 2 ) + 6>(e) (4.3.56) 

where a and 7 are given by (4.3.55). 
The steady-state motions correspond to the solutions of 

iO?" i^otf 2 )tf = -Tcoq 1 cos 7 

(4.3.57) 
tf a = rcj sin 7 
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Eliminating 7 from these equations leads to the frequency-response equation 

4a 2 p + (T?-p) 2 P = r 2 (4.3.58) 

which is the same as (4.3.35) obtained for the superharmonic-resonant case 
except for the definitions of 77 and T; instead of depending on a single amplitude 
and a single frequency, they depend on two amplitudes and two frequencies. 
We note that the steady-state motions are not periodic unless the frequencies 
£2j and 12 2 are commensurable. However these combination resonances exist 
under all conditions. 

The results for the case co ^ ^l l + 2£2 2 can be obtained from the above results 
by simply interchanging the subscripts 1 and 2, while the results for the com- 
bination resonance cj ^ 212 1 - £l 2 can be obtained from the above results by 
simply changing the sign of £2 2 . 

The Case co & \ (12 j + 12 2 ). To analyze this case we let 

Sl x + n 2 = 2w + eo (4.3.59) 

and express the resonant term exp [i(£l\ + 12 2 " ^0) ^0] as 

exp [i(S2i + Sl 2 - cj ) T ] = exp [/(co + a^i)] (4.3.60) 

Then eliminating the terms from (4.3.52) that produce secular terms in u Y gives 

-2A' + r\A - u\A 2 A - 2\ x A 2 A exp (ioT{) = (4.3.61) 

Letting A = ^aexp [\i(oT x - 7+0i + B 2 )\ in (4.3.61), where a and 7 are 
real, and separating real and imaginary parts, we obtain 

a = 5 (77 - ia 2 tJo)a - Ya cos 7 

(4.3.62) 
ay = oa+ 2Ya sin 7 

where Y = \ K^Sl^fal - n?) -1 ^ - n 2 )~ l . Therefore to the first 
approximation 

u=a cos {\[(£li +ft 2 )f - 7+0! + 2 ]}+^i(ojo- &> 2 \Y l cos (SV+00 

+ K 2 (tol- njy 1 cos (i7 2 r + <9 2 ) + 0(e) (4.3.63) 

The steady-state motions correspond to a' = 7' = 0. Hence it follows from 
(4.3.62) that the frequency-response equation is 

G 2 p + (?7- p) 2 p = 4r 2 p (4.3.64) 

Equation (4.3.64) shows that there are two possibilities— either p = or 

p = r?±(4r 2 -a 2 ) 1 / 2 (4.3.65) 

For the latter case to exist, o 2 <4Y 2 and 77 > -{AY 2 - a 2 ) 1/2 . Therefore steady- 
state motions in which the free-oscillation term does not vanish exist for very 



4.4. NONSTATIONARY OSCILLATIONS 219 

special conditions as in all subharmonic resonances. Equation (4.3.63) shows 
that if these combination resonances exist, the response is not periodic unless 
£2j and £l 2 are commensurable. 

4.4. Nonstationary Oscillations 

So far we have considered excitations having constant frequencies and ampli- 
tudes. In this section we consider excitations that have time-dependent fre- 
quencies and amplitudes. Such excitations must lead to nonstationary (i.e., 
nonperiodic) resonances. Nonstationary studies are concerned with the deviation 
of the response of the system from the stationary response. It is expected that 
the most significant deviation occurs near the resonance conditions. When the 
frequency of the excitation is time dependent, the problem of the modification 
of the response near the resonance conditions is usually referred to as passage 
through resonance. Passage through resonance for single-degree-of-freedom 
systems was studied by Lewis (1932), Filippov (1956), Bogoliubov and Mitro- 
polsky (1961, Section 8), Mitropolsky (1965), Hirano and Matsukura (1968), 
and Kevorkian (i971). Passage through resonance for multiple-degree-of-freedom 
systems was studied by Filippov (1956), Mitropolsky (1965), Agrawal and 
Evan-Iwanowski (1973), and Evan-Iwanowski (1976). Agrawal and Evan- 
Iwanowski (1973) demonstrated the existence of a "drag-out" phenomenon 
when the frequency of the external excitation passes through a combination 
resonance of the additive type. Passage of rotors, blades, and shafts through 
critical speeds was studied by Lewis (1932), Marples (1965), Mitropolsky 
(1965), Moseenkov (1957), Bodger (1967), and Quazi and McFarlane (1967). 
For more references we refer the reader to the review article of Evan-Iwanowski 
(1969). 

For simplicity we restrict our attention to systems having constant parameters. 
However systems having slowly varying parameters can be treated as in Section 
3.4. For a comprehensive treatment of nonstationary oscillations the reader is 
referred to the book of Mitropolsky (1965). Thus we consider 

u + colu = ef(u, it) + 2ek(et) cos [6(t, et)] (4.4.1) 

where 6 = 12, the frequency of the excitation, is close to the natural frequency 
cj during the time interval of interest. 

Using the method of multiple scales, we seek an approximate solution in the 
form 

u = u (T , T x ) + e Wl (r , T x ) + • • • (4.4.2) 

Substituting (4.4.2) into (4.4.1), transforming the derivatives, and equating the 
coefficients of like powers of e, we obtain 

D 2 u + co 2 u = (4.4.3) 
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D\u x + cjgii, =-2D D x u +f(u 09 Du ) + 2k(T l )cas [0(To,T x )] 

(4.4.4) 

We express the solution of (4.4.3) in the form 

u =A(T l ) exp (icj T ) + cc (4.4.5) 

Hence (4.4.4) becomes 

Dlu x + (jO%u x = -HgjqA' exp (ico T ) + k exp (iO) + cc 

+ / [A exp (zcj To) + cc, ico A exp (/cj T ) + cr] (4.4.6) 

Because we are concerned with values of 6 near u? and because 6 is slowly 
varying, we put 

= co o r o +K^) (4.4.7) 

so that 

= co + ei/(ri) = cj + ^(t^) 

where the dot indicates the derivative with respect to t and the prime indicates 
the derivative with respect to TV Then eliminating the terms in (4.4.6) that 
produce secular terms in u x requires 

2/w /l' - k exp (iv) - f l (A,A) = (4.4.8) 

Here we expanded f(u , D u ) in a Fourier series according to 

oo 

f(u ,D u )= X [f n (A,A)exp(ina> T ) + cc] 
Thus 

co r 27r/OJ ° 

/', (A , A ) = — - / / [A exp (/cj r ) + cc, /cj 4 exp (/co T ) + cc] 

2n J n 



•exp(-ioj T )dT (4.4.9) 

Expressing A in the polar form \a exp (/|3), where both a and j3 are real func- 
tions of T x , we obtain 

icj (a + «$') - k exp [ry^O] - MA, A) exp (-/0) = (4.4.10) 

where 

y(T l ) = v(T l )-($(T l ) (4.4.11) 
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Letting i// - u Q T Q + $(T X ) so that d\jj = [co + 0(e)] dT , one finds from (4.4.9) 
that 



i r 21 

27T J 0+/3 



-2 7T+J3 

/j exp (Wj3) = ^ / f(a cos \//, -gj o sin i//)(cos \// - / sin \p) d\p + 0(e) 

+0 



Separating (4.4.10) into real and imaginary parts leads to 



— f^ 
rrcj J 



, k sin 7 . 
a= / /(# cos i//, -acj sin \//) sin \Jj d\p (4.4.12) 

CO 27TCl) 



and 



lc COS *Y 1 i 

7' = a + + / f(a cos \//, -0cj o sin i//) cos i// c/i// 



co a 2ncj0 a J 

(4.4.13) 

Thus the response is given by 

u =a cos (0 - 7) + 0(e) (4.4. 1 4) 

where a and 7 are given by (4.4.12) and (4.4.13). Next we specialize these results 
to the case of a system having a cubic nonlinearity. 

We consider a system having a cubic nonlinearity and slight viscous damping. 
Thus 

f(u,u) = -2iiu- au 3 (4.4.15) 

Then (4.4.12) and (4.4.13) become 

, k sin 7 
a = \x.a 

(4.4.16) 
, 3aa 2 k cos 7 

8cj to a 

These equations have the same form as those obtained for the stationary case. 
However in the nonstationary case, steady-state solutions do not exist because 
k and v are functions of T x . Therefore the response of the system is aperiodic. 
In the remainder of this section, we discuss the passage of the system through 
resonance when the amplitude of the excitation is constant and the variation of 
the response for a fixed frequency when the amplitude of the excitation is 
varied. 
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Figure 4-30. Comparison of nonstationary and stationary response curves: ( ) 

stationary results; ( ) nonstationary results for several rates of changing a. 



As discussed in Section 4.1.1, the frequency-response curve for the stationary 
case is obtained by setting a = y = in (4.4.16) and eliminating y from the 
resulting equations. The result is 



fi 2 a 2 



[o- = 

\ 8w / 



CJq 



(4.4.17) 



A representative frequency-response curve is represented by the solid curve in 
Figures 4-30. We refer to this as the stationary curve. 

To determine the effects of varying the frequency of the excitation, we put, 
as an example, 



°(T\) = o + rT x 



(4.4.18) 



where o and r are constants. Then (4.4.16) are integrated numerically. The 
detuning is varied from a to a t . These solutions of (4.4.16) are represented by 
the dotted curves in Figure 4-30. We note that these curves show the results of 
sweeping through resonance by both increasing and decreasing the detuning as 
well as the effect of varying the rate r. 

First we consider increasing o through resonance. The peak amplitude of the 
response decreases, and the frequency where this peak occurs increases as the 
rate of increasing the frequency of the excitation increases. The sharpness of 
the frequency-response curve decreases. After this peak is passed, a beat phe- 
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nomenon develops in the response and then decays. The faster the rate is, the 
easier it is to distinguish the subsequent lesser peaks. 

Next we consider decreasing o through resonance. The peak amplitude and the 
frequency where it occurs both decrease as the rate of decreasing o increases. 
A beat phenomenon also develops after this peak is reached, and it also decays. 

The smaller a becomes (the smaller the effect of the nonlinearity), the closer 
the frequency-response curves for increasing and decreasing o come to being 
symmetric. The asymmetry is a nonlinear effect. Moreover the faster the rate 
of changing o is, the closer the curves come to being symmetric. Thus the slower 
the passage through resonance is, the more apparent the nonlinear effects 
become. 

To determine the effects of varying the amplitude of the excitation, we put, 
as an example, 



k = k + rT x 



(4.4.19) 



where both k and r are constants. Then (4.4.16) are integrated numerically for 
a fixed value of o. These solutions are represented by the dotted curves in Figure 
4-31, while the solution of (4.4.17) is represented by the solid curve. 

The faster the amplitude of the excitation k is increased, the greater is the 
peak amplitude of the response. Generally the sharpness of the curve is de- 
creased as the rate of changing k is increased. We note that when r = 1 .0, k 
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Figure 4-31. Comparison of nonstationary and stationary response curves: ( ) 

stationary results; ( ) nonstationary results for several rates of changing k. 
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reaches zero well ahead of the amplitude of the response. Here beat phenomena 
also develop. 



4.5. Nonideal Systems 

In the previous sections we considered the amplitude and the frequency of the 
excitation to be parameters of the systems (i.e., constants or prescribed func- 
tions of time), not state variables obtained as part of the solution. We did not 
consider the influence of the motion on the excitation. For many systems this is 
an acceptable simplification, but for many others it is not. 

When the excitation is not influenced by the response, it is said to be an ideal 
excitation, or an ideal source of energy. On the other hand, when the excitation 
is influenced by the response, it is said to be nonideal. Depending on the excita- 
tion, one refers to systems as ideal or nonideal. Nonideal systems are classified 
as linear or nonlinear in the usual way, without regard to the excitation. Gener- 
ally nonideal systems are those for which the power supply is limited. The be- 
havior of the system departs farther from the ideal as the power supply becomes 
more limited. For nonideal systems one must add an equation that describes the 
motor to the equations that govern the corresponding ideal system. And the 
frequency of the response is unknown. Thus nonideal systems have one more 
degree of freedom than their ideal counterparts. 

Examples of nonideal systems abound: Sommerfeld (1904) mounted an 
unbalanced electric motor on an elastically supported table and monitored the 
power input as well as the frequency and amplitude of the response. Here we 
briefly discuss a more recent experiment by Kononenko and Korablev (1959), 
who also compared their experimental results with theoretical results. 

Kononenko and Korablev conducted tests using the experimental apparatus 
represented in Figure 4-32. The support for the cantilever beam was a massive 
slab, and the axis of the motor was vertical. The rotor was unbalanced by drilling 
the two holes indicated in the figure. There was no force due to gravity in the 
direction of the motion, which was perpendicular to the page. 



MASSIVE 
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O O ' 



'O o 



FASTENERS 
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ELECTRIC 
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FLY WHEEL HOLE 

Figure 4-32. Experimental apparatus of Konoenko and Korablev for a nonideal system. 
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Figure 4-33. Data of Kononenko and 
Korablev: characteristics of the motor. 



To account for the influence of the motion on the performance of the motor, 
one needs to know the characteristics of the motor, which are the net driving 
torques developed by the motor. Generally they are determined experimentally. 
In Figure 4-33 the data of Kononenko and Korablev are shown, giving the 
torque I as a function of the frequency or speed 12 of the rotor. Along each 
curve (labeled 0, 1,2,..., 10) the control or regulator is constant. For each 
point on the characteristic curves the motor was running at a constant speed; 
thus these are the so-called static characteristics. 

The net mechanical power available at the shaft of the motor is 12L. The 
difference between the electrical power supplied to the motor and 12Z, is the 
total loss in the motor— ohmic losses in the stator and the rotor, core losses due 
to eddy currents and hysteresis, mechanical losses due to friction in the bearings 
and windage on the rotor, and stray losses. 

In Figure 4-34 the amplitude of the motion is plotted as a function of 12. 
These curves were obtained by allowing the system to achieve a steady-state 
motion while the control was fixed. Then the amplitude of the steady-state 
response was measured. The control was then changed very slightly and held in 
the new position until a new steady state was achieved. These data are the small 
circles in the figures. The solid lines show the response predicted by the theory, 
which is discussed below. Figure 4-34# shows the results for increasing 12, while 
Figure 4-346 shows the results for decreasing 12. We note that there are gaps 
where no steady-state response exists. The gaps are not the same in the two 
figures, but there is some overlap. 
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8~ 





Figure 4-34. Comparison of experimental and theoretical frequency-response curves for a 
nonideal system from Kononenko and Korablev: (a) for increasing £2; (b) for decreasing £2. 

In Figure 4-35 the solid line shows a typical frequency-response curve for an 
ideal linear system. The points labeled P, R, 7 1 , and H correspond to those in 
Figure 4-34. The arrows indicate the changes brought about by slowly increasing 
or decreasing the control setting in a nonideal system. We note that the nonideal 
system cannot be made to respond at a frequency between Q, T and £2# by 
simply increasing the control setting from a low value. In contrast, an ideal 
system can respond at frequencies between £l T and Q, H . When the control 
setting is continually decreased, the system cannot be made to respond between 
Sl R and Zip. In other words, the right side of the resonance spike between £l T 
and £l R cannot be reached by either continually increasing or continually de- 
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SI 

Figure 4-35. Frequency-response curves, comparing ideal and nonideal systems: (-*-►) non- 
ideal; ( ) ideal. 
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Figure 4-36. Sommerfeld's data. 



creasing the control setting. Though the system is linear, the nonideal source 
causes a jump phenomenon to occur. 

At the left-hand extremity of the frequency-response curve shown in Figure 
4-35, the input power is relatively low. As the input power increases, the ampli- 
tude of the response increases noticeably while the frequency changes only 
slightly, especially along the portion of the curve between P and T. Here a 
relatively large increase in power causes a relatively large increase in the ampli- 
tude and practically no change in the frequency. 

At T the character of the motion suddenly changes. An increase in the input 
power now causes the amplitude to decrease considerably and the frequency to 
increase considerably. This phenomenon, in all its manifestations, is called the 
Sommerfeld effect. Figure 4-36 shows Sommerfeld's data for a motor running 
on an elastically supported table. We shaded part of Sommerfeld's figure to show 
the region under consideration in the discussion of the theoretical model of such 
a system. The theoretical model is explained next by means of an example. 

For a comprehensive treatment of nonideal systems we refer the reader to the 
book of Kononenko (1969), which is devoted to this topic and contains more 
references to his work as well as to that of other Russian scientists. Kononenko 
and Koval'chuk (1973a) studied the interaction of mechanisms generating 
oscillations in nonlinear systems. The passage through a critical speed of a motor 
with limited power was studied by Hubner (1965); Goeoskokov (1966); Kono- 
nenko (1969, Section 22); and Iwatsubo, Kanki, and Kawai (1972). Rajac and 
Evan-Iwanowski (1976) studied the interaction of a motor having a limited 
power supply with a dissipative hysteretic foundation. 

The motion of a missile with slight asymmetries is another example of a 
system with a nonideal power source. The problem reduces mathematically to 



228 FORCED OSCILLATIONS OF SINGLE-DEGREE-OF-FREEDOM SYSTEMS 

the analysis of equations of the form 

£- ipk + cog* = eK exp (#) + /& £ £ f) 

& = p, P = eg(p,$i) 

where / and g are known functions and £,- is the imaginary part of £. There exist 
conditions under which a primary resonance takes place, and the problem is 
usually referred to as the roll-resonance problem. When g = 0, p is a constant and 
the excitation is ideal. This case was studied by Murphy (1957, 1963, 1965, 
1968, 1971a, b, 1973), Clare (1971), Nayfeh and Saric (1971b, 1972a), and 
Murphy and Bradley (1975). When g i= 0, p is a function of time. This latter case 
was studied by Platus (1969), Barbera (1969), Price and Ericsson (1970), and 
Nayfeh and Saric (1972a). A model of this problem was analyzed by Kevorkian 
(1974). For a body descending through the atmosphere, the parameters appear- 
ing in the equations are slowly varying functions of time. Nayfeh and Saric 
(1972a) used the method of multiple scales to study the nonideal case when 
the parameters are slowly varying with time. 

An example of a nonideal linear system is shown in Figure 4-37, a dynamic 
system which is nearly equivalent to that of Kononenko and Korablev. The 
motion occurs in a horizontal plane and is constrained so that the motor exe- 
cutes a rectilinear motion along the x-axis. 

The potential and kinetic energies are 

V=\kx 2 

T=\m x 2 +^/0 2 + \m x (x- r0 cos 0) 2 + -^ m ! (r<£ sin 0) 2 

where m is the mass of the motor, m x is the unbalanced rotating mass, / is the 
moment of inertia of the rotor and other rotating parts except m u r is the 
distance between m x and the center of the motor, and k is the spring constant. 
Lagrange's equations have the form 



dt\bx) 



U 

— = ~cx 

dx 

(4.5.2) 



"V ♦ 



A k 

</ ^vw 
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? c 




imYnmHim Figure 4-37. Example of a nonideal system. 
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where £ ~ T - V is the Lagrangian, c is the coefficient for the dashpot, L is the 
characteristic of the motor, and H is the resisting moment due primarily to 
windage on the rotating parts outside the motor. Substituting (4.5.1) into 
(4.5.2) leads to 

(ra + m x )x - m x r(0 cos - 2 sin 0) + kx = -ex 

, » .. . ( 4 - 5 -3) 

(/ + m ! r )0 - m x rx cos = L (0) - #(0) 

We note that equations (4.5.3) are autonomous and nonlinear. 
It is convenient to rewrite (4.5.3) in terms of dimensionless variables as 



x" + x = e(0" cos - 0' 2 sin - 2/ijc') 
0" = e[Z>Jt"cos0 + M(0')] 



(4.5.4) 



where 



m x r 



2eju = 

M(0> 



X(m +mj) 

c 
[%o+^i)] 1/2 

m x rX 
I + niir 2 

L(0)-//(0) mp+m, 
7 + mjr 2 A: 



Here X is a length characteristic of the amplitude of the motion of the motor 
and the dimensionless independent variable is 

t = | : \ t 



..(_L_y 



The primes denote derivatives with respect to r while the dots denote derivatives 
with respect to t. 

We seek approximate solutions which are uniformly valid for small e. Thus we 
are considering the case in which m x is small compared with m . As we have 
done before, we consider the damping force to be small compared with the 
restoring force and make the damping term appear at the same order as the 
nonlinearity and the excitation. And we are concerned with a relatively narrow 
band of frequencies which encloses the natural frequency of the system (unity 
in the dimensionless variables). 

In this case the method of averaging (Section 2.3.5) is more convenient to use 
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than the method of multiple scales. Accordingly we let 

Jt = a cos(0 + 0) (4.5.5) 

where a, 0, and are functions of r. Generally one cannot expect the frequency 
of the rectilinear motion (<t> + 0') to be the same as the angular speed of the 
rotor (0'); hence is included in the argument. 

We are considering motions near resonance, and it is convenient to introduce 
a detuning parameter A as follows: 

0' = 1+A (4.5.6) 

Hence is used to distinguish between the speed of the rotor and the actual 
frequency of the rectilinear motion, while A is used to distinguish between the 
speed of the rotor and the natural frequency of the rectilinear motion. 
Using the method of variation of parameters, we put 

a cos (0 + 13) - a (A + 0') sin (0 + 0) = (4.5.7) 

so that 

Jt' = -0sin(0 + j3) (4.5.8) 



and 



x = -a sin (0 + 0) - a (I + A + 0') cos (0 + 0) (4.5.9) 

Substituting (4.5.6), (4.5.8), and (4.5.9) into (4.5.4) leads to 
-a sin (0 + 0) - a (A + 0') cos (0 + 0) 

= e [A' cos 0- (1 + A) 2 sin + 2yta sin (0 + 0)] (4.5.10) 
and 

A' = e {-b [a sin (0 + 0) + a (I + A + 0') cos (0 + 0)] cos + M} (4.5.1 1) 
Solving (4.5.7) and (4.5.10) for a and0' produces 

<i' = -e[A'cos0- (1 + A) 2 sin + 2\xa sin (0 + 0)] sin (0 + 0) (4.5.12) 

0' = -A - - [A' cos - (1 + A) 2 sin + 2fia sin (0 + 0)] cos (0 + 0) 
a 

(4.5.13) 

Equations (4.5.11) through (4.5.13) are equivalent to (4.5.4); no approxima- 
tions have been made yet. These equations show that A' and a are 0(e). If we 
restrict our attention to a narrow band of frequencies around the natural fre- 
quency (see Figure 4-35), then we may write 

A = ea (4.5.14) 
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Both A and A' are 0(e), and it follows from (4.5.13) that /?' is also 0(e). 

As a first simplification we neglect all terms 0(e 2 ) appearing in (4.5.11) 
through (4.5,13) and obtain 



A' = e [M - ab cos (0 + j8) cos 0] 


(4.5.15) 


a = e [sin - 2\ia sin (0 + 13)] sin (0 + 13) 


(4.5.16) 


0' =-e« 


o + — [2jU0 sin (0 + |3) - sin 0] cos (0 + |3) 
a 


(4.5.17) 



As a second simplification we can consider a, a, and |3 to be constant over one 
cycle and integrate (average) the equations over one cycle. The result is 

A' = e[^f--^fl6cos/jJ (4.5.18) 

a = el -cos p- Ida) (4.5.19) 

j3'=-e(a + — sin/3J (4.5.20) 

We note the difference between ideal and nonideal systems. For the ideal 
system, (4.5.18) is not one of the governing equations, o is specified, and 
(4.5.19) and (4.5.20) are solved for a and j3. For the nonideal system, the control 
setting is specified (this is effected by means of M, as we discuss below), and 
(4.5.14) and (4.5.18) through (4.5.20) are solved for a, a, A, and j3. 

For steady-state responses, A', a, and j3' are zero. Then combining (4.5.19) 
and (4.5.20) yields 

a = j(ju 2 +aT 1/2 (4.5.21) 

while combining (4.5. 18) and (4.5. 19) yields 

M = va 2 b (4.5.22) 

The phase is given by 

|8 = sin" 1 (-2(w) = cos" 1 (2/Zfl) (4.5.23) 

Recalling the definitions of the dimensionless variables, we can rewrite these 
results in terms of the original physical variables as 



(Xa) = physical amplitude of the motion 

omi x r 
~[c- 2 +4(to-0) 2 (m o +m 1 ) 2 ] 1/2 



(4.5.24) 
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i T 2(m +m,)(co- 0) ] 
P = tan" 1 — ^ — ^- (4.5.25) 

where, from (4.5.23), -ir/2 <j3 <0 and 



ctokm x rX 
2[c 2 +4(co- 0) 2 (m o +m,) 2 ] 



1(0) - //(0) = , r - „ ■ ' — - jt (4.5 .26) 



where u> is the natural frequency of the system: 

7 k 

cj =— 



(4.5.27) 



Now the procedure is to solve (4.5.26) for and then to determine the ampli- 
tude and phase from (4.5.24) and (4.5.25). This was the procedure followed by 
Kononenko and Korablev to determine the "theoretical" curve in Figure 4-34. 

Generally L(0) and //(0) are only known in graphic form, having been deter- 
mined experimentally. Consequently it is convenient to rewrite (4.5.26) as 
follows: 

L(0) = /?(0) (4.5.28) 

where 

tf(0) = //(0) + S(0) (4.5.29) 

and 

cu>km i rX 

5(f))=~ 1 — -r-y- -z- (4.5.30) 

} 2[c 2 +4(cj- 0) 2 (m o +m 1 ) 2 ] v ' 

Then in the same graph one can construct the curve R versus and the family 
of curves L versus 0. Each member of the latter corresponds to a constant setting 
of the control. 

One can readily determine the nature of the curve R versus as follows. 
Recalling that consideration is limited to a narrow band of frequencies around 
the natural frequency cj, we can represent H by a two-term expansion: 

#(0) = //(co)+[tf'(co)](0- w) 

where both H(co) and H'(cj) are positive. A graph of *S(0) given by (4.5.30) has 
the familiar shape associated with an ideal system. Both curves are shown in 
Figure 4-38, and the curve R versus is shown in Figure 4-39. Also shown in 
Figure 4-39 is the family of characteristics of the motor. The corresponding 
curve of Xa versus is shown in Figure 4-40 (see also Figures 4-34 and 4-35). 
The corresponding points in Figures 4-35 and 4-40 have the same label. 
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Figure 4-38. Functions H and S. See equa- Figure 4-39. Characteristics of the motor 
tion (4.5.30). and the function R. See equation (4.5.29). 



For a given setting of the control there can be one, two, or three steady-state 
solutions. In the first approximation these solutions have the form 



x = (Xa) cos (0 + 13) 



(4.5.31) 



where is determined from (4.5.28) and Xa and are determined from (4.5.24) 
and (4.5.25), respectively. To determine which of these steady-state solutions 
actually corresponds to a realizable motion, we need to consider the stability 
of the solutions. 

As we have done before, we determine the stability of the steady-state solu- 
tions by determining the nature of the singular points of (4.5.18) through 
(4.5.20) as in Section 3.2. To accomplish this, we let 



: a +a u = j3o+0i, A = A +A! 



(4.5.32) 



Substituting (4.5.32) into (4.5.18) through (4.5.20) and neglecting all but the 
linear terms in a u 1} and A u we obtain 



dM . t 

1 = e ~d$ (0o) Al " ^ b C ° S Mai + ^ a ° b ^ MPl 



a\ =e(--j0, sin O - iia x ) 
, / cos 0o o sin 0o \ 



(4.5.33) 
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Figure 4-40. Frequency-response curve. 



where eo x = A x . Equations (4.5.33) are a system of linear equations having a 
solution in the form 

(fli,/Ji,A 1 ) = (fl 1 o,j3io,A 10 )e A/ 

where X is an eigenvalue of the coefficient matrix and 1O , /3i » and A 10 are 
constants. The solutions are stable, and hence the corresponding motions realiz- 
able, if the real part of each eigenvalue is negative or zero. 

It turns out that the solutions between T and R are unstable while all those 
outside this region are stable (Figure 4-40). As the first equation of (4.5.33) 
indicates, the parameter that gives the influence of the motor on the stability 
is the slope of the characteristic. 

Exercises 

4.1. Consider the arrangement shown in Figure 3-1 with dry friction. When a 
harmonic excitation acts on the system, the equation of motion has the form 

mx + ki x = d + F cos cot - k 2 x 3 

where 

- rngji if x > 
mgfi if x < 

(a) Show that this equation can be put in the following convenient dimen- 
sionless form: 

u + u = e(f- <xu 3 ) + 2k cos £lt 

where 



/ = 



-1 ifw>0 
1 ifw<0 
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(b) For £2 near unity show that 

u=acos[T +&(T l )] +0(e) 



where 



2 
a = — + k sin 7 

1T 



3aa 6 
ay - ao + k cos y 



eo = 12 - 1 and ek~ K 

(c) Obtain the frequency-response equation. Plot the amplitude a and the 
phase y as functions of a f or k = 2/7T and /c > 2/7T. What is the significance of k = 
2/7T? For a > 0, plot the amplitude as a function of k. Is there a jump phenome- 
non associated with this motion? 

4.2. For the arrangement shown in Figure 3-1 with square damping, the 
equation of motion can be put in the following convenient dimensionless form: 

u+u = -e(|iJ \u +aw 3 ) + 2K cos £lt 

(a) For £2 near unity, show that 

u=a cos [T +/3CT,)] + O(e) 

where 



+ k sin y 

3tt 



, / 3<*a 2 \ 



2> 

+ k cos 7 



7=a7 , 1 -/3 and ea = £2-l 

(b) Obtain the frequency-response equation. Plot a as a function of a for 
constant k. Plot a as a function of k for a > 0. 

4.3. Consider the arrangement shown in Figure 3-2. The behavior of the 
bottom element is described by Figure 3-26 and (3.3.41). This is an example of 
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bilinear hysteresis. When a harmonic excitation acts on this system (Caughey, 
1960a; Iwan, 1965; Drew, 1974) the governing equation can be put in the fol- 
lowing convenient dimensionless form: 

x + x = ef + K cos £2/ 

(a) For £2 near unity, show that 

x=a(T x ) cos [T +j8(r,)] + 0(e) 

where 

/ 2x s 

a = (x s - a) + k sin y 

an 



''*"-»{ 



\ cos l 



a- 2x s 



2x. 



1/2 1 



• + — cos y 
a 



y = oT l -p, ea = I2-l > and 2ek = K 

(b) Obtain the frequency-response equation. What is the significance of k = 
2x 5 /7T? Explain why the present analysis only applies for \ + (k/x s )> o > ^ - 

(c) Plot a versus o (for k < 2x s /ti and k > 2x s ln) and a versus k. Is there a 
jump phenomenon? 

4.4. Consider the system governed by the following equation of motion: 

x +x = 6/ + /i sgn x + K cos £2r 

where/ is described by Figure 3-26 and equation (3.3.41). 

(a) For £2 near unity, show that 

Jc=a(r,)cos [T +j8(7 , ,)l + 0(e) 

where 



, 2x s 2/i 
a = (jc, - a) 

07T 77 



+ k sin 7 



7 = o~ 



cos 



-l 



(^).(,-^) 



21 1/2 



+ — cos 7 
a 



y=oT x -/3, ea = ft- 1, 2efc = K 
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a = (x s 

air 


- a) - fia + k sin y 


1 
y = o 

TT 


i -i /*" 2x s\ 
IC ° S I a j 



(b) Obtain the frequency-response equation. What is the significance of 
k = k CTit = 2(x s + Mo)/^- For wftat range of o is the present analysis valid? 

(c) Plot a versus o for k > fc crit and k<k CT ^ t . Is there a jump phenomenon 
associated with this motion? 

4.5. Consider the system governed by the following equation of motion: 

x +x = e/- 2e/xx + A" cos£2f 

where /is described by Figure 3-26 and (3.3.41). 

(a) For £1 near unity, show that 

x = a(T l ) cos [T +P(T,)] + 0(e) 

where 

2x. 



+ — cos 7 

7 = aF 1 -0, eo = Q,-l, znd2ek = K 

(b) Obtain the frequency-response equation. What is the minimum value of k 
for which a steady-state motion with a ^x s is possible? Is it possible for a finite- 
amplitude force to produce an unbounded motion? What is the range of a for 
which the present analysis is valid? 

(c) Plot a versus o and a versus k. Is there a jump phenomenon? 

4.6. Consider the system governed by the following equation of motion: 
x + x = ef- e/xx \x | + K cos £lt 
where /is described by Figure 3-26 and (3.3.45). 
(a) For £2 near unity, show that 

x=a(r,)cos [7 +j5(r,)] + 0(e) 
where 

, ^ x s(x s - a) 4/i 

a a + k sin 7 

7ra 3tt 



1 
a 

7T 



r os l— rrTjiT-iT] 



1/2 



• + — cos 7 



7=ar, -(3, ea = £2-l, and 2eA: = A: 
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(b) Obtain the frequency-response equation. For what range of a is the 
present analysis valid? Explain why k must be >4jzjc|/37t for the present anal- 
ysis to be valid. 

( c ) Plot a versus a and a versus k. Is there a jump phenomenon? 

4.7. Consider a system for which the spring force is given by f(x) = -k x x - 
K 2 x\x\ and the damping force is given by c(x) = -CiX- c 2 x \x |. The equation 
of motion is 

mx + c { x + c 2 x \x I + k x x + k 2 x \x | = K cos £lt 

(a) Show that this equation can be written in the following convenient di- 
mensionless form: 

x + 2eiX\x + eid 2 x \x l + jt +eax | jc | = 2ek cos £2? 

where 









2e 


C\ c 2 L 2 


k\ 




mco m 


m 








ea- 


k 2 L K 

7 , lek = 2 , and £2 
mcoo mtoo 


CO 
COq 


(b) 


For Q, 


near 


unity, 


show that 

x =fl(7 , 1 )cos0 + O(e) 




where 








<P=T +P(T 1 ) 

4 ^ 2 2 ^ . • 
a =-/iiflf a + k sin 7 

37T 

, 4a fc 
7 = a a + — cos 7 

377 a 





(c) Using the approximate expression for x above, sketch x\x \ and x \x | 
as functions of 0. Plot a versus o and a versus k for stationary motion. Show 
that 



_ 37T/i 1 
2 max — 

8ju 2 



M-$n 



(d) Assuming the expansion for x has the form 

x - x + exi + € 2 x 2 + • • • 

explain why the effect of x \x | can be determined from the expression for x x , 
while the effect of x 2 can only be determined from x 2 (see Section 4.2). 
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4.8. Consider the system governed by 

+sin<9 + 2 nd 2 S = K cos Sit 

(a) When £2 is near unity, show that for small but finite amplitudes of the 
response 

d = ea(T 2 ) cos [T +0(T 2 )] + 0(e 2 ) 
where 

a' = -£/ia 3 + k sin 7 

j = a + -rz-a 2 + — cos 7 
a 

7 = ar 2 -/3, e 2 a = I2- 1, and 2e 3 * = K 

Here e is a measure of the amplitude of the response. Obtain the frequency- 
response equation. Show that a max = (4/c//i)*' 3 . How does this value of a max 
compare with that for the case of linear viscous damping? Plot a versus a and a 
versus k. Is there a jump phenomenon associated with this motion? 

(b) When £2 is near one third (superharmonic resonance), show that 

9 = ea(T 2 ) cos [T + P(T 2 )] + | K cos (Q,T ) + 0(e 2 ) 
where 

a' = -2m( A 2 + — )a- A 3 (f/u cos 7 - £ sin 7) 

7' = cj + ^A 2 +y) + — (|^sin T +^ cos 7 ) 



where 



y = oT 2 -(3, e 2 0=30,-1, andA= T |tf 



Obtain the frequency-response equation. Plot a versus a and a versus A. Is there 
a jump phenomenon associated with this motion? 
(c) When £2 is near 3 (subharmonic resonance), show that 



where 



where 



6 = ea(T 2 ) cos [T + fl(T 2 )] - ^K cos (Q,T ) + 0(e 2 ) 

a' = -2fi f A 2 +~)a + Atf 2 (| sin 7- ^ju cos 7) 
7 =a+ |( A 2 +^-j+Aa(f cos 7+ §/isin7) 



IS 

y = oT 2 -3p, e 2 a = 12-3, and A - — 

16 
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Obtain the frequency-response equation for the nontrivial solution. Plot a versus 
o and a versus A. Is there a jump phenomenon associated with this motion? 

4.9. Consider the system governed by 

u + 2efi sin u + u = K cos £2f 

where /i = G( 1 ) and e « 1 . When £2 is near unity, show that 

x -a cos 

where 

= r+/J(O 

a = 2e/i sin (-a sin 0) sin - 2efc (cos 7 cos - sin 7 sin 0) sin 

2eM 2eA: 

7 = eo sin (-a sin 0) cos + (cos 7 cos - sin 7 sin 0) cos 

a a 

7 = ear - j8, ea = £2 - 1 , and 2ek - K 

After averaging over one cycle, show that approximately 

a = -e[2M«/i (a) - k sin 7] 



7 = e la + — C0S7I 



Hint: 



sin (a sin 0) = 2 ^ y 2M +i(^) sin [(2/2 + 1)0] 
«=o 

where J m is the Bessel function of the first kind of order m. Obtain the 
frequency-response equation. Plot a versus o. Is there a jump phenomenon 
associated with this motion? For a given k t is it possible to obtain any ampli- 
tude a by simply adjusting the frequency? For small a, expand sin (-a sin 0) and 
retain only the first two or three terms. Then after averaging over one cycle, 
show that approximately 



2 = -eMa- !a 3 +-jy+/:sin7J 

• ( k \ 

7 = ela + — cos 7) 



Obtain the frequency-response equation. Plot a versus o and a versus k. 
4.10. Consider the system governed by the following equation of motion: 

u - \{u - u 3 ) = K cos Sit 
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Determine the frist term in a uniformly valid expansion of u describing the 
response near the center at u = 1 for 

(a) 12 near unity 

(b) 12 near 2 

(c) 12 near \ 

(d) 12 near three 

(e) 12 near one-third 

4.11. Consider the system governed by the following equation of motion: 

u + u + au s = K cos 12f - 2fiu 

(a) Determine the frequency-response equation when 12 is near unity. Make 
plots of the amplitude of the response as a function of the frequency and the 
amplitude of the excitation. 

(b) Show that to first order, secondary resonances exist when 12^ 5, 3, 2, 
i,i,andi. 

(c) Determine the equations governing the phases and the amplitudes for the 
one-term expansions for each case of secondary resonance. 

4.12. Consider the system governed by the following equation of motion: 

u+f(u) = K cos!2r 
where w(0) = u and w(0) = 0. 
(a) Show that, when K = 0, u is given implicitly by 



1 lF(u 



du 

A 17/ Ml/2 =SiM 



where jF'(u) = f(u). 

(b) Use the above as the starting solution in an iteration scheme. Thus the 
second iteration is governed by 

w+/i(") = 

Determine f x (u) as a function of f(u) and g\ (u). Then show that for the second 
approximation the solution can be expressed as (Rauscher, 1938) 



= + f" du 

± J U IFiM-F^u)} 1 ! 2 



4.13. Consider the system governed by the following equation of motion: 

u + u + 2e/iii + eau 3 = ek cos 12f 

Using the method of harmonic balance, obtain the frequency response equation 
for 12 near unity. Compare your results with (4. 1 . 1 7). 
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4.14. Consider the system governed by the following equation of motion: 

u +u s = K cos £2? 

Using the method of harmonic balance, obtain the frequency-response equation. 

4.15. Consider a system governed by an equation having the form 

u + ulu + e(2/i" +au 3 ) = K x cos (£2, t + d { ) + K 2 cos(£2 2 f + 2 ) 

where 

Q. i + Sl 2 ^ 2cJo 

(a) Using the method of multiple scales to obtain a one-term, uniformly 
valid expansion for small e, show that secular terms are eliminated from u x if 

2ico (A' +nA) + a(3AA + 6A,A! + 6A 2 A 2 )A +6aAiA 2 ^T expUoT^^O 

where 

K n exp(/0„) 



2(wg-n2) 



-, eo = £li + £2 2 ~ 2cj 



(b) Letting A = \a exp (#), show that the solvability conditions are equiva- 
lent to 



a =-fia - aTia sin y 



ay' = (o- 2aV 2 )a ■ 



3ota* 
4coo 



-- 2ar x a cos y 



where 



r, =- 



3K X K 2 



4cj (^o ^i)(coo- ^ ) 



iff 



7 = a7, - 2/3 + 0, + 2 
(c) Show that the steady-state amplitudes are given by 

a = 



or 



a 2 = f co 



--r 2 ± 

2a 



(^)"1 



(d) Determine which of the possible steady-state amplitudes are stable. (Be 
sure to consider the trivial solution.) 

(e) Use your results to explain Figure 4-41 . 
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cr 

A A 



^ _ Figure 4-41. Response curves for the sys- 
tem described in Exercise 4.15. 



4.16. Consider the system governed by the following equation of motion: 
u + u + 2ei±u + eaw 3 = K x cos (£2^ + 00 + K 2 cos(£2 2 f + 2 ) 

where 12 1 is near unity and £2 2 is near 3. 

(a) Using the method of multiple scales to obtain a one-term, uniformly valid 
expansion for small e, show that secular terms are eliminated from u x if 

a =-ya + \k x sin (o x T x - p + 6^- f aA 2 a 2 sin (a 2 T x - 30 + 2 ) 

a$ = 3a(Al+±a 2 )a- \k x cos(o x T x - j3 + B x ) + |aA 2 a 2 cos {a x T x - 3/3 + 2 ) 

where 

e/:i = AT, ea 1 =I2i-l, ea 2 =£2 2 -3, and A 2 = - j^ K 2 

(b) Show that stationary solutions exist only when j8' = a t = ^a 2 and hence 
that they correspond to periodic responses. 

(c) Plot a versus o x and indicate the stable portions of the curves. 

4.17. Consider the system governed by the following equation of motion: 

u + w + 2efiu + eair = £ K„ cos (£2„f + 0„) 

where 12! ^ 1 and 212 2 + £2 3 ^ 1 . 
(a) Using the method of multiple scales, show that 

3 

u =a(T 1 ) cos [T +p(T x )] + 2 £ A„ cos(I2„r + 0„) + O(e) 

M=2 



where 

A = ^ 

" 2(1 -nj) 
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a - -juj + \ k\ sin 71 - aT x sin 7 2 



aP' = a(r 2 +%a 2 )a- \k x cos 7! + aT x cos 72 



where 



ek\=K x , eo x = Q, t - 1 , eo 2 = 212 2 + £2 3 - 1 
71 =air, -0 + 0,, y 2 =o 2 T l - & + 2d 2 +d 3 

and r, and T 2 are constants. Determine r, and T 2 . 

(b) Show that a stationary solution can exist only if 0' = a, = a 2 . Do station- 
ary solutions correspond to periodic responses? 

(c) Plot a versus a, and indicate the stable portions of the curves. 



4.18. Consider the system governed by the following equation of motion: 

3 
u + u + 2efiu + eocu 3 - ^ K n cos (£2„f + 6 n ) 

where £2, « 1, Sl 2 ^ j, and £2 3 «* 3. 

(a) Using the method of multiple scales, show that 

3 
u=a(T x ) cos [T +0(7,)] +2 ^ K cos(£2„r + 0„) + O(e) 

where 

K„ 



Art = 2(l-^) 
0' = jtto + \k\ sin 7, - Of A 2 sin 72 - f a A 3 a 2 sin 73 

a$* = 3a(^a 2 + A 2 + Al)a - \k x cos 7, + aA 2 cos 7 2 + f <*A 3 2 cos 73 
eki = K x , ea, = £2, - 1, eo 2 = 3£2 2 - 1 
ea 3 = £2 3 - 3, 7, = a, 7 1 , - |8 + 0, 

J 2 =o 2 T 1 -p + 3d 2 , 7 3 = o 3 T x - 3j3 + 3 

(b) Show that a stationary solution can exist only if |3' = a, - o 2 - \o 3 . Do 
stationary solutions correspond to periodic responses? 

(c) Plot a versus a, and indicate the stable portions of the curves. 

4.19. Consider the system governed by the following equation of motion: 

4 
u + u + 2 ey.ii + eau 3 = ^ K n cos (£2 w r + W ) 

where £2, ^ 1 and £2 2 + £2 3 + £2 4 « 1 . 
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(1) Using the method of multiple scales, show that 

4 

w = fl(ri)cos[r +0(r 1 )] + 2 £ A„ costfV + w ) + 0(e) 



«=2 



where 



A M = — - — ~rr f° r w = 2, 3, and 4 
n 2(1 -«2) 

a' = -^fl + £&! sin 7! - aT x sin 7 2 
fl|8' = a(|<z 2 + T 2 )fl - ^fci cos 71 + aTi cos 7 2 
ea, = £2, - 1 , ea 2 = £2 2 + £2 3 + £2 4 - 1 
7, =a,r, - + 0,, 7 2 =a 2 r! - + 2 + #3 + #4 



an 



d Tj and T 2 are constants. Determine r, and T 2 . 

(b) Show that stationary solutions can exist only if 0' = a, = a 2 - Do station- 
ary solutions correspond to periodic responses? 

(c) Plot a versus a, for several values of r, and T 2 and indicate the stable 
portions of the curves. 

4.20. Consider the system governed by the following equation of motion: 

3 

u + u + 2e\xu + eau 3 = ^ K n cos (Sl n t + B n ) 



where £2, ^ 1 and £2 2 + £2 3 ^ 2. 
(a) Using the method of multiple scales, show that 

3 

u =a(T x ) cos [T +18(7,)] + 2 £ A„ cos (£2„r + 0„) 
where 

A - *" 

" 2d -n») 

a' = - jluz + ^ i sin 7! - ar, a sin 7 2 
a|8' = a(|<z 2 + T 2 )fl - ^-A;, cos 7, + ar, cos 7 2 
ek 1 =K 1 , ea, =12,-1, ea 2 = £2 2 + £2 3 - 2 
7, =a,r, -0 + 0,, 7 2 =a 2 r, - 2jS + <9 2 + 3 
and T, and T 2 are constants. Determine I\ and T 2 . 
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(b) Show that stationary solutions can exist only if |3' = o x = ^o 2 . Do sta- 
tionary solutions correspond to periodic responses? 

(c) Plot a versus G\ and indicate the unstable portions of the curves. 

4.21. The response of a system to a harmonic excitation is governed by the 
following equation: 

u + u + jl sgn u + au 2 = K cos Sit 

where £2^ 1. Assume all the coefficients are small. Introduce the parameter 
e which is a measure of the smallness of these coefficients. Then introduce new 
coefficients, which are explicit functions of e, recalling that the nonlinear, 
damping, and forcing terms must interact at the same order. 

(a) Show that 

u=a cos(S2/- 7) + ^eaa 2 [^cos(212f- 27)- 1] +0(e 2 ) 
where 

a = + j k sin 7 

7T 

ay =ao + T2 ^<^ + ^ fc cos 7 
eo = 12 - 1 

(b) Obtain the frequency-response equation. Plot a versus o for several values 
of k. Is there a jump phenomenon associated with this motion? Is this motion 
bounded? 

4.22. The response of a system to a harmonic excitation is governed by the 
following equation: 

u + u + jlu I u I + olu 2 ~ K cos Sit 

where 12 ^ 1 . Assume all the coefficients are small. Introduce the parameter e 
which is a measure of the smallness of these coefficients. Then introduce new co- 
efficients, which are explicit functions of e, recalling that the nonlinear, damping, 
and forcing terms must interact at the same order. 

(a) Show that 

u = acos{Slt + 'y) + \eaa 2 [\ cos {It - 2y)- 1] +0(e 2 ) 

where 

4im 2 } 
a +%k sin 7 

ay' = ao + -^ ot 2 a z + \ k cos 7 
ea = 12- 1 
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(b) Obtain the frequency-response equation. Plot a versus a for several values 
of k. Is there a jump phenomenon associated with this motion? Is this motion 
bounded? 

4.23. Consider the system governed by the following equation of motion: 

3 

ii + u + letxu + eotu 2 = ^ K n cos (£l n t + B n ) 

where £2 2 - 12i ^ 1 and £2 3 - £2 2 ^ 1 . 
(a) Using the method of multiple scales, show that 

3 

u =A(T l ) exp(iT ) + cc + 2^2 A n cos(£l n T +6 n ) + 0(€) 

n = \ 

where 



A„=- 



n 2(1-0*) 
i(A* + fiA) + aAj A 2 exp (iy 1 ) + aA 2 A 3 exp (ry 2 ) = 
eo i = £2 2 - £l\ - 1, ea 2 = £2 3 - £2 2 ~ 1 
7, =a,r, + 2 - 0i, 7 2 =a 2 r, + 3 - 2 

(b) Show that 

/gjA 1 A 2 k*A 2 A 3 

,4 = C exp (-/iT! ) + exp (z'7! ) + exp (ry 2 ) 

(Jt + iOx V + io 2 

where C is a constant of integration. 

(c) Determine the steady-state response. Is it periodic? 

4.24. Consider the system governed by the following equation of motion: 

2 



u + u + lefiu + eotu 2 = ^T K n cos (£2„f + n ) 



,2 

n = l 

where 12, ^ ^ and £2 2 ^ 2. 

(a) Using the method of multiple scales, show that 

2 

n=i4(r 1 )exp(/7o) + cc + 2]£ A„ cos(£2„r + 0„) + <9(e) 
where 



A„ = 



2(1 - 12^) 
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2i(A f + yiA)+aA 2 Qxp(iy i ) + 2aA 2 A txp(iy 2 ) = 

ea, = 2^2, - 1, ea 2 = &> 2 ~ 2 

ji =o i T 1 +26 lt J 2 =o 2 T l +6 2 

(b) Let 

A =(B r + iBi)exp(±iy 2 ) 

where B r and /?,- are real functions of T x , separate the solvability condition into 
real and imaginary parts, and obtain the equations governing B r and /?,-. Deter- 
mine the conditions for which the solution becomes unbounded. Does the super- 
harmonic resonance affect this condition? 

4.25. The response of a system to a three-frequency excitation is governed by 

3 

u + u + 2efJLu + eotu 2 = J^ K n cos (£l n t + B n ) 
(a) Show that 

3 

u = A(T X ) exp (iT ) + cc + 2£ A« cos(£2„r + 0„) + 0(e) 
where 



A„ = 



« 



" 2(1 -fi*) 

z(,4' + ixA) + aAhi exp (ryj ) + aA 2 A 3 exp (ij 2 ) = 

eai = £2i - 2, ea 2 = 12 2 + 12 3 - 1 

7i=a,r,+0 1 , 7 2 = 02^1 +02 +03 

(b) Let 

i4 =(5 r + /i? / )exp(i/7 1 ) 

where B r and /?,* are real functions of T\ , separate the solvability condition into 
real and imaginary parts, and obtain the equations governing B r and B t . Deter- 
mine the conditions for an unbounded solution. 

4.26. The response of a system to a three-frequency excitation is governed by 
the following equation of motion: 

3 

u + u + leixu + eotu 2 = £ K n cos (Q n t + 6 n ) 

n-\ 
where 

fti « i and £7 2 + £2 3 « 1. 
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(a) Show that 

3 

w = ^(7 , 1 )exp(iT ) + cc + 2£ A n cos(I2 M r + n ) + 0(e) 
where 



A w =" 



" 2(1 -nj) 

2i(A' +iiA) + aA 2 i exp (iy l ) + 2aA 2 A 3 exp(iy 2 ) = 

eoi = 2l2j - 1 , eo 2 - £l 2 + ^3 ~ 1 

7i = a 1 T x + 20 a , 7 2 = a 2 r x + 2 + #3 

(b) Solve for A and determine the steady-state response. Is it periodic? 

4.27. The response of a system to a five-frequency excitation is governed by 

s 
u + u + 2e/iu + em* 2 = ^ ^« cos (^« r + 0«) 

where 

ftj^i, ^2^2, ft 4 -£2 3 ^l, 12 s " ^4 « 1 

(a) Show that 

5 
w = i4(7 , 1 )exp(/7o) + cc + 2£ A„ cos(12„r + 0„) + 0(e) 

where 

K„ 



A„ = - 



" 2(1-^) 

2i(i4' + /L4) + 2cl4A 2 exp (iy 2 ) + a A? exp (/7O + 2aA 3 A 4 exp (ry 3 ) 

+ 2aA 4 A 5 exp (ry 4 ) = 

ea! = 2l2j - 1, ea 2 = I2 2 - 2, ea 3 = £2 4 - £2 3 - 1 

ea 4 = Q, s - 12 4 - 1 , y x = a! T, + 20 , 

y 2 =o 2 T x + 2 , 73 =a 3 r, + 4 - 3 

7 4 =a 4 r, +05-04 

(b) Solve for ,4 and determine the condition for an unbounded solution. 
What is the effect of the superharmonic and combination resonances on this 
condition? 
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4.28. The response of a self-sustaining oscillator to a two-frequency excita- 
tion is governed by 



u + u = e(u- \u*)+Y^K n cos(£l n t + d n ) 



where £2 t is near unity and £2 2 is near j. 
(a) Show that 

u=a(T 1 ) cos [T +|8(7 , i)] + 2A cos (£2 2 T +d 2 ) + 0(e) 



where 



A-^Ki 



a' = (j - £l\ A 2 - \a 2 )a + k\ sin 7i + fc 2 cos y 2 
a$ = -ki cos 71 + fc 2 sin 7 2 
26^!=^!, i^A 3 =fc 2 , 7i =a 1 7' 1 - + 01 
7 2 =a 2 r! - + 30 2 , eai=12j-l 
ea 2 = 3£2 2 " 1 

(b) Show that stationary solutions exist only if 0' = o t = o 2 . Is the cor- 
responding response periodic? 

(c) Obtain the frequency-response equation: 

k\ + 2kxk 2 sin i// + k\ 



a=± 



2 v 2 a* 2 ' 



(i- ^?A : 



2 A 2 



ll/2 
8 a ) J 



where \//=0!-30 2 . Plot several frequency-response curves, indicating the 
stable and unstable portions. 

4.29. The response of a self-sustaining system to a two-frequency excitation 
is governed by 

2 

*u + u = e(u- ^w 3 ) + £ £„ costfV + 0„) 

where £2j is near unity and £2 2 is near 3. 
(a) Show that 

u^aiTO cos [T +|8(r,)] + 2A cos [C2 2 r + 2 ] + 0(e) 
where 

a' = (5- - 16&2 - \a 2 )a + k x sin 71 + k 2 a 2 cos 72 
fl|8' = -k x cos 7i + k 2 a 2 sin 7 2 
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2efci=K 1 , fc 2 =££2 2 A, 71 =a 1 7 , 1 - j8 + 0! 



4 ' 

72 =a 2 r, - 30 + 02, ea, =12,-1, ea 2 = 12 2 - 3 

(b) Show that stationary solutions exist only if j3' = 0\ =^a 2 . Is the cor- 
responding response periodic? 

4.30. The response of a self-sustaining system to a two-frequency excitation 
is governed by 

2 

u + u = e(u- jw 3 )+ £ K„ cos(12„r + 0„) 

where 12 i is near 3 and 12 2 is near j. 

(a) Show that 

u=a(T t ) cos ITo+ftTrf] + 2£ A„ cos (12„r + 0„) + 0(e) 
where 

A l = "T6^1' A 2 = 16^2 

a - (\ - 12?A2 - 1 6^i - \a 2 )a + k l a 2 cos?! + 3 12^2 cos 7 2 
flj3' = k x a 2 sin 7, + \ 12? A| sin 72 

fci=^12,Ai, 71 =^1^1 " 3/3 H- <9 1 , 72 =a 2 r, - + 30 2 
eai = 12! - 3, ea 2 = 312 2 - 1 

(b) Show that stationary solutions exist only if 0' = j o^ = a 2 . Is the cor- 
responding response periodic? 

4.31. The response of a self-sustaining system to a three-frequency excitation 
is governed by 

3 
u + u = e(u- j« 3 ) + Y, K n costfV + W ) 

where 12, and 212 2 + 12 3 are near unity. 

(a) Show that 

3 
w=fl(r,) cos [T +0(7*!)] +2^ A„ cos (12„r o +0„) + 0(e) 

«=2 

where 



A„ = 



" 2(1-0*) 
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a = ( \ " £ ^n^n " i^ 2 ) fl + ^1 sin 71 + k 2 cos 7 2 

a$' = -ki cos 7! + fc 2 sin 7 2 
2efc, = £,, fc 2 = ^ 2 r2 3 A 2 A 3 
7, =ai7, -0 + 0i, 72 = o 2 T, - + 20 2 + 3 
ea, = £2, - 1 , ea 2 = 212 2 + £2 3 - 1 

(b) Show that stationary solutions exist only if a, = o 2 = |3\ Is the cor- 
responding response periodic? 

(c) Obtain the frequency-response equation: 

' k\ + 2k x k 2 smiP + k 2 2 I x ^ 2a2 ! 2 \ 2 1 1/2 



a=± 



* 2 



where \Jj = 6 X - 26 2 - 3 . Plot several frequency-response curves, indicating the 
stable and unstable portions. 

4.32. The response of a self-sustaining system to a three-frequency excitation 
is governed by 

3 

ii + M = e(«-iw 3 )+X;^ cos(fi„r +0 n ) 

n = \ 
where £l\ is near unity and 12 2 + 12 3 is near 2. 

(a) Show that 

3 

u=a(T x ) cos [T +18(7,)] +2£ A n cos(£l n T +6 n ) + 0(e) 

«=2 
where 

A *" 

Aw_ 2(i-nj) 

a ' ~ (i " ]C ^«A« " £ fl / a + ^i sin 7i " ^2 cos 7 2 

afi' = ~k x cos 7, - fc 2 sin 7 2 
2ek x = K x , k 2 = £2 2 £2 3 A 2 A 3 
7, =o l T l -0 + 0,, 72 =a 2 r, - 2|3 + (9 2 + 3 
ea, = r2, - 1 , €G 2 = £l\ + £2 3 - 2 

(b) Show that a stationary solution exists only if $' = o x = ^a 2 . Is the 
corresponding response periodic? 
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4.33. The response of a self-sustaining system to a three-frequency excitation 
is governed by 

3 

u + u = e(u- jw 3 )+ £ K n co$(£l n t + 6 n ) 

where £2j + £2 2 + £2 3 is near unity. 

(a) Show that 

3 
u=a(T l ) cos [T +0(7,)] + 2£ A n cos (£l n T + 0„) + <9(e) 

where 

K . 
A„ = 



n 2(1 -n2) 

fl ' = (i" Z^A*-± fl 2 W + fccos T 

<zj3' = k sin 7 

Ar = 2r2,£2 2 £2 3 A 1 A 2 A 3> 7 = a, T x - |8 + 0, + 2 + 3 
ea, = r2j +r2 2 + r2 3 - 1 
(b) Obtain the frequency-response equation: 

1/2 



-'[?-(*-£«**-*•■)' 



(c) Plot several frequency-response curves, indicating the stable and un- 
stable portions. 

4.34. The response of a self-sustaining system to a three-frequency excitation 
is governed by 

3 
u+u = e(u- j" 3 )+ £ K n costfV + W ) 

where £2, is near unity, £2 2 is near j, and £2 3 is near 3. 
(a) Show that 

u = a(r, ) cos [T +/J(r, )] + 2 ^ A„ cos (J2„r + B n ) + 0(e) 

rt=2 

where 



A„ = 



" 2(1 -nj) 
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a ' = \ 2 " 21 ^n^n ~ %a 2 ) a + k\ sinji + k 2 cos 72 + k 3 a 2 cos 73 

\ n=2 I 

a$ = k 2 sin 7 2 + A; 3 <z 2 sin 73 - k x cos y x 

7ek x =K ly k 2 =±£llAl, k 3 = ±£l 3 A 3 

7, =a,r, - j3 + ^ l5 y 2 = o 2 Ti ~ + 3O 2 

7 3 =a 3 r, - 3j3 + 3 , ea, +f2, - 1 

ea 2 = 3^2 2 - 1, ea 3 = S"2 3 - 3 

(b) Show that stationary solutions exist only if 

0' = a, =o 2 = ^a 3 

Is the corresponding response periodic? 

4.35. The response of a self-sustaining system to a four-frequency excitation 
is governed by 

4 

U + U = €(U- ^W 3 )+ £ tf„ COS(fi„f +0„) 

where £2] and S7 4 - £2 3 - S2 2 are near unity, 
(a) Show that 

w = fl(r 1 )cos[r +/J(r 1 )] +2£ a„ cos(n n T +d n ) + o(e) 



where 



K 
A 



n 2(\~n 2 n ) 

a = ( \ - £ QnA 2 n - \a 2 \a + k { sin 7, + k 2 cos 7 2 

a$' = -k x cos7i + k 2 sin 72 
2eiki =K U k 2 = 2£2 4 S"2 3 £2 2 A 4 A 3 A 2 
71 = 0,7-, -0 + 01, l2=°2T l -(S + d A - 3 -6 2 
eo\ = f2i - 1, ea 2 = S"2 4 - S"2 3 - £"2 2 - 1 

(b) Show that for a stationary solution to exist, &' = (J\ ~ o 2 . Is the cor- 
responding response periodic? 

(c) Obtain the frequency-response equation. Plot several frequency-response 
curves, indicating the stable and unstable portions. 
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4.36. The response of a van der Pol oscillator with delayed amplitude limit- 
ing to a sinusoidal excitation is governed by (Golay, 1964) 

u + colu = 2e[(l - z)u- zu] - 2KSI sin Sit 

TZ + Z = U 

where co , e, K, SI, and r are constants. 

(a) For the case of primary resonance, let SI = gj + eo and K = ek. Use the 
method of multiple scales and obtain (Nayfeh, 1968) 

u = a cos(co r + /3) + 6>(e) 

z = b expf — \+\a 2 + \a 2 (\ + 4oj 2 ) r 2 )~ 1/2 cos (2co r + 20- tan" 1 2cj t) 



where 

5 = 6(1 - \oc r a 2 )a + efc cos (ear - j3) 
= -^€a i a 2 + e/ctf" 1 sin (ear - 0). 



+ 0(e) U) 



(3) 



where a r and a,- are known functions of gj ?> Determine the stationary oscilla- 
tions and their stability. 

Forced oscillations of other third-order systems were studied by Srirangarajan 
and Srinivasan (1973, 1974) and Tondl (1974, 1976a). 

(b) For the case of hard nonresonant excitations [i.e., K = 0(1), SI- coo ^ 
0(e)], show that 

u = a cos (o> f + 18) - 2Kft(co 2 ) - ft 2 ) _1 sin ftr + 0(e) (4) 

where 

2 = 0?- ^a r tf 2 )tf 



= ~i^ 2 



(5) 
<- 2 

and 1?= 1 - 2K 2 Sl 2 (col - SI 2 )' 2 . Solve for a and 0. What are the stationary 
oscillations when 7? > 0, r? < 0, and 77 = 0. What is the significance of 77 = 0? 

(c) Determine a first-order solution for the subharmonic case (i.e., SI ^ 3co )- 

(d) Determine a first-order solution for the superharmonic case (i.e., SI *v 

4.37. The forced response of a single- degree-of-freedom system is governed 
by (Arya, Bojadziev, and Farooqui, 1975) 

u + cjq" = -eocu 3 - 2ejiu + o)lf(Ti ) 

where/(r!) = 0(l)and T x = ef . 
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(a) Show that 

u =A(T 1 ) exp (i'cj 7o) + cc + f(T x ) + 0(e) 
where 

2/cjoW +liA) + 3a(v4,4 + / 2 )/4 = 

(b) Express A in the polar form \a exp (z/3) and obtain 

a --[ia 
u$ = \oL(\a 2 +f 2 ) 

4.38. The forced response of a self-excited system to a slowly varying exter- 
nal excitation is governed by 

u + cjlu = e(\ - u 2 )u + Gj>lf(T x ) 

where/ =0(1). 

(a) Show that 

u = A(T X ) exp (z'coo^o) + cc+f(T x ) + 0(e) 
where 

2A'=(\ - AA- f 2 )A 

(b) Express A in polar form and determine the equations describing the 
amplitude and the phase. 

4.39. The forced response of a self- excited system is governed by 

u + coq w = e(l " u 2 )u + K cos fir 
where K = 0( 1 ) and ft is away from co . Show that 

u =A(Ti) exp(zco ^o) + A exp (iSlT ) + cc 
where A = £tf(a>2 - ft 2 )" 1 and 

(a) 2A' = A - 2A 2 A - A 2 A when ft is away from 0, 3co , and yCJ 

(b) 2A' = A- 2A 2 A - A 2 A - ftcoo 1 A 3 exp (~ioT x ) when co = 3ft + eo 

(c) 2/4 =^- 2A 2 - A 2 A +(2- ft/to M 2 A exp (ioT x ) when ft = 3cj + eo 

(d) 2,4' = A - 2A 2 A - A 2 A- 2AA 2 cos 2oT 1 when ft = eo. Compare this 
result with that of Exercise 4.38. 

4.40. The forced response of a single-degree- of- freedom system is governed 
by 

u + col u + 2ejuw + ew 4 = 2K cos ft: 
(a) Show that 

u = A(T X ) exp (ioj T ) + A exp (/ftr ) + cc 
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where 

(i) 2icj (A ' + ixA ) + A 4 exp (ioTi ) = when 412 = u> + ea 

(ii) 2z'oo 04' + M^) + 4A^ 3 exp (ioT^- when 12 = 4co + ea 

(iii) 2za? U' + M^) + 4A 3 J4 exp (ioTi) = when 312 = 2co + ea 

(iv) 2*a> M' + jU/0 + 6A 2 ^ 2 _exp(/ar 1 ) = when 212 = 3co + ea 

(v) 2itJ (A' + pA) + 12(A 3 ^ + A4 2 i4)exp(/ar,) = when 12 = 2co + ea 

(vi) 2icj (A' +I1A) + (\2A 2 AA + 4A 4 ) exp (ioT x ) = when 212 = oj + ea 

(b) Determine the steady-state responses for each of the cases in (a). 

4.41. The forced response of a single- degree- of-freedom system is given by 
(Proskuriakov, 1971) 

TV 

u + cjq u =-2efJLu + e^ <*s uS + 2K cos ^ f 

5=2 

where 12 is away from co - 

(a) Determine all possible resonances for general N. 

(b) When N= 5, determine the equations describing the amplitudes and the 
phases for all possible resonances. 

4.42. The equation of motion of a gravity-stabilized, rigid satellite in an 
elliptic orbit around a spherical planet is 

(1 +ecos0)i//"- 2ei//'sin0 + f Ksin2i// = 2esin0 

Hablani and Shrivastava (1977) determined a third-order expansion for \p($; e) 
for small e for co away from \ and 1, where co© = 3A\ Determine all possible 
resonances to second order and determine uniform expansions for these cases 
(Alfriend, 1977). 



CHAPTER 5 

Parametrically Excited Systems 



In this chapter, as in the preceding chapter, we consider motions that are the 
result of time-dependent excitations (actions) on the system. In contrast with 
the preceding and the following chapter, in which the excitations appear as in- 
homogeneities in the governing differential equations, in this chapter the ex- 
citations appear as coefficients in the governing differential equations. Thus 
mathematically one is led to differential equations with time-varying coefficients. 
In some branches of mechanics, one is led to the solution of partial differential 
equations with constant coefficients but spatially and/or temporally varying 
boundary conditions. Except for Exercises 5.27 and 5.28, we do not discuss 
problems with varying boundary conditions, and we refer the reader to the book 
of Brillouin (1956) and the detailed review article of Elachi (1976). Since the ex- 
citations when they are time independent appear as parameters in the governing 
equations, these excitations are called parametric excitations. Moreover in con- 
trast with the case of external excitations in which a small excitation cannot 
produce a large response unless the frequency of the excitation is close to one of 
the natural frequencies of the system (primary resonance), a small parametric 
excitation can produce a large response when the frequency of the excitation is 
close to twice one of the natural frequencies of the system (principal parametric 
resonance). 

Faraday (1831) seems to be the first to observe the phenomenon of parametric 
resonance. He noted that surface waves in a fluid-filled cylinder under vertical 
excitation exhibited twice the period of the excitation itself. Melde (1859) tied 
a string between a rigid support and the extremity of the prong of a massive 
tuning fork of low pitch. He observed that the string could be made to oscillate 
laterally, although the exciting force is longitudinal, at one half the frequency of 
the fork under a number of critical conditions of string mass and tension and 
fork frequency and loudness. Strutt (1887) provided a theoretical basis for these 
observations and performed further experiments with a string attached to one 
end of the prong of a tuning fork. Stephenson (1906) amplified the results of 
Strutt (1887) and observed the possibility of exciting vibrations when the fre- 
quency of the applied axial excitation is a rational multiple of the fundamental 
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frequency of the lateral vibration of the string. Raman (1912) presented a 
lengthy investigation which is beautifully and profusely illustrated with photo- 
graphs of vibrating strings. 

The problem of parametric resonance arises in many branches of physics and 
engineering. Examples are given in the next section. One of the important prob- 
lems is that of dynamic instability which is the response of mechanical and elas- 
tic systems to time-varying loads, especially periodic loads. There are cases in 
which the introduction of a small vibrational loading can stabilize a system 
which is statically unstable or destabilize a system which is statically stable. 
Stephenson (1908) seems to be the first to point out that a column under the in- 
fluence of a periodic load may be stable even though the steady value of the load 
is twice that of the Euler load. Beliaev (1924) analyzed the response of a straight 
elastic hinged-hinged column to an axial periodic load of the form p(t) = 
p +/?i cos Sit . He obtained a Mathieu equation for the dynamic response of 
the column and determined the principal parametric resonance frequency of the 
column. The results show that a column can be made to oscillate with the fre- 
quency ^Sl if it is close to one of the natural frequencies of the lateral motion 
even though the axial load may be below the static buckling load of the column. 
Beliaev's investigation was completed by Andronov and Leontovich (1927). 
Krylov and Bogoliubov (1935) used the Galerkin procedure to determine the 
dynamic response of a column with arbitrary boundary conditions to an axial 
periodic load, Chelomei (1939) studied the parametric resonance of a column, 
Kochin (1934) examined the mathematically related problem of the vibrations 
of a crankshaft, and Timoshenko(1955) and Bondarenko(1936) treated another 
mathematically related problem in connection with the vibrations of the driving 
system of an electric locomotive. Two basic references on the dynamic stability 
of elastic systems are the books of Bolotin (1963, 1964). 

In spite of the relatively new history of the problem of parametric excitations, 
there are a number of books devoted to the analysis and applications of this 
problem. McLachlan (1947) discussed the theory and applications of the 
Mathieu functions, while Bondarenko (1936) and Magnus and Winkler (1966) 
discussed Hill's equation and its applications in engineering vibration problems. 
Bolotin (1964) discussed the influence of parametric resonances on the dynamic 
stability of elastic systems. Shtokalo (1961) discussed linear differential equa- 
tions with variable coefficients; Arscott (1964), Erugin (1966), and Yakubovich 
and Starzhinskii (1975) discussed differential equations with periodic coeffi- 
cients; and Schmidt (1974) discussed parametric resonances. In addition there 
are a number of books which deal with parametric excitations including those of 
Whittaker and Watson (1962); Den Hartog (1947); Minorsky (1947, 1962); 
Stoker (1950); Bellman (1953); Hayashi (1953a, 1964); Coddington and Levin- 
son (1955); Malkin (1956); Cunningham (1958); Kauderer (1958); Bogoliubov 
and Mitropolsky (1961); Struble (1962); Hale (1963); McLachlan (1950); 
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Andronov, Vitt, and Khaikin (1966); Blaqutere (1966); Kononenko (1969); 
Meirovitch (1970); Cesari (1971); Nayfeh (1973b); and Evan-Iwanowski (1976). 
The problem of parametric resonance and its associated problem of dynamic 
stability were reviewed by Beilin and Dzhanelidze (1952), Mettler (1962, 1967), 
and Evan-Iwanowski (1965). 

First we consider some examples of parametrically excited systems; then we 
consider the Floquet theory to obtain some characteristics that are common to 
all linear, parametrically excited systems, and we develop approximate solutions 
of linear systems having a single degree of freedom. In Section 5.4 we extend 
the analysis to linear systems having many degrees of freedom and distinct 
eigenfrequencies, while in Section 5.5 we consider systems having repeated 
eigenfrequencies. In Section 5.6 we consider linear, gyroscopic, parametrically 
excited systems. In the last section we consider nonlinear, parametrically ex- 
cited systems. 

5.1. Examples 

5.1.1 A PENDULUM WITH A MOVING SUPPORT 

As a first example we consider the motion of a particle of mass m attached to 
one end of a massless rod of length /, while the other end of the rod is attached 
to a point under the influence of a prescribed acceleration as shown in Figure 
5-1. Applying Newton's second law of motion in the direction perpendicular to 
the rod leads to 

mid = -m[g- Y(t)] sin + mX(i) cos 6 




v(t) 



F(t) 



x(t) 



COMPONENTS OF 
F(t) 



V m 9 
Figure 5-1. Pendulum with a moving support. 
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Hence 

which is an equation with variable coefficients. For small oscillations about 
6 = 0, (5 . 1 . 1 ) can be linearized to yield 

».[*-!2)]..*p (5 .,. 2) 

Stephenson (1908) seems to be the first to predict the possibility of converting 
the unstable equilibrium of a rigid rod standing on an end by applying a vertical 
periodic force at the bottom. Sethna (1973) showed that a pendulum can have 
stable motions in the neighborhood of the vertical up position for arbitrary 
vertical support motions provided that they are fast and the time average of the 
square of the velocity of the support motions is greater than the square of the 
time average of the velocity of these motions by a constant that depends on the 
system parameters. Consequently linear and nonlinear parametric excitations of 
a pendulum with a moving point of suspension were studied by many investi- 
gators including Hirsch (1930), Stoker (1950, pp. 189-213), Haacke (1951), 
Kapitza (1951), Malkin (1956, pp. 163-165), Kauderer (1958, pp. 524-536), 
Skalak and Yarymovych (1960), Bogoliubov and Mitropolsky (1961, pp. 404- 
408), Struble (1963), Phelps and Hunter (1965, 1966), Bogdanoff and Citron 
(1965), Ness (1967), Dugundji and Chhatpar (1970), Cheshankov (1971), Troger 
(1975), and Chester (1975). Tso and Asmis (1970) studied the parametric ex- 
citation of a pendulum with bilinear hystersis, Ryland and Meirovitch (1977) 
studied the stability boundaries of a swinging spring with an oscillating support, 
Hemp and Sethna (1964) studied the effect of high-frequency support oscilla- 
tions on the motion of a spherical pendulum, and Sethna and Hemp (1965) 
studied the nonlinear oscillations of a gyroscopic pendulum with an oscillating 
support. 

5.1.2. A MECHANICAL-ELECTRICAL SYSTEM 

As a second example we consider the mechanical- electrical system shown in 
Figure 5-2. It consists of an L-C circuit containing a constant inductor L con- 
nected in series with a capacitor whose plates can be moved mechanically in a 






Figure 5-2. A mechanical-electrical system. 



262 PARAMETRICALLY EXCITED SYSTEMS 

prescribed manner. If the charge on the capacitor is q, then the current / in the 
circuit is q. The potential across the inductance is Ldi/dt-Lq, while the po- 
tential across the condenser is qjC{t). The capacitance C(t) = eS/d(t) in the 
MKS system, where e is the dielectric permeativity of the material, S is the sur- 
face area of the plates, and d(t) is the variable distance between the plates. 
Since the total potential across the two elements is zero, q is governed by 

which is an equation with variable coefficients. 

Brillouin (1897) studied parametric resonances in electric circuits. Similar ex- 
periments were performed by Mandelstam and Papalexi (1934) with a specially 
designed oscillating circuit which they called a parametric generator. They found 
out that if the circuit of the parametric generator is linear, the amplitude of the 
oscillation grows indefinitely until the insulation is destroyed by an excessive 
voltage. On the other hand, they found out that a stable stationary condition is 
reached if the circuit is nonlinear. For more references and applications to elec- 
tric circuits, we refer the reader to the books of Minorsky (1962); Andronov, 
Vitt, and Khaikin (1966); and Blaquiere (1966). Moreover for a history of 
parametric transducers, we refer the reader to Mumford (1960). 

5 . 1 .3 . A DOUBLE PENDULUM 

The two examples described above are systems having a single degree of 
freedom. In this section we describe a double pendulum, which has two degrees 
of freedom, and in the following section we consider a column experiencing 
transverse oscillations. The latter is an example of a system having infinite de- 
grees of freedom. 

We consider the motion of a double pendulum attached to a platform that has 
a prescribed vertical motion relative to an inertial frame as shown in Figure 5-3. 
Two particles of masses m x and m 2 are connected to massless rods of lengths 
l\ and l 2 suspended from a platform that has a prescribed vertical motion y{t) 
with respect to the inertial frame 0. The motion of the particles is constrained 
by springs that are initially horizontal and have the constants k x and k 2 . The 
springs are unstretched when the particles lie vertically below the platform. 

To derive the equations of motion, we form the Lagrangian and then write the 
Euler- Lagrange equations. To this end we observe that the velocities of m x and 
m 2 are 

Vi =Mi cos 0J +(/!<?! sin0! - j>)j (5.1.4) 

v 2 =(/i(5i cos0! +i 2 6 2 cos0 2 )i + ('i0i sin0! + / 2 2 sin 6 2 - y)} (5.1.5) 
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MOVING PLATFORM 




Figure 5-3. Double pendulum with a moving support. 

The kinetic energy Tand the potential energy V of the system are 

T- \m x v\ + \m 2 v\ = \{m x + m 2 )l\6\ ~ (m x + m 2 )l x y6 x d x + \m 2 l\b\ 

+ m 2 l x l 2 6 x e 2 - m 2 l 2 yd 2 B 2 + \(m x + m 2 )j> 2 + 0(0 ; 3 ) (5.1.6) 

V- -m x g(y + l x cos Q x ) - m 2 g(y + l x cos 9 X + 1 2 cos 2 ) 

+ \k x l\Q\ + ±k 2 (l x x +l 2 e 2 ) 2 +O(e]) (5.1.7) 

The cubic and higher-order terms in T and V are not needed in the linear prob- 
lem. Expanding (5.1.7) for small 6 and neglecting cubic and higher-order terms, 
we have 

V = c{t)^\m x gl x e\^\m 2 g(l x e\^l 2 dl)^\k x l\d\ 

+ \k 2 (l l l +l 2 2 ) 2 +O(0j) (5.1.8) 

Then it follows that the equations of motion are 

(mi + m 2 )l x x + m 2 l 2 6 2 - (m x + m 2 )yd x + [(m x + m 2 )g 

+ (*i +* 2 )/i] 0i +M 2 2 =0 (5.1.9) 

m 2 l 2 6 2 +m 2 l x B x - m 2 y$ 2 + k 2 l x 6 x + (m 2 g+ k 2 l 2 )6 2 = (5.1.10) 



264 PARAMETRICALLY EXCITED SYSTEMS 



which are two linear equations having variable coefficients. Thus this is an ex- 
ample of a system having two degrees of freedom. Hsu and Cheng (1973) studied 
the effect of an axial impact load on a double pendulum. 

5.1.4. DYNAMIC STABILITY OF ELASTIC SYSTEMS 

As a fourth example we consider the transverse motion of a straight rod with a 
uniform cross section loaded by an axial time-varying force P(t). We consider 
four typical boundary conditions as shown in Figure 5-4. We assume that plane 
sections remain plane, and we neglect transverse shear and rotary inertia. As- 
suming linear elasticity, one finds that the longitudinal inertia terms are negligible. 
Hence the axial force in the beam is uniform and equal to P(t). Referring to Fig- 
ure 5-5 one can write the pertinent equations of motion as 



y-Momentum 



Moment of momentum 



bx bx br 



bx 



+ 2 = 



(5.1.11) 



(5.1.12) 



where p is the density per unit length and A is the cross-sectional area. Using 

bw 



dO dw 

M=-EI— and 6 

ox 





CaseB 




P(t) 



V//7/77V////7/ 
CaseC 



CaseD 



Figure 5-4. Dynamic stability of elastic columns. 
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Figure 5-5. An element of a beam. 



We can combine (5.1.11) and (5.1.12) to obtain 

3 2 w , N d 2 w d 4 w 



(5.1.13) 



In the following we assume that P(t) = P +/ > 1 (r), where P is constant. We 
follow Nayfeh and Mook (1977) and express the solution of (5.1.13) as an ex- 
pansion in terms of the linear free-oscillation modes. That is, 

W(X,0=Z Um(t)<t>m(x) (5-1.14) 

m 

where the <p m are the eigenfunctions of the problem 

z " u +Po</>"- k 4 0=O (5.1.15) 

where p = P IEI 9 k 4 = pAio 2 lEI, and co is an eigenvalue (called a natural fre- 
quency), subject to one of the following sets of boundary conditions: 

= (/>" = O at x = and x = l (5.1.16) 

for case (a), 

0=0' = O at x = and jc = / (5.1.17) 

for case (b), 

= 0' = O at x = and = 0" = O at jc = / (5.1.18) 
for case (c), and 

0=0' = O at x = and 0" = 0"' = at jc = / (5.1.19) 
for case (d). One can easily show that the resulting eigenfunctions are orthogonal. 
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Substituting (5.1.14) into (5.1.13) yields 

£ [(Um^^m^m)<t> m ^p{t)u m <i>^\ =0 (5.1.20) 

m 

where 

"--"m"' p(0_ 7T (5121) 

Multiplying (5.1.20) by 0„> integrating the result from x = to x = /, and using 
the orthogonality property of the m , we obtain 

u„ + gj*u m + p(t) £ /*m"m =0, « = 1 , 2, 3, . . . (5.1 .22) 



where 

fnm =[/ <Mm <**][/ ^ 4x\ ' (5.1-23) 

Equations (5.1 .22) are an infinite set of coupled linear equations having variable 
coefficients. Thus this is an example of a parametrically excited system having 
infinite degrees of freedom. 

We note that for a hinged-hinged column (p m - sin (miix/l), and hence f nm = 
unless n-m. Consequently the system of equations (5.1.22) is uncoupled. 
However for the other boundary conditions, the system of equations is coupled. 
For general dynamic systems, Chelomei (1939) showed that the problem can be 
reduced to a system of coupled differential equations with variable coefficients. 
Brachkovskii (1942) and Bolotin (1953), using respectively the Galerkin pro- 
cedure and the method of integral equations, discovered a class of problems that 
can be reduced exactly to a single second-order equation (i.e., the system of 
equations is uncoupled). This result was generalized by Dzhanelidze (1953, 1955) 
to the case of dissipative systems. In addition to the expansion in terms of the 
unperturbed natural modes mentioned above, a number of alternate approaches 
have been employed including the Galerkin procedure (Krylov and Bogoliubov, 
1935; Iwatsubo, Sugiyama, and Ogino, 1974), analog and digital simulations 
(Moody, 1967; Sugiyama, Fujiwara, and Sekiya, 1970; Iwatsubo, Sugiyama, and 
Ishihara, 1972) and finite differences (Sugiyama, Katayama, and Sekiya, 1971; 
Iwatsubo, Saigo, and Sugiyama, 1973). 

The problem of the transverse vibrations of a column with a time-dependent 
follower force is a part of the problem of dynamic stability. Mettler (1949, 
1951) laid the foundation for analysing parametric responses of mechanical sys- 
tems. Bernstein (1947) presented a formulation of the problem of dynamic sta- 
bility, while Smirnov (1947) and Bolotin (1963, 1964) provided extensive 
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studies of problems of elastic stability of various structures including columns, 
arches, rings, plates, and shells. Mettler(1962, 1967) and Evan- Iwanowski( 1965, 
1976) presented surveys of the state of the art. 

As mentioned in the introduction, Stephenson (1908) pointed out that a 
column under the influence of an axial periodic load can be stable even though 
the steady value of the load is twice the Euler buckling load. Beliaev (1924) de- 
termined the principal parametric resonance for a hinged-hinged beam, Andronov 
and Leontovich (1927) completed Beliaev's analysis, and Lubkin and Stoker 
(1943) and Mettler (1940) presented detailed analyses of this problem. These re- 
sults were verified experimentally by Gol'denblat (1947), Bolotin (1951), and 
Somerset and Evan- 1 wan ow ski (1965). Krylov and Bogoliubov (1935) studied 
columns with various boundary conditions under the influence of multiharmonic 
axial forces. Mettler (1947) studied analytically while Burnashev (1954) and 
Sobolev (1954) studied experimentally the dynamic stability of the plane bend- 
ing of a beam. Weidenhammer (1951) studied the stability of a clamped-clamped 
column, and Elmaraghy and Tabarrok (1975) studied the stability of an axially 
oscillating column. As mentioned earlier, the dynamic response of a column with 
boundary conditions other than hinged-hinged leads to a system of coupled 
equations with periodic coefficients. In addition to the usual resonances involv- 
ing one degree of freedom, there exist combination and simultaneous resonances. 
These were studied analytically by Mettler (1949, 1967); Weidenhammer (1951); 
Sugiyama, Fugiwara, and Sekiya (1970); Sugiyama, Katayama, and Sekiya 
(1971); Iwatsubo, Sugiyama, and Ishihara (1972); Iwatsubo, Sugiyama, and 
Ogino (1974); and Nayfeh and Mook (1977) and were demonstrated experi- 
mentally by Iwatsubo, Saigo, and Sugiyama (1973) and Dugundji and Muk- 
hopadhyay (1973). 

Chelomei (1939) treated the case of time-varying loads distributed along the 
length of a column, Bondarenko (1936) and Schmidt (1964) examined the com- 
bined effect of longitudinal and lateral forces, Mettler and Weidenhammer 
(1956) studied the effect of an end mass, and Evensen and Evan-Iwanowski 
(1966) studied analytically and experimentally the effect of concentrated and 
distributed masses. Makushin (1947) treated the case of piecewise constant 
periodic loadings, Gastev (1949) treated the case of periodically repeated pulses, 
Finizio (1974) treated the case of periodic forces of the impulsive type, Infante 
and Plaut (1969) treated the case of a general time- dependent axial load, and 
Caughey and Gray (1964) treated the case of a random loading. Moody (1967) 
treated the case of imperfect columns, while Ahuja and Duffield (1975) treated 
the case of a column having a variable cross section and resting on an elastic 
foundation. Gol'denblat (1947), Bolotin (1964, pp. 291-304), Ghobarah and 
Tso (1972), Popelar (1972), and Ali Hasan and Barr (1974) treated columns of 
thin-walled sections. 

The influence of damping on the boundaries of the instability was discussed by 
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Mettler (1941), Naumov (1946), Weidenhammer (1951), Grammel (1952), 
Schmidt and Weidenhammer (1961), Schmidt (196 la, b, 1974), Piszczek (1961), 
Bolotin (1964), Stevens (1966), Stevens and Evan-Iwanowski (1969), Mozer and 
Evan-Iwanowski (1972), and Evan-Iwanowski (1976). In most cases the damping 
forces are stabilizing. However Schmidt and Weidenhammer (1961), Piszczek 
(1961), and Valeev (1963) showed that for certain combination resonances the 
damping forces may alter a stable state into an unstable one. Moreover Stevens 
(1966) showed that some viscoelastic materials are destabilizing. 

The linear theory is capable of determining the regions in which a small motion 
becomes dynamically unstable, and it predicts that the unstable motions grow 
without bound. However as the amplitude of the motion grows, the nonlinear 
effects come into play and limit the growth. Gol'denblat (1947) seems to be the 
first to point out the inadequacy of the linear theory for predicting the ampli- 
tudes in the unstable regions. Bolotin (1951, 1964), Weidenhammer (1952, 
1956), Piszczek (1955), Tso and Caughey (1965), Sethna (1965), Mettler and 
Weidenhammer (1956), and Evan-Iwanowski, Sanford, and Kehagioglou (1970) 
treated the nonlinear dynamic problem of compressed columns. Tso (1968) 
studied the problem of longitudinal- torsional stability, while Mettler (1955) and 
Ghobarah and Tso (1972) studied the problem of bending- torsional stability of 
thin- walled beams. Evensen and Evan-Iwanowski (1966) studied analytically and 
experimentally the effect of midplane stretching, Evan-Iwanowski (1976) studied 
in detail columns as well as other elastic systems, and Tezak, Mook, and Nayfeh 
(1977) studied analytically the effect of midplane stretching, taking into account 
the effect of internal resonances. Hsu (1975b) analyzed the response of a para- 
metrically excited string hanging in a fluid. 

Schmidt (1961c) studied the lateral vibrations of a slightly curved bar under 
the influence of periodic eccentric loads. Malkina (1953) studied the dynamic 
stability of arches under the influence of longitudinal periodic loads, while 
Bolotin (1964, pp. 316-332) studied analytically and experimentally the linear 
and nonlinear dynamic stability of arches loaded by compression and bending. 
Salion (1956) studied arches under the influence of periodic moments, Bondar 
(1953) treated parabolic arches, and Dzhanelidze and Radstig (1940) and 
Woinowsky-Krieger (1942) studied the parametric resonance of rings. Schmidt 
(1963)and Bolotin (1964, pp. 358-381) studied the dynamic stability of trusses. 

Einaudi (1936) seems to be the first to treat the response of a plate to periodic 
in-plane loads. Subsequently Chelomei (1939), Bodner (1938), Khalilov (1942), 
Kucharski (1950), Berezovskii and Shulezhko (1963), Bolotin (1964, Chapter 
21), Somerset (1967), Somerset and Evan-Iwanowski (1967), Simons and Leissa 
(1971), and King and Lin (1974) studied the dynamic stability of isotropic 
plates under the influence of in-plane periodic loads. Ambartsumyan and 
Khachaturian (1960) treated anisotropic plates, while Duffield and Willems 
(1972) treated stiffened rectangular plates. Dzygadlo (1965), Dzygadlo and 
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Krzyanowski (1972), and Dzygadlo and Wielgus (1974) studied aeroelastic sys- 
tems in supersonic flow. 

Oniashvili (1951) presented a broad discussion of the dynamic stability of 
shells, Bolotin (1964, Chapter 22) gave an extensive treatment of the dynamic 
stability of shallow, cylindrical, and spherical shells, while Hsu (1974b) gave a 
review of the parametric excitation and snap-through instability phenomenon of 
shells. Ghobarah (1972) treated the nonlinear dynamic stability of monosym- 
metrical thin-walled structures. Bublik and Merkulov (1960) and Kana and Craig 
(1968) studied the dynamic stability of thin elastic shells filled with fluid, while 
Markov (1949) studied the dynamic stability of anisotropic shells. Federhofer 
(1954); Wenzke (1963); Yao (1963, 1965); Bieniek, Fan, and Lackman (1966); 
Vijayaraghavan and Evan- Iwanowski (1967); Adams and Evan-Iwanowski (1973); 
Popov, Antipov, and Krzhechkovskii (1973); and Vol'mir and Ponomarev (1973) 
studied cylindrical shells. Tani (1974, 1976) studied the dynamic stability of 
conical shells. 

A number of physical systems contain pipes conveying fluid. The fluid velocity 
often has an unsteady component induced by the pumps. Thus parametric and 
combination instabilities might occur in such pipes. These were studied theo- 
retically by Chen (1971), Ginsberg (1973), Paidoussis and Issid (1974), Bohn 
and Herrmann (1974), and Paidoussis and Sundararajan (1975) and experi- 
mentally by Paidoussis and Issid (1976). Beal (1965) studied the dynamic sta- 
bility of a flexible missile under the influence of a pulsating thrust, while Ibrahim 
and Barr (1975a, b) studied autoparamteric resonances in structures contain- 
ing liquids. 

The coupled flap-lag and coupled flap-lag- torsional aeroelastic problems of 
rotary- wing systems were reviewed by Friedmann (1977) and studied by Horvay 
and Yuan (1947); Sissingh (1968); Sissingh and Kuczynski (1970); Peters and 
Hohenemser (1971); Hohenemser and Yin (1972); Friedmann and Tong (1973); 
Hammond (1974); Friedmann and Silverthorn (1974, 1975); Huber and 
Strehlow (1976); and Friedmann, Hammond, and Woo (1977). A detailed treat- 
ment of machinery and their parts is contained in the monograph of Tondl 
(1965). Wehrli (1963) studied parametric resonances in torsional and rotary 
motions. Ehrich (1971) observed combinational resonances in machinery. 
Naguleswaran and Williams (1968) and Rhodes (1971) treated belts, Mote 
(1968) treated an axially moving band, and Benedetti (1974) studied the dy- 
namic stability of a beam loaded by a sequence of moving mass particles. 
Davydov (1970), Ho and Lai (1970), and Grybos (1972) treated gears, while 
Houben (1970) treated piston engines. Messal and Bonthron (1972) analytically 
and experimentally found combinational resonances in an asymmetric shaft. 
Rotating shafts were studied also by Smith (1933); Kellenberger (1955); Hull 
(1961); Dimentberg (1961); Bishop and Parkinson (1965); Black and McTernan 
(1968); and Iwatsubo, Tomito, and Kawai (1973). 
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5.1 .5 STABILITY OF STEADY-STATE SOLUTIONS 

The techniques available for determining the steady-state behavior of free and 
forced oscillations of dynamic and elastic systems can be divided into two 
groups. The first group includes the methods of averaging and multiple scales. 
With this group one determines first the equations describing the amplitudes and 
the phases. These equations are transformed into an autonomous system. Then 
the steady-state solutions correspond to the singular points of this autonomous 
system and the stability of these solutions corresponds to the stability of the 
singular points. The second group includes the Linstedt-Poincare technique, the 
method of harmonic balance and the Galerkin procedure. With this group one 
determines directly the steady-state solutions and one investigates their stability 
by analyzing the solutions of the variational equations. Next we explain these 
points by using the forced Duffing equation as an example. 

We consider the superharmonic response of a single- degree- of- freedom system 
that is governed by 

u + cjqU = -2e\m~ eau 3 +K cos Sit (5.1.24) 

where 3£2 = co + eo. Using the method of multiple scales we find, as in Section 
4.1.3, the following equations describing the response: 

u = a cos (cj t + 0) + 2A cos £lt + 0(e) (5.1 .25) 

where A= \K(a>l - O 2 )" 1 and 

, aA 3 

a = -fxa ~ - — sin (oT x - j3) 
co 



ap' = — (A 2 + \a 2 )a + cos (oT x - j3) 

CO LOq 



(5.1.26) 



To determine the steady-state response we first transform (5.1 .26) from a non- 
autonomous system to an autonomous system by introducing the new variable 

T = cj7\ - j3 (5.1.27) 

Eliminating from (5.1.25) through (5.1.27) gives 

u = a cos (3£lt - y) + 2 A cos Sit + 0(e) (5.1 .28) 



a A 3 

-jiuz sin 7 

3<*A 2 \ 3a , aA 3 

ay = I a 1 a - - — a cos y 

co / 8co too 



(5.1.29) 
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Then the steady-state responses correspond to the singular (stationary) points of 
the system (5.1 .29); that is, they correspond to the solutions of 

a A 3 

~IJLQ -sin 70 = 

(5.1.30) 
3aA 2 \ 3a , aA 3 
a ]a - - — a^ -cos7 =0 

Eliminating 7 from (5.1 .30) leads to the frequency- response equation 



f 



- - -i 3aA 2 3a , 
co 8co 



a 2 A 6 
= -— (5.1.31) 



The stability of the steady-state solutions corresponds to the stability of the 
singular points. As in Chapter 3, the types of the singular points and hence their 
stability can be determined by superposing small perturbations on the singular- 
point solutions, that is, by btting 

a = a +a u 7 = To + 7i (5.1.32) 

where a x and 7, are small compared with a and 7 . Substituting (5.1.32) into 
(5.1 .29) and linearizing the resulting equations in a x and 71 , we obtain 



a A 3 

-\m x 7! COS70 

CJ 



(5.1.33) 



Ti = - 7— a a x + — — - a, cos 7 + — 7, sin 7 



3a a A 3 a A 3 

- — a Q a x + r a, cos 7 + 

4co co ao cj ^o 

We seek a solution for (5.1 .33) in the form 

#i =0io exp(X7\) and y x = y l0 exp (X^) (5.1.34) 

where a lQy y l0 and X are constants. Hence 



/« A 3 . 

(X + ai)^ 10 +(— cos7o) 7io =0 



3aa aA 3 \ / aA 3 , 

1 cos7 )a l0 + X sin 7o Tio = 

\4coo too^o / \ <^o^o 



(5.1.35) 



For a nontrivial solution the determinant of the coefficient matrix must vanish. 
Using the first of (5.1 .30), we write this condition as 

,, a A 3 / a A 3 3atf \ 

(X + m) = cos7o r cos7o - (5.1.36) 

co \cj ^o 4co / 
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Then the stability of the singular points and hence the steady-state solutions de- 
pends on the real parts of the roots of (5.1.36). If the real part of each root is 
negative or zero, the corresponding steady-state solution is stable. If the real 
part of at least one of the roots is positive definite, the corresponding steady- 
state solution is unstable. 

The stability of the steady-state solutions in the large can also be studied using 
equations such as (5.1.29) in conjunction with a phase diagram in the case of a 
low dimensional problem or a Liapunov function if it can be found (Malkin, 
1944; Sethna, 1973). These are not pursued further in this section. 

As a representative of the second group, we discuss the method of harmonic 
balance. Thus we substitute a steady-state solution in the form 

u = u =i4, cos Slt + B x sin Slt + A 3 cos 3Slt + B 3 sin 3Slt (5.1.37) 

into (5.1 .24) and obtain 

(col- Sl 2 )A x cos Sit + (col - Sl 2 )B x sin Sit + (o>l~ 9Sl 2 )A 3 cos3Slt 
+ (cog- 9Sl 2 )B 3 sin 3Slt = 2efxSlA x sin Sit- 2e^SlB x cos SI 1 
+ 6€{jlSIA 3 sin 3Slt ~ 6e\iSlB 3 cos 312f- ea[A x cos Sit + B X sin Sit 
+ A 3 cos 3Slt + B 3 sin 3Slt] 3 + K cos Sit (5.1.38) 

Expanding the term in the square brackets and equating the coefficients of each 
of cos Sit, sin Sit, cos 3^, and sin 3^ on both sides of (5.1.38), we obtain 

(cog - Sl 2 )A x =K- 2eiiSlB l - \ea[A\ + A X B\ 

+ (A 2 : -B 2 )A 3 +2A X B X B 3 +2(A 2 3 +B 2 3 )A X ] (5.1.39) 

(cog- Sl 2 )B x =2efiSlA x - £ea[£? + A\B X +(A 2 X - B 2 )B 3 

- 2A l B x A 3 +2(A 2 3 +Bj)B x ] (5.1.40) 

(cog - 9Sl 2 )A 3 = -6eyiSlB 3 ~ \ea[A\ - 3A X B\ + 6(A\ + B\)A 3 +3A 3 3 + 3A 3 B\] 

(5.1.41) 

(cog- 9Sl 2 )B 2 =6eixSlA 3 - %ea[-B 3 x + 3A\B X + 6(Aj + B\)B 3 + 3B\ + 3A 2 3 B 3 \ 

(5.1.42) 

One usually solves (5.1.39) through (5.1.42) approximately for small e or nu- 
merically to determine the A m and B m . 

Once the steady-state solution (5.1 .37) is calculated, its stability is usually in- 
vestigated by superposing a small perturbation u x on« , that is, by letting 

u = u + u x (5.1.43) 
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Substituting (5.1.43) into (5.1.24), using the fact that u satisfies (5.1.24), and 
linearizing the resulting equation in u x , we obtain 

u x + ix>lu x =-2e{Jiu l - 3ea[A x cos £2f + /?x sin £lt+A 3 cos 3£2/ L + /? 3 sin 3£lt] 2 u 1 

(SAM) 

which is an equation with variable coefficients. Then the stability of the steady- 
state solutions corresponds to the stability of the solutions of (5.1.44). The 
stability in the large can be determined by keeping the nonlinear terms in 
(5.1 .44) and using a Liapunov function if it can be found. 

5.2. The Floquet Theory 

Next we determine the behavior of systems governed by linear ordinary- 
differential equations with periodic coefficients. Single-degree-of-freedom sys- 
tems are treated in Section 5.2.1, while multidegree-of-freedom systems are 
treated in Section 5.2.2. We describe the Floquet theory for characterizing the 
functional behavior of such systems (Floquet, 1883). Bloch (1928) generalized 
the results of Floquet to the case of partial-differential equations with periodic 
coefficients. The solutions of these equations are usually called Bloch waves, 
and they form the basis of the theory of electrons in crystals. 

5.2.1. SINGLE-DEGREE-OF-FREEDOM SYSTEMS 

In this section we consider systems governed by equations of the form 

u+p l (t)it + p 2 (t)u = (5.2.1) 

where the p n are periodic functions with a period T. 
By introducing the transformation 



[■*/' 



u =x exp \-\ J P\(t)dt 

we rewrite (5.2.1) in the standard form 

3c+p(/)x = (5.2.2) 

where 

P(t) = P 2 - \p\ ~ \P\ 

Thus for this transformation to be valid, p x must be differentiable. Equation 
(5.2.2) was discussed first by Hill (1886) in his determination of the motion 
of the lunar perigee, and it is called Hill's equation. When 

p(t) = 3 +2ecos2r 
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equation (5.2.2) reduces to 

x + (5 + 2e cos 2t)x = (5.2.3) 

which was discussed by Mathieu (1868) in connection with the problem of 
vibrations of an elliptic membrane and it is called Mathieu's equation. 

Since (5.2.1) is a linear, second-order homogeneous differential equation, 
there exist two linear, nonvanishing independent solutions of this equation, 
u x {t) and u 2 (t). They are usually referred to as a fundamental set of solutions 
because every solution of (5.2.1) is a linear combination of these two solutions, 
that is, 

u{t) = c x u x {t) + c 2 u 2 {t) (5.2.4) 

where c x and c 2 are constants. Since pj(t) = Pj{t + T) y 

u{t +T) = -p x (t + T)u(t +T)~ p 2 (t+ T)u(t + T) = 

- Pl (t)u(t+T)-p 2 (t)u(t+T) (5.2.5) 

from which it follows that, if u x (t) and u 2 (t) are a fundamental set of solutions 
of (5.2.1), then u x (t + T) and u 2 (t + T) are also a fundamental set of solutions 
of the same equation. Hence 

u x (t + T) = a xx u 1 (t) + a l2 u 2 (t) 

(5.2.6) 
u 2 (t + T) = a 2X u x {t) + a 22 u 2 (t) 

where the a mn are the elements of a constant nonsingular matrix [^4]. This 
matrix is not unique; it depends on the fundamental set being used. 
As shown below, there exist fundamental sets of solutions having the property 

v x (t + T) = \ l v l (t) 

(5.2.7) 
v 2 (t + T) = \ 2 v 2 (t) 

where X is a constant which may be complex. Such solutions are called normal 
or Floquet solutions. To show this, we note that any other fundamental set of 
solutions v x (t) and v 2 (t) is related to u x {t) and u 2 {t) by a nonsingular 2X2 
constant matrix [P] according to 

u(t)=[P]v(t) (5.2.8) 

where u(/) and \(t) are column vectors whose elements are u x (t), u 2 (t) and 
v i (0» v 2(t), respectively. Introducing (5.2.8) into (5.2.6) leads to 

v(r + T) = [PV [A] [P] v(f) = [B] v(r) (5.2.9) 

Since [B] = [^J -1 [^4] [P] , [£] is similar to [^4] , and they have the same eigen- 
values (see Section 3.2). Moreover one can choose a matrix [P] such that [B] 
assumes its simplest possible form, the Jordan canonical form. The Jordan 
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canonical form depends on the eigenvalues of [^4] , that is, the solution of 



I[i4]-X[/]| = 
If the roots of (5.2.10) are different, then [B] has the form 



(5.2.10) 



[B] 


= rx, ' 

" Lo x 2 . 




(5.2.11) 


and (5.2.9) can be rewritten as 




v i (t + T) = \ i v i (t) i / = 1 and 2 


(5.2.12) 


It follows from (5.2.12) that 




v i (t + nT) = \" i v i (t) 


(5.2.13) 


where n is an integer. Consequently, as t -* °° (i.e., n -* °°), 




o,(f) -► ' 


if |X,|<1 
.«> if IX.I>1 





When \( = 1 , Vj is periodic with the period 7\ and, when X,- = - 1 , v ( is periodic 
with the period 2T. 
Multiplying (5.2.12) by exp [-^ t {t + T)] yields 

exp [- 7i (t + T)] o ( (t + T) = \- exp (- 7| T) exp (- 7l -r) v ( (t) (5.2.14) 

Hence if we choose 7/ such that X,- = exp (7/7), it follows from (5.2.14) that 
<p ( (t) = exp (-Jit) v;(t) is a periodic function with the period T. Thus the funda- 
mental set of solutions Vi(t) and v 2 (t) can be expressed in the normal form 



i>i(O = exp(7iO0i(O 
y 2 (r) = exp(7 2 r)0 2 (O 

where / (/ + T) = 0/(0- 
When Xi = X 2 , the Jordan canonical form is either 

X 0" 



[B] 



Xj 



or 



[B] 



■a 



(5.2.15) 



(5.2.16) 



(5.2.17) 



Corresponding to (5.2.16), the fundamental set of solutions can be expressed as 
in (5.2.15). When [B] has the form (5.2.17), 



u,(r + r> = Xu,(0 



(5.2.18a) 
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v 2 (t + T) = \v 2 (t) + v x (t) (5.2.18b) 

Using arguments similar to those above, one can show that v Y (t) can be ex- 
pressed in the normal form 

Wi(0 = exp(T0*i(0 (5.2.19) 

.where X = exp (yT) and 0^r + T) = <p { (t). Multiplying (5.2.18b) by exp 
[-y(t + T)] and using (5.2.19), we obtain 

exp [~y(t + T)] v 2 (t + r) = exp ("T'KCO + " 0i(O (5.2.20) 



Hence 



y 2 (r) = exp(70 



* 2 (0 + "^*i(0 



(5.2.21) 



where 2 (r+r) = 2 (0. 

The above results show that the motion is bounded when the real parts of ji 
and 7 2 are not positive if [B] has either of the forms (5.2.11) or(5.2.16), 
and the motion is also bounded when the real part of 7 is negative if [B] has 
the form (5.2.17). The parameter 7 is usually referred to as the characteristic 
exponent and is related to X by 

7 = ^ln(X) 

Thus 7 is unique to within a multiple oilimiT' 1 , where n is an integer. 

To show how the characteristic exponents can be determined, let us choose 
u x {t) and u 2 (t) to be the fundamental set of solutions of (5.2.1) that satisfy 

w,(0)M f «i(0) = 

(5.2.22) 
"2(0) = 0, " 2 (0)=1 

Setting t = in (5.2.6) and using (5.2.22) yields 

a n =u x {T) and a 2l =u 2 (T) 

Differentiating (5.2.6) once with respect to t, setting t = in the resulting 
equations, and using (5.2.22), we obtain 

*i2 = WiCO and a 22 =u 2 (T) 

It follows from (5.2.10) that 

X 2 -2aX + A = (5.2.23) 

where 

a=£ Mr) + fi 2 (r)J, A = u l (T)u 2 (T)-u 1 {T)u 2 (T) (5.2.24) 
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The parameter A is called the Wronskian determinant of u x {T) and u 2 (T). 
Solving (5.2.23) one can determine the X's, and then 

7 = ^ln(X) 

In the case of Hill's equation, the Wronskian is unity as shown below. Since u x 
and u 2 are solutions of (5.2.2), it follows that 

ii, + p(0"i =0 

(5.2.25) 
u 2 + p(f)w 2 =0 

Subtracting u 2 times the first of these equations from u t times the second 
yields 

u 1 ii 2 - UiU 2 - 

which can be integrated to yield 

A(t) = u l (t)u 2 (t)- Ui(t)u 2 (t) = constant (5.2.26) 

Evaluating (5.2.26) at t = leads to A(f) = 1 . 
With A = 1 , the roots of (5.2.23) are 

\ lf2 =a±^~\ (5.2.27) 

and these roots are related by 

\ 1 X 2 = \ (5.2.28) 

When \a\ > 1, the absolute value of one root is larger than unity while that of 
the other root is less than unity. Hence one of the normal solutions is un- 
bounded and the other is bounded according to (5.2.28). When |a| < 1, the 
roots are complex conjugates; and since XiX 2 = 1» they have unit moduli. Con- 
sequently both normal solutions are bounded. It follows that the transition from 
stability to instability occurs for |a| = 1, which corresponds to the repeated 
roots Xj = X 2 = ±1. The case Xi = X 2 = 1 corresponds to the existence of a 
periodic normal solution of period T> while the case Xi = X 2 = - 1 corresponds 
to the existence of a periodic normal solution of period IT. 

In the case of the Mathieu equation, a = a(5, e). The values of 5 and 6 for 
which | oc | > 1 are called unstable values, while those for which |a| = 1 are 
called transition values. The locus of transition values separates the e5-plane 
into regions of stability and instability as shown in Figure 5-6. Along these 
curves at least one of the normal solutions is periodic, with the period n or 2n. 
Figure 5-6 is called the Strutt diagram, after Strutt (1928) and van der Pol and 
Strutt(1928). 

The unbounded solutions can be divided qualitatively into two different 
types (Cunningham, 1958) as shown in Figure 5-7. The first type is oscillatory 
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Figure 5-6. Stable and unstable (shaded) regions in the parameter plane for the Mathieu 
equation. 

but with an amplitude that increases exponentially with time, while the second 
type is nonoscillatory and also increases exponentially with time. The bounded 
solutions are aperiodic varying with two frequencies— the imaginary part of 7 
and the frequency of the excitation 2. Depending on the ratio of these fre- 
quencies, the solution may exhibit many shapes besides the transition periodic 
shapes. Three of these shapes are shown in Figure 5-8. When the ratio is very 
small, the solution is almost periodic, with an amplitude and a phase having 
a high-frequency modulation. When the ratio is the same order, the shape of the 
solution is complicated. 

The characteristic exponents for (5.2.1) can be obtained by numerically cal- 
culating two linear independent solutions of this equation having the initial 
conditions (5.2.22) during the first period of oscillation. Using the values and 
first derivatives of these solutions at t - T, one can calculate a and A from 
(5.2.24). Solving (5.2.23) one can then determine the X's, which in turn yield 
the 7's since 7 = (I IT) In X. Using a Newton-Raphson procedure, one can deter- 
mine the system parameters corresponding to X = ±1, that is, the boundaries 
separating stability from instability. However this procedure may lead to serious 
computational difficulties, necessitating the use of approximate techniques to 
determine the characteristic exponents and hence the boundaries separating 
stability from instability. Some approximate techniques for determining the 




Figure 5-7. Unbounded solutions of the 
t Mathieu equation. 
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Figure 5-8. Bounded solutions of the Mathieu equation. 

behavior of single-degree-of-freedom systems are discussed in Section 5.3, and 
those for determining the behavior of multidegree-of-freedom systems are dis- 
cussed in Section 5.4. 

5.2.2. MULTIDEGREE-OF-FREEDOM SYSTEMS 

In this section we generalize the results of the previous section to multidegree- 
of-freedom systems described by equations of the form 

*« + £ /„m(0*m=0 (5.2.29) 

m=l 

where f nm (t + T) = f nm (t). It is convenient to express (5.2.29) as a system of 
2N first-order differential equations by defining 

u n =x n9 w = l,2, ...,7V ^_, 

(5.2.30) 
u n =x n , n=N+ \ 9 N+2 9 ...,2N 

so that (5.2.29) becomes 

u n ="AT + «, fl= 1,2, . . .,7V 

N (5.2.31) 

"*+«=-£ fnm(t)u m , «= 1,2, ...,7V 

m=\ 

These equations can be written in the compact form 

u= [F(t)]u (5.2.32) 

where u is a column vector with the components u x , u 2 , . . . , u 2N while [F(t)] 
is an 2N X 2N matrix such that [F(t + T)] = [F(t)] . In what follows, we discuss 
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the behavior of solutions of general equations having the form (5.2.32) but with 
a general, periodic matrix [F] . 
For the system (5.2.32), one can define a fundamental set of solutions 



l 2k-> • • • > u Mk-> 



k= 1,2,. ..,M 



(5.2.33) 



where M = 2N. This fundamental set can be expressed in the form of an M X M 
matrix [U] called a fundamental matrix solution as 



[U] 



U n U 2 \ 
u \2 w 22 



U Ml 
U M2 



_UlM U 2M • * • U MM 

Clearly [U] satisfies the matrix equation 

[U] = [F(t)] [U] 



(5.2.34) 



(5.2.35) 



Since [F(t + T)] = [F(t)]> [U(t + T)] is also a fundamental matrix solution. 
Hence it is related to [U(t)] by 



[U{t+T)] = [A][U(t)] 



(5.2.36) 



where [^4] is a nonsingular constant MX M matrix. Introducing the transforma- 
tion [U{t)\ = [P] [V(t)], where [P] is a nonsingular constant M X M matrix, 
we express (5.2.36) as 



[V(t + T)] = [/r 1 [A] [P] [V(t)\ = [5] [K(f)] 



(5.2.37) 



As in the single-degree-of-freedom case we choose [P] so that [B] has a Jordan 
canonical form. Again this form depends on the eigenvalues of [^4] ; they are the 
M roots of 

|[i4] - X[/]| = (5.2.38) 

When the roots X, of (5.2.38) are distinct, [B] has the diagonal form 

\ ... 

X 2 ... 

\ 3 . . . 

X4 ... 



[B] = 







^M 



(5.2.39) 
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Consequently (5.2.37) can be rewritten in component form as 

v,(f + T) = \Vi(t) for i = 1 , 2, . . . , M (5.2.40) 

where v,- is the column solution whose elements are v il9 v i2 , . . . , v^. It follows 
from (5.2.40) that 

Y i (t + nT) = \lY i (t) 

where n is an integer. Consequently as t -> °° (i.e., « -> °°), 

f0 if IX/K1 
v,(0-< 

loo if |X,|>1 

If X, = 1 , v/ is periodic with the period T 9 while if X,- = - 1 , v,- is periodic with the 
period 2 71 

Multiplying (5.2.40) with exp [-j((t + 7 1 )] and letting X,- = exp (jjT), we 
obtain 

exp t- 7 /(r + T)] Y t (t + T) = exp (-7/0v/(0 (5.2.41) 

It follows from (5.2.41) that exp (-7,0v,(0 is a periodic vector with the period 
T. Hence v,- can be expressed in the normal form 

v,(0 = exp (7/f)*,(0 (5.2.42) 

where 0,(f + T) = <h(t) 

When the roots of (5.2.39) are not distinct, [B] cannot be reduced in general 
to a diagonal form, but it can be reduced to the Jordan form 

'[B ] 

[B t ] 



[Z?] = 



[B n \ 



(5.2.43a) 



where 



[Bo 



"Xi 0, 
X 2 0, 



V <7-J 



(5.2.43b) 



and 



m = 



\ + i o 



1 





'^q+i 



0. 

.. 



1 Xq +/ 



1 ^q+i- 



(5.2.43c) 
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Thus [B ] contains the q distinct characteristic roots, while [#,-] (/ = 1, 2, 
. . . , n) contains the repeated roots. The number of rows s,- in each of [B ( ] 
equals the number of times the characteristic root \ q+i is repeated. Hence 
(5.2.37) can be decoupled into n + 1 groups. Associated with each group are s k 
solutions, where s is the number of distinct roots (q) and s k for k > is the 
number of times that the (q + A:)th root is repeated. Thus s + Si + • • • + s n = M. 
It follows that 



v 1 (/+r) = X 1 v 1 (r) 



(5.2.44a) 



v q (t + T) = \ q y q (t) 
v q+ i(t+T) = \ q+l y q+l (t) 



(5.2.44b) 

(5.2.44c) 



v*«, (t + T) * Vi V* E (0 + V*! -i W (5.2.44d) 

V, i+1 (t + 7 1 ) = \, +2 v,„ i+1 (0 (5.2.44e) 

V* I+2 (' + T ) = \ + 2 V Q + J 1+ 2(0 + V*i+i (0 (5.2.440 



V, a (r + T) = \, +2 v Q+ , a (0 + V , 2 _j (r) (5.2.44g) 



Hence 



V/c (r) = exp (7*0** (0 



v fc+ i(0 = exp(7fc0 



**+i (0 + ^-0* (0 



.[, 



(5.2.45a) 
(5.2.45b) 



r r(f - T) 

v k+2 (t) = exp(j k t)\<t> k+2 (t) + — <t> k+l (t)+ 2? ^ 2 fc (f) I (5.2.45c) 



] 



v fc+n (0 = exp (7 fc r) k+n (O + — ktn -i(O + 27 , 2x2 k + B - 2 (O 



r(r-r)...(r+r-«r) 
+ '" + ^rn ** (f) 



] 



(5.2.45d) 
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for n = 1, 2, . . . ,Sfc, where 

<t> k+} it + T) = <p k+J (t\ 7=1,2, ...,** 

Since 7 fc = (1/7 1 ) In X fc , the solutions v fc+1 , v fc+2 , . . . , v fc+5fc are bounded for all 
t when \\ k \ < 1 and unbounded as r^°°if |X fc | > 1. 

To determine the eigenvalues and hence the characteristic exponents of 
(5.2.32), one can numerically calculate a fundamental set of solutions of 
(5.2.35) by using the initial conditions [£/(0)] = [/] during a period of oscilla- 
tion. Then [A] = [U(T)] according to (5.2.36). Then solving the characteristic 
equation (5.2.38) yields the X's. With modern computers, numerical methods 
for the implementation of Floquet theory have been widely used (e.g., Kane and 
Sobala, 1963; Mingori, 1969b; Brockett, 1970; Peters and Hohenemser, 1971; 
Friedmann and Silverthorn, 1974). However the main deficiency of this method 
has been the computational effort required for evaluating the fundamental 
matrix for large systems. This computational effort necessitates n passes for the 
calculation of n linearly independent solutions over the period T of the system 
(5.2.35). To overcome this deficiency, Hsu (1972, 1974a) and Hsu and Cheng 
(1973) developed various methods for approximating the fundamental matrix 
during one period. The most efficient method seems to consist of approximating 
the periodic matrix [F{i)\ by a series of step functions. Friedmann, Hammond, 
and Woo (1977) developed a numerical scheme that yields the fundamental 
matrix in one pass rather than in n passes. 

The results of the preceding numerical calculations yield information about 
the stability of the system for a given set of the system parameters, and the 
numerical calculations need to be repeated if any parameter in the set is 
changed. In practical problems one is not interested in the behavior of a given 
system with specified system parameters but in the behavior of a class of systems 
with parameters ranging over some domain. To determine the transition curves 
and surfaces separating the stable and unstable motions in the parameter space 
with the implementation of the Floquet theory, one is forced to use a Newton- 
Raphson procedure (e.g., Thurston, 1973) or establish a gridwork in the param- 
eter space and separately assess the stability at each of the nodal points of the 
gridwork (e.g., Kane and Sobala, 1973; Mingori, 1969). As mentioned in the pre- 
ceding section, such a procedure is expensive, time consuming, and may lead to 
serious computational difficulties. In Sections 5.3 and 5.4 we discuss alternate 
analytic approaches to the determination of the characteristic exponents and the 
boundaries separating stability from instability. 

5.3. Single-Degree-of-Freedom Systems 

Parametric excitations of single-degree-of-freedom systems have been studied 
extensively. As a result there exist a number of books devoted to such studies 
such as Bondarenko (1936), McLachlan (1947), and Magnus and Winkler (1966). 
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There exist also a number of books that treat such systems as discussed in the 
introduction of this chapter. 

There are a number of analytic techniques available for the determination of 
the stability, characteristic exponents, and boundaries separating stability from 
instability. These techniques can be divided broadly into three classes. The first 
class uses Hill's method of infinite determinants (Hill, 1886). This technique was 
used extensively for single-degree-of-freedom systems, and recently it has been 
applied to multidegree-of-freedom systems (e.g., Proskuriakov, 1946; Valeev, 
1960a, 1961; Bolotin, 1964; Meirovitch and Wallace, 1967; Lindh and Likins 
1970; Brockett, 1970; Fu and Nemat-Nasser, 1972a, b; Yakubovich and Star- 
zhinskii, 1975; Lee, 1976). The second class consists of perturbation methods 
that are based on the assumption that the variable- coefficient terms are small in 
some sense (e.g., Nayfeh, 1973b). The third class uses Liapunov's theory (La- 
Salle and Lefschetz, 1961; Hahn, 1963; Uapunov, 1966). The latter approach 
is limited by the ability to find a suitable Liapunov function. For canonical 
systems one might be able to use the Hamiltonian, but for other systems one 
might not be able to find such a function. With this approach one determines 
qualitatively the stability of the system in the large, but one cannot determine 
quantitatively the system response. This method was used by a number of 
investigators including Caughey and Gray (1964), Meirovitch and Wallace 
(1967), Dickerson and Gray (1969), Hsu and Lee (1971), and Lee and Hsu 
(1972). In this book we do not discuss the Liapunov method. 

In Sections 5.3.1 through 5.3.3 we use the Mathieu equation to describe Hill's 
(1886) determinant, the Lindstedt-Poincare technique, and the method of 
multiple scales. We treat Hill's equation in Section 5.3.4, effects of viscous 
damping in Section 5.3.5, and nonstationary excitations in Section 5.3.6. 

5.3.1. HILL'S INFINITE DETERMINANT 

In this section we use Hill's infinite determinant to obtain the stability 
boundaries of the Mathieu equation (Mathieu, 1868; Whittaker and Watson, 
1962, pp. 413-416): 

ii + (S +2€cos2f)" = (5.3.1) 

According to the Floquet theory (see Section 5.2.1), (5.3.1) has normal solu- 
tions of the form 

w = exp (70*(0 (5.3.2) 

where 0(0 = <P(t + it). Expressing 0(0 in a Fourier series, we rewrite (5.3.2) as 

u~ ^ <p n exp [(7 + 2in)t] (5.3.3) 
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where the <j) n are constants. Substituting (5.3.3) into (5.3.1) yields 

£ {[( 7 + 2m) 2 +5]0„exp[(7 + 2/K)f]} 

oo 

+ e Z ^ifrxp [7r + 2/(n + l)r] +exp [7r + 2/(n- l)f]}=0 (5.3.4) 

Equating each of the coefficients of the exponential functions to zero yields the 
following infinite set of linear, algebraic, homogeneous equations for the <p m : 



[(7 + 2im) 2 + 8] <t> m + e(4> m -i + m+1 ) = 



(5.3.5) 



For a nontrivial solution the determinant of the coefficient matrix in (5,3.5) 

must vanish. Since the determinant is infinite, we divide the rath row by 

6 - 4ra 2 for convergence considerations and obtain the following Hill's 
determinant: 



A(7) = 
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HILL'S INHNI1E DETERMINANT 



(5.3.6) 

This determinant can be rewritten as (Whittaker and Watson, 1962, pp. 415- 
416) 



A( 7 ) = A(0)--^i^- 



(5.3.7) 



sin 2 (±7r>/6) 

Since the characteristic exponents are the solutions of A(y) = 0, they are given 
by 

7 = + — sin" 1 [A(0) sin 2 (± ns/8)] l ' 2 



(5.3.8) 



Once 7 is known, the <j>„ for n ¥= can be related to 4>o from (5.3.5). However 
the expression for y involves the determination of an infinite determinant, which 
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is not a trivial matter. When e is small, approximate solutions can be obtained by 
considering only the central rows and columns (i.e., the rows and columns 
centered around the one corresponding to m = 0) of Hill's determinant (Bolotin, 
1964). 

Considering the central three rows and columns, we have the following approx- 
imate characteristic equation: 

5+(7-2/) 2 e 

6 5 + y 2 e =0 

e 6 + (7 + 2/) 2 

or 
[S+(7 + 20 2 ](S+7 2 )[5+(7-20 2 ] 

- e 2 [S+( 7 + 20 2 ] -e 2 [S+( T - 2/) 2 ] =0 (5.3.9) 

The transition curves separating stability from instability correspond to j = 
(i.e., periodic motions with the period it) or y = ±i (i.e., periodic motions with 
the period 2tt). 
When 7 = 0, (5.3.9) leads to the transition curves 

5=-±e 2 (5.3.10) 

and 

S=4 + ±e 2 (5.3.11) 

When 7 = z, (5.3.9) leads to the curves 

5 = 1 ±e (5.3.12) 

and 

S=9 + |e 2 (5.3.13) 

To determine better approximations to the above transition curves and to deter- 
mine approximations to the other transition curves, one needs to consider 
higher-order determinants. It is clear that this approach is not systematic, and 
one does not know to what order the obtained expansions for the transition 
curves are valid. In fact, it is shown in the next section that the correct coeffi- 
cient for e 2 in (5.3.11) is -^ and not \. Moreover the correct coefficient for e 2 
in (5.2.13) is -^ and not ^. 

5.3.2. THE METHOD OF STRAINED PARAMETERS 
In this section we consider an alternative of Hill's method, the method of 
strained parameters. As we shall see, this method is well suited for the deter- 
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mination of the transition curves when e is small. Following this method one 
assumes, based on the Floquet theory, that the characteristic exponent is or i 
(i.e., the solutions have periods of it or 2ir) and then determines the values of 
the parameters for which the assumption is true. Thus this method does not 
yield a solution that is valid in a small neighborhood of a transition curve; rather 
it yields a solution that is valid right on a transition curve. In the next section 
the method of multiple scales is used to obtain solutions that are valid in small 
neighborhoods of transition curves. 

We seek the solutions of (5.3.1) having periods of n and 2n and the equations 
for the transition curves 5 = 6(e) in the form of the following perturbation 
expansions: 

i/(f; e) = MO + eu x (t) + e 2 u 2 (t) + • ■ • (5.3.14) 

6=5 + eb x +e 2 S 2 +■ ■• (5.3.15) 

Substituting (5.3.14) and (5.3.15) into (5.3.1) and equating coefficients of like 
powers of e, we obtain 

w +5 w =0 (5.3.16) 

u x +d Ux =-5 1 w - 2u Q cos It (5.3.17) 

u 2 +§o w 2 = ~5 2 w " Si^i - 2u x cos 2t (5.3.18) 

The periodic solutions of (5.3.16) with period it are 

u = acos2nt + bsin2nt, « = 0, 1,2, .. . (5.3.19) 

while the periodic solutions of (5.3.16) with period 27T are 

u = a cos (2/i - \)t + b sin (2« - l)f, n = 1, 2, 3, . . . (5.3.20) 

where a and b are constants. Here we treat the cases 5 = 0, 1, and 4. 

The Case 6 =0. In this case w -a and (5.3.17) becomes 

u x =-aS x - 2aco$2t (5.3.21) 

In order that u x be periodic, 5! = 0. Then the solution of (5.3.21) is 

u x =^acos2f (5.3.22) 

In this example we are able to determine a periodic solution without considering 
the complementary solutions of the u n for n > 1 . However this is not the case 
in general, as we shall see when we consider Hill's equation. 
Substituting for u and u x into (5.3.18) yields 

u 2 =-6 2 a- %a(l +cos4r) (5.3.23) 
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To ensure that u 2 is periodic, we let 6 2 = -^. Hence the transition curve 
emanating from the origin is given by 

b=-\e 2 +0(e 3 ) (5.3.24)- 

and along this curve, 

u = a [1 + \ e cos It + 0(e 2 )] (5.3.25) 

This result is in agreement with (5.3.10), 

The Case 6 = 1. In this case 

w = a cos t + b sin t (5.3.26) 

Then (5.3.17) becomes 

u x + u x = -a{h x + l)cos f - Z?(5 ! - 1) sin t- a cos 3t~ b sin 3r 

(5.3.27) 

In order that u x be periodic, the terms in (5.3.27) which lead to secular terms in 
u x must vanish. That is, 

a(b x +1) = (5.3.28) 

and 

6(6! - 1) = (5.3.29) 

For a nontrivial solution it follows from (5.3.28) and (5.3.29) that either 

5i=-l and 6 = (5.3.30) 

or 

6i=l and a = (5.3.31) 

When 5 i = - 1 and 6 = 0, the particular solution of (5.3.27) is 

u x = \aco$3t (5.3.32) 

Substituting for u ,u x , and 6 1 into (5.3.18) yields 

"2 + u 2 ~ ~a(&2 + |) cos t + |tf cos 3f - --fir cos 5f (5.3.33) 

The periodicity of the solution demands that the terms in (5.3.33) which lead 
to secular terms in u 2 vanish. Thus 

5 2 =-| (5.3.34) 

Hence one of the transition curves emanating from 6 = 1 is given by 

5 = 1-e- ±e 2 +0(e 3 ) (5.3.35) 
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On this curve 

u = a [cos t + \ e cos 3f + 0(e 2 )] (5.3.36) 

When 5 = 1 and = 0, the particular solution of (5.3.27) is 

u x = \b sin 3t (5.3.37) 

Substituting for u , u u and b x into (5.3.18) yields 

^2 + w 2 =-6(62 + |) sin f- |& sin 3f- ~fc sin 5f (5.3.38) 

The periodicity of the solution requires that 

5 2 =-l (5.3.39) 

Hence the other transition curve emanating from 5 = 1 is given by 

5 = 1+6- ^e 2 +0(e 3 ) (5.3.40) 

On this curve 

u = b [sin t + \ e sin 3t + 0(e 2 )] (5.3.41) 

77ie Gwe h =4. In this case 

w -a cos 2r + & sin It (5.3.42) 

Then (5.3.17) becomes 

u l +4ui =-5 1 (tfcos2f +fc sin2r)- a(\ + cos4f)- b$in4t (5.3.43) 

The periodicity condition demands that 5i = 0. Then the particular solution of 
(5.3.43) becomes 

u x = - \a + j^a cos 4t + j3 6 sin 4f (5.3.44) 

Substituting for w and u x into (5.3.18) and recalling that b x = 0, we obtain 

u 2 + 4u 2 =-^(5 2 ~ T2) cos2r- Z>(6 2 + j2)sin2? 

- yj cos 6r - Y^b sin 6/ 1 (5.3.45) 

The periodicity condition demands that 

<z(6 2 -fk) = (5-3.46) 

and 

£(5 2 + T2) = (5.3.47) 

For a non trivial solution it follows from (5.3.46) and (5.3.47) that either 

5 2 =^ and b = (5.3.48) 
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or 

6 2 =- ^ and a = (5.3.49) 

Hence the transition curves emanating from 5 = 4 are 

S=4+^e 2 +0(e 3 ) (5.3.50a) 



and 



on which 



6=4- ^e 2 +6>(e 3 ) (5.3.50b) 

u=a cos 2t- ^ea(l - ± cos4f) + 0(e 2 ) (5.3.51a) 



and 



u = b sin It + -^ eb sin At + 0(e 2 ) (5.3.51b) 

respectively. These results are not in agreement with (5.3.1 1). 

5.3.3. THE METHOD OF MULTIPLE SCALES 

In this section we consider another alternative of Hill's method, the method of 
multiple scales. Three cases are taken up: 6 away from zero, unity, and four; 
6 near four; and 5 near unity. 

We seek a second-order uniform expansion for (5.3.1) in the form 

u(t\ e) = u (T , T x , T 2 ) + m x (T Q , T x , T 2 ) + e 2 u 2 (T , 7\ , T 2 ) + • • • 

(5.3.52) 

where T n = e n t. Here we do not choose to expand 6 as in (5.3.15); rather we 
effect the straining by introducing a detuning parameter. Substituting (5.3.52) 
into (5.3.1) and equating coefficients of like powers of e, we obtain 

Z>ow +$w =0 (5.3.53) 

D\u x + 5«! = - 2D DiU Q - 2w cos 2T (5.3.54) 

Dlu 2 + Su 2 =-2D D 2 u - D\u - 2D D l u l - 2u x cos 2T (5.3.55) 

where D n ~ 3/dr„. In deriving (5.3.53) through (5.3.55), we assumed that 5 is 
away from zero. The case 6^0 can be handled by letting 6 = e 2 6 2 in (5.3.1) 
before equating the coefficients of like powers of e. 
The solution of (5.2.53) can be written as 

u ^A(T^ T 2 ) exp (io>T ) + A{T X , T 2 ) exp (-icoT ) (5.3.56) 

where 6 = co 2 . Hence (5.3.54) becomes 

Dlu x + u> 2 u x = -2iu>D x A exp (icjT ) ~ A exp [i(2 + cj) T ] 

- A exp [i(2 - cj) T ) + cc (5.3.57) 
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In analyzing the particular solution of (5.3.57) we need to distinguish between 
two cases: co away from 1 and co ^ 1. 

The Case co away from 1. Eliminating the terms that produce secular terms in 
(5.3.57) leads to D X A = so that A - A(T 2 ). Hence the particular solution of 
(5.3.57) is 



A A 

U\ = — — exp [i(2 + co) T ] ~ 777 — -exp [i(2 - co) T ] + cc 



4(co+l) 



4(co - 1) 



(5.3.58) 



Substituting for u and u x into (5.3.55) yields 

A 



-[■ 



D u 2 + co 2 w 2 = -2iu)D 2 A + 



2(co 2 - 1) 



exp (icoT ) 



A A 

exp [i(4 + co) T ] + 77^ — -exp [i(4 - co)] T + cc (5.3.59) 



4(co + 1) 



4(co- 1) 



In determing the particular solution of (5.3.59) we need to distinguish between 
two cases: co away from 2 and co *» 2. 

When co is away from 2, elimination of terms that produce secular terms in 
(5.3.59) yields 

A 
2icoD 2 A - T7-, — rr = (5.3.60) 



Hence 



A = 2 a exp 



2(co 2 - 1) 



4co(co 2 - 1) 



T 2 + 10 



(5.3.61) 



where a and are constants. Substituting for u and u x from (5.3.56) and 
(5.3.58) into (5.3.52), making use of (5.3.61), and replacing T n by e n t, we 
obtain the following approximate solution when co is away from 1 and 2: 

u=a cos0+ ^ea[(co + l)" 1 cos (It + 0) - (co - l)" 1 cos (2/ - </>)] + 0(e 2 ) 



where 



-[• 



f + 



4co(co 2 - 1) 

When co ^ 2, we introduce a detuning parameter a defined by 

2 = co + e 2 a 
and express (4 - co) T in (5.3.59) as 

(4 - co) T = co7 + 2e 2 o^o = cor o + 2oT 2 



(5.3.62) 

(5.3.63) 

(5.3.64) 
(5.3.65) 



2icoD 2 A + ^77^ — — + -^y- — — exp (2ioT 2 ) = (5.3.66) 
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Then elimination of the terms that produce secular terms in (5.3.59) gives 

_A ~A 

2(u 2 - l) + 4(co- 1) 

To obtain the solution of (5.3.66) we let 

A(T 2 )=B(T 2 )exp(ioT 2 ) 

and find 



2ioiD 2 B + \ 2coa + 



2(co 2 - 1) 



s + ^T)-- (5367) 



Putting B = B r + iBi with real B r and B t in (5.3.67) and separating the real and 
imaginary parts, we have 



-2oiD 2 B r + 


1 1 


4(co+l)J 


2ooD 2 B; + 


cj + 3 
4(co 2 - 1) 



£,• = 



(5.3.68) 



The solution of (5.3.68) can be expressed as 

£, = Z>,exp(77U ^ = 6, exp (t^) (5.3.69) 

where b r and b ( are constants and 
1 



» 2 _ - 

4gj> 2 



y =-7^2 



2 "> a " „ * ^ 2 ^ q + ,^ i I (5.3.70) 

L 4(co+l)JL 4(co 2 -l)J 

The motion is unstable when j 2 is positive definite. Thus the motion is unstable 
when 

T-T—^ <o< 7 (5.3.71) 

8co(co 2 - 1) 8co(co+ 1) v ' 

and otherwise is stable. Because cj ^ 2, the transition curves correspond to 



o^M and a*-^- 



Therefore the transition curves emanating from to = 2 are given by 

oj = 2-4e 2 + "* a nd gj = 2 + ^ e 2 + • • • 
Since 5 = oj 2 , the transition curves emanating from 8 = 4 are 



6=4- ^e 2 +••• and 5=4+^e 2 +— (5.3.72) 
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in agreement with those obtained earlier by using the Lindstedt-Poincare 
technique. 

The Case oj ^ 1. In this case we introduce a detuning parameter o according 
to 

l=oj+eo (5.3.73) 

and we express (2 - co) T as 

(2 - cj) T = coT + 2eoT = coT + 2oT x (5.3.74) 

Then in (5.3.57) secular terms in u x are eliminated if 

2iojD x A + A exp (2ioT l ) = (5.3.75) 

Consequently the particular solution of (5.3.57) becomes 

u x =^(cj+1) _1 exp [i(2 + co)r ] + cc (5.3.76) 

Substituting for u and u x from (5.3.56) and (5.3.76) into (5.3.55) yields 

D\u 2 + co 2 u 2 =- [2iuD 2 A+D]A + {(oj+ l)" 1 ^] exp (icoT ) 

- ^(cj+1)" 1 exp[i(4 + u>)T ] 

- £i(2 + co)(g; + \)" l D x A exp [z(2 + cj)7 ] + cc 

(5.3.77) 

Eliminating the terms that produce secular terms from (5.3.77) and keeping in 
mind that co ^ 1 , we obtain 

2iojD 2 A + D\A + \{y> + \y l A = (5.3.78) 

To determined, we combine (5.3.75) and (5.3.78) as follows. From (5.3.75), 

D\A = \ico~ l [2ioA + D X A] exp (2ioT x ) = - aoT'Zexp (2ioT x ) + \ co~ 2 A 

(5.3.79) 

Eliminating D\A from (5.3.78) and (5.3.79) gives 

CO 2 + CJ + 1 O — 

2icoD 2 A + r- A - -A exp(2ioT x ) = (5.3.80) 

It can be easily shown that (5.3.75) and (5.3.80) result from a multiple-scales 
expansion of 

dA ( ea\ - , oj 2 + oj + 1 

2io; — +€ 1 - —\A exp(2iea0 + e r- -,4=0 (5.3.81) 

dt \ oj v 4oj 2 (oj+1) 
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We seek a solution for (5.3.81) in the form A = (B r + iB ( ) exp (ieot) with real 
B r and B h separate real and imaginary parts, and obtain 



2co- 



dB r 
dt 



e + 2eaco 



*^-[ 



e - 2eaco 



e 2 a 



-+e 2 



CO 



+ CO+ ll 



(5.3.82) 



dt I' to " 4co 2 

Equation (5.3.82) admit a solution in the form 

(£,,*,) = (*,,*,) exp (70 (5.3.83) 

with constant Z? r and b h provided that 

eo e(co + 1 + co 2 ) I I ^ eo e(co+l+co 2 ) 
1 +2aco V-r^ — —rr\ U - 2aco + „ , — 



4co 2 7 2 



:(CQ+l+CQ 2 ) 1r 

4co 2 (co+l)J[ 



co 4co 2 (co+l) 



(5.3.84) 

The motion is unstable when 7 2 is positive definite. Therefore the motion is 
unstable when 



2co 



■1 + 



6(CQ 2 - CO ~ 1) 

4co 2 (co+ 1). 



<0< 



2co 



1 + 



6(C0 2 



1) 



4co 2 (co + l) m 



(5.3.85) 



and otherwise is stable. Because co = 1 - ea, the transition curves emanating 
from 5 = 1 correspond to 



o = -^+j z e + 0(e 2 ) 



and 



Hence the transition curves are given by 

5=co 2 = l+e- |e 2 +6>(e 3 ) 
and 

5 = co 2 = 1 - e- £e 2 +0(e 3 ) 



(5.3.86) 
(5.3.87) 
(5.3.88) 
(5.3.89) 



in agreement with those obtained earlier by the Lindstedt-Poincare technique. 

We note that one cannot expand (5.3.84) for small € in the neighborhood of a 
transition curve where 1 + 2aco is the same order as e{(a/co) + (co 2 + co + 1)/ 
[4co 2 (co + 1)]}. This is the reason that equations (5.3.75) and (5.3.78) were 
combined into the single equation (5.3.81), which was used to determine the 
transition curves. 
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5.3.4. HILL'S EQUATION 

In this section we consider a somewhat general form of the equation of motion 
for a parametrically excited system, namely Hill's equation (Hill, 1886) 



w + 



5+ Z e m f m (t)]u = Q (5.3.90) 



v/htre f m (t + n)=f m (t). 
Without loss of generality we may assume that 

[ f m (t)dt = (5,3.91) 

and hence that each function f m can be represented by a Fourier series having 
the form 

fm = Z ( a mn cos Int + m „ sin 2ni) (5,3.92) 

n = \ 

Approximate solutions of this problem were obtained by Bondarenko (1936), 
Klotter and Kotowski (1943a, b), Struble and Fletcher (1962), Magnus and 
Winkler (1966), Yang and Rosenberg (1967), Rand (1969), Rand and Tseng 
(1969), Mostaghel and Sackman (1970), Hamer and Smith (1972), Nayfeh 
(1972), Rubenfeld (1973), and Karpasiuk (1973). 

Here we limit our analysis to the determination of the transition curves for 
the system governed by (5.3.90) when e is small. Thus it is most convenient 
to use the method of strained parameters. Accordingly we assume expansions 
of the form 

u(t\e) = w (0 + e«i(0 + e 2 "2(0 + * ' ' (5.3.93) 

5(e) = 5 + €5 1 +e 2 5 2 + — (5.3.94) 

Substituting (5.3.92) through (5.3.94) into (5.3.90) and equating coefficients 
of like powers of e, we obtain 

«o + 5 m =0 (5.3.95) 

"i +5 wi =-(5 1 +/i)«o (5.3.96) 

«2 + 5 M 2 = "(5, +/i) u, - (8 2 +/ 2 ) "o (5.3.97) 

According to the Floquet theory, u has either the period it or 27T along a tran- 
sition curve. Thus we write the solution of (5.3.95) in the form 

"o = #o cos «f+ b sin nt (5.3.98) 
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where n is a nonzero integer (the special case of n equals zero is considered later) 
related to 5 by 

n 2 = S (5.3.99) 

and a and b are arbitrary constants at this point. 
Substituting for w hito (5.3.96) leads to 

ii l +5 M! =- [(5j +^ai„)fl o + i0i„M cos "' 

- [(5 t - \a ln ) b + \Pi n a ] sin «f 

~\ Z K^oOfim " ^o|8i w )cos(2m + w)r 

m = l 
+ (flfoiSim + ^o«i w ) sin (2m + «) f] 

oo 

-| X K*o<*i.it + Mim) cos (2m - w) t 

m ^ n 

+ («o0im - b a lm ) sin (2m - n) t] (5.3.100) 

To eliminate secular terms from Ui , we must put 

(6, + ia, n )a + TPi«*o=0 (5.3.101) 

and 

iPi««o + (8|-i«i«)*o=0 (5.3.102) 

For a nontrivial solution to exist, 

5 1 =±i(«i„+^) 1/2 (5.3.103) 

It follows from (5.3.101) and (5.3.102) that in general a and b are related 
by 

a o=~ ^ P *" b (5.3.104) 

25 1 +a ln 

Only when 5 1 is zero (i.e., a ln = p ln = 0) are a and Z> not related at this level 
of approximation. 



5.3. SINGLE-DEGREE-OF-FREEDOM SYSTEMS 297 
The solution for u x has the form 

1 
"i = Z ^~~ T-TT [(^aim ~ boPim) cos (2m + n)t 

m - 1 v ' 

+ (QoPim + ^o a im) ^ (2w + n) t] + ^i cos nt + £j sin ftf 

1 

+ L ^~ x [(a a lm +b $ lm ) cos (2m - n)t 

m = l 8m(m~ n) 

m =£ n 

+ (aoPim " b Q a lm ) sin (2m - n) t] (5.3.105) 

where #! and b\ are arbitrary constants. We note that u x must contain the com- 
plementary solution if 5 j is not zero, but not if 5 j is zero. The reason will 
become obvious later. 
Substituting (5.3.98) and (5.3.105) into (5.3.97) leads to 

ti 2 + 5 w 2 =-[(5j +£<*!„) *! +\&\ n b\ ~y\a Q ~ y 2 b ] cosnt 

- \\$\n*\ +(«i ~ \<*\n)bi ~y 2 ao-yib ] smnt + NST (5.3.106) 

where NST denotes the terms which cannot lead to secular terms in w 2 > and 

ajm +Pim + 2(<Xim a lm + n + PimPlm+n) 
m = i \6m(m + ri) 



y\ =-5 2 " \oc 2n - £ 



y a lm + Pirn n y$ a in-m a lm Pln-mPlm (5 3 107^ 

% 16m(wi - w) " ^ 16m(wi - w) l ' ' } 



m 

m ± n 



„ _ 1 /> v^ a lmPln+m Plm a ln + r 

y2 ~ 2P2n z, ~ 



\6m(m + w) 

Z°° a lmPlm+n ~ Pim a lm+n n ^i Pim a ln-m + a lmPln-n 



m = \ 

m =£ n 



\6m(m + ri) J^ x 16m(m~n) 



(5.3.108) 



^3 - - 5 2 + 2 a 2« - X " ; : - 

m = i 16m(m + n) 



„£, 16m(m - if) " i, 16m(/» -it) I • • J 



m ^ n 
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Thus to eliminate secular terms from u 2 , we must put 

(8 X + \a ln )a x + \ $ ln b x = y l a + y 2 b (5.3.110) 

T0in*i +(»i - k*in)t>i =y 2 ao+y3b (5.3.111) 

In determining 5 2 from (5.3.1 10) and (5.3.1 1 1), we need to consider two cases: 
5 1 is zero and 5 { is nonzero. 

The Case 8 X = 0. Referring to (5.3.103), we see that 8 U a in , and lw are 
zero. Thus (5.3.1 10) and (5.3.1 1 1) reduce to 

^i^o+^2^o = (5.3.112) 

^2^0+^3^0=0 (5.3.113) 

Recalling that the elimination of secular terms from u x does not impose a 
relationship between a and b when 8 X is zero, we see that secular terms can 
be eliminated from u 2 , and a nontrivial solution exists if, and only if, 

^1^3-^2=0 (5.3.114) 

Equation (5.3.1 14) can be solved for 5 2 . 

The Case 8 X i^ 0. Considering a x and b x as the unknowns, we note that the 
determinant of the coefficient matrix is zero and that it is possible to obtain a 
solution only if 

(5, + £<*!„) (y 2 a + j> 3 *o)- t0i„O>i*o+.)>2M = O (5.3.115) 

In this case a and b are not independent, being related by (5.3.104). Thus 
(5.3.1 1 5) can be written as 

/3m [(25 1 + <* ln )y 2 - p ln y l ] - (25, + oc ln ) [(28, + a ln )y 3 - ln y 2 ] = 

(5.3.116) 

Equation (5.3.116) can be solved for 8 2 . 

The Case 8 & 0. In this case we do not know a priori the order of 5. Thus 
we write 

8 = e8 x +e 2 5 2 + "- (5.3.117) 

Then instead of (5.3.95) through (5.3.97) we obtain 

«o=0 (5.3.118) 

«i=-(«i +/i)«o (5.3.119) 

"2=-(5i +/ 2 )«i -(5 2 +/ 2 )m (5.3.120) 
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The periodic solution of (5.3.118) is 

"o=0o (5.3.121) 

where a is an arbitrary constant. Then (5.3.1 19) becomes 

CO 

Ux =-8 l a - a £ ( a im cos 2mt + lm sin 2mt) (5.3.122) 
m = i 

Thus to eliminate secular terms from u x , we must put 

5 X =0 (5.3.123) 



It follows that 



1 
"1=01 + 400 Yu ~r( ft im cos2/wf + lm sin 2mi) 



m = \ 

(5.3.124) 

where a x is an arbitrary constant. 
Substituting (5.3.121), (5.3.123), and (5.3.124) into (5.3.120) lead to 

+ NST (5.3.125) 



u 2 =-a 


1 ^ ft lw + ftm , c 
8 2L 2 +6 2 

m - 1 -> 


Thus to eliminate secular terms we must put 


c 1 v- a im + film 
m = l " f 


Example. We consider 


f i 


+ fX 4- 8 , „,~ c 3 o A ,i = H 



which can be written as 

2 



(5.3.126) 

(5.3.127) 
u + (5 + 2e cos 2f + | e cos 60" = (5.3.128) 



Thus 



3 

and all other a im and ft m are zero. It follows that 



an =2, a 13 =f (5.3.129) 



5 = -fl e 2 + 0(e 3 ) (5.3.130) 



81 

J_9 ^2 . ^^ 



5 = 1 ±e- i^e 2 +0(e 3 ) (5.3.131) 

5=4+ ^e 2 + 0(€ 3 ) (5.3.132) 

5=4- ^e 2 + 6>(e 3 ) (5.3.133) 
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5 .3 .5 . EFFECTS OF VISCOUS DAMPING 

In this section we consider the effect of small viscous damping on the response 
of the parametrically excited system of the preceding section. Thus we modify 
(5.3.90) to 



« + 2 M el+[5+ f; e m f m {t) 

L m = l 



u = (5.3.134) 



where ju > 0. Gunderson, Rigas, and van Vleck (1974) proposed a technique for 
determining the stability regions of the damped Mathieu equation. Introducing 
the transformation u = v exp (rixt), we rewrite (5.3.134) as 



v + 



M 2 + X € m f m (t) 



v = (5.3.135) 



which has the same form as (5.3.90). Therefore the effects of the viscous 
damping are to decrease the growth rate by ju and to modify the natural fre- 
quency of the system from 5 1/2 to (5 - ju 2 ) 1 ' 2 - Both of these effects are 
stabilizing. 

To analyze the response of systems including the effects of viscous damping, 
one can either use the methods of the preceding sections directly on (5.3.134) 
or use the method of multiple scales or the method of averaging to determine 
a uniform expansion for u. In the remainder of this section let us use the 
Lindstedt-Poincare technique directly on (5.3.134) and determine the transi- 
tion curves for the principal-resonance case. To accomplish this, we set ju = eju. 

Substituting (5.3.93) and (5.3.94) into (5.3.134) and equating the coefficients 
of e° and e to zero, we obtain 

u + 5 w =0 (5.3.136) 

ii, + b Q u x =-(5 1 +/ 1 )i/ - 2jum (5.3.137) 

The solution of (5.3.136) is given by (5.3.98) where 5 = n 2 . Then (5.3.137) 
becomes 

u x + n 2 u x =- [(8i + %a ln )a + (|j3i„ + 2juw)Z> ] cos nt 

~ K«i - ^<Xin)l>o + (^Pi n - 2 fin) a ] sin nt + NST (5.3.138) 
Eliminating the terms that lead to secular terms yields 

(81 + £ <*in)*o + (%p ln + 2£«) b =0 (5.3.139) 

(£0i„- 2£rt)ff + (5i ~ ^<*in)l>o =0 
Hence 

5?={(a?„ + 0?„)-4M 2 « 2 (5.3.140) 
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Figure 5-9. Effect of viscous damping on the stability of the solutions of the Mathieu equa- 
tion. Shaded areas are unstable. 



and the transition curves separating stability from instability are given by 

6 = n 2 1 i [« + 2 „) e 2 - 16,i 2 H 2 ] " 2 + • • • (5.3.141) 

Therefore the motion is completely stabilized to first order by the viscous 
damping if ju > ju c = (4H)" 1 {a\ n + Pi n )^ 2 e. Otherwise there is still a region of 
instability. However the viscous damping decreases this unstable region by lifting 
it from the 6 -axis and narrowing its boundaries in the eS -plane as shown in 
Figure 5-9, This figure shows the transition curves to second order for the 
Mathieu equation. They are given by 

5=-±e 2 + — (5.3.142) 

5 = 1 + (e 2 - 4m 2 ) 1/2 - i e 2 + • • • (5.3.143) 

5=4 + ^e 2 ±(£e 4 - 16ju 2 ) 1/2 + • • ■ (5.3.144) 

In deriving (5.3.144) we assumed that /! = 0(e 2 ); if jLt is bigger the motion near 
5=4 will be completely stabilized. We note that the viscous damping does not 
affect the transition curves near 5=0. 
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5.3.6. NONSTATIONARY EXCITATIONS 

In the examples discussed so far the natural frequency of the system is con- 
stant and the amplitude and frequency of the excitation are constant; that is, 
the oscillations are stationary. Bogdanoff (1962) generalized the results of 
Lowenstern (1932) on the effect of high-frequency, small-amplitude parametric 
excitations to the case of small, rapid, quasi-periodic excitations. Hemp and 
Sethna (1968) generalized the results of Bogdanoff to include the effects of ex- 
ternal forces, simultaneous occurrence of slow and fast excitations, and occur- 
rence of several fast excitations with frequency values close to each other. Moran 
(1970) studied transient motions in dynamic systems with high-frequency 
parametric excitations. Their results show that a parametric excitation having 
two frequencies that are close to each other in magnitude may destabilize an 
inverted pendulum that would otherwise be stable if it were not for the close- 
ness of the two frequencies, in agreement with the experimental results of 
Bogdanoff and Citron (1965). In this section we consider nonstationary oscilla- 
tions. For simplicity, we consider nonstationary excitations whose amplitude 
and frequency are slowly varying functions of time. Thus we consider 

w+ [co 2 + 2efc(ef)cos0] w = (5.3.145) 

where 

= fi(ef) = 2w + eo(et) (5.3.146) 

We seek a first-order uniform solution to (5.3.145) in the form 

W = w (r ,r 1 ) + ew 1 (r ,r 1 )+ ■• (5.3.147) 

where 

Substituting (5.3.147) into (5.3.145) and equating coefficients of like powers of 
e yield 

Dlu + to 2 u =0 (5.3.148) 

Dlu x + co 2 u x = -2D D x u - 2u k(T x ) cos 6 (5.3.149) 

The solution of (5.3.148) can be expressed as 

u = A(T t )exp(icjT )+cc (5.3.150) 

Hence (5.3.149) becomes 

DqU x + co 2 u x = -2iooA' exp (icoT ) - kA exp [i(coT + 9)] 

- kA exp [i(0 - coT )] + cc (5.3.151) 

Since ^ 2co, 6 - 2co7 T is a slowly varying function of t y that is, it can be 
considered a function of T x . Then eliminating the terms that produce secular 
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terms in u x yields 

2itoA' + kAexp [i(6 - 2coT )] = (5.3.152) 

Letting 

A = \a exp \\i<a + ~ 2ooT Q )] 
with real a and y in (5.3.152) and separating real and imaginary parts, we obtain 

, k(T x ) 



a ~- 



2(j0 



sin 7 



7 = -a(/ 1 ) + cos 7 



(5.3.153) 



GJ 



Alternatively we let A = (x + iy) exp (jifodT 1 ) in (5.3.1 52) with real x and >>, 
separate real and imaginary parts, and obtain 






7 

For constant a and /:, the general solution of (5.3.155) is 
x = c x exp (yT t ) + c 2 exp (-7^ ) 
jy = 2coy(k + Geo)' 1 [c x exp (yT t ) - c 2 exp (~yT x )] 



(5.3.155) 



(5.3.156) 




Figure 5-10. Nonstationary parametric excitation of the 
f Mathieu equation: (a) n = 0.01 ; (b) ju = 0.015; (c) n = 0.2. 
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where y = ^(k 2 co~ 2 - a 2 ) 1 ' 2 . When a and k are time varying, the solution 
deviates from (5.3.156); the deviation increases with the rate of variation of a 
and k. 

Croll (1975) considered a system for which a is a constant while k = exp 
(- efit). For this case Figure 5-10 shows the variation of x with T x for co = 1 , a = 
0.8, and three values of ju and for the initial conditions x(0) = 1 and y(0) = 0. 
We note that the three curves are drawn to the same scale. It is clear that x and 
y become periodic in all cases because the excitation causing the nonstationary 
behavior decays with time. An analysis of the stationary case shows that the 
motion is unbounded for k > o and bounded for k < o. Since x and>> grow in- 
itially and then decay, the growth depends on the rate at which k decays, that is 
on the value of ju. The smaller the value of jli is, the larger the growth is and 
hence the amplitude of the resulting periodic motion as shown in Figure 5-10. 

5.4. Linear Systems Having Distinct Frequencies 

In this section we determine approximate solutions to multidegree-of-freedom 
systems that are parametrically excited. Since combination as well as simple 
resonances might occur in these systems, the method of multiple scales is more 
suited for these problems than the method of strained parameters. 

We consider nongyroscopic systems in this section and in Section 5.5; in Sec- 
tion 5.6 we consider a gyroscopic system. Thus we consider systems governed by 

x+ [A] x + 2e[B(t)] x = (5.4.1) 

where x is a column vector having TV components, [A] is an TVX TV constant 
matrix, and [B(t)] is an TV X TV matrix whose elements are periodic functions 
of t. Theorems of boundedness and criteria for unboundedness of the solutions 
of (5.4.1) were given by Cesari (1940), Cesari and Hale (1954), Gambill (1954, 
1955), and Hale (1954, 1957) when the eigenvalues of [A] are all different 
from zero, distinct, and purely imaginary. Hale (1958) treated systems for which 
[A] also has a number of zero eigenvalues, while Bailey and Cesari (1958) 
treated systems for which some of the eigenvalues of [A\ are distinct and purely 
imaginary and only one possibly zero and the remaining eigenvalues are real or 
complex with negative real parts. For comprehensive mathematical treatments 
of these systems and more references, we refer the reader to the books of Hale 
(1963) and Cesari (1971). In this section we consider only the case in which the 
eigenvalues of [A] are different from zero and purely imaginary. 

We introduce the linear transformation x= [P]u in (5.4.1), where [P] is a 
nonsingular constant matrix such that \P]~* [^4] [P] is a Jordan canonical form. 
Multiplying the result by [P]' 1 we obtain 

TV 

u n + co 2 u n + 2e X Snm(t)u m = (5.4.2) 

m=\ 
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for n = 1, 2, . . . , N when the eigenvalues of [^4] are distinct and positive. The 
g nm are the elements of the matrix [G] = [P]~ l [B] P. In general (5.4.2) repre- 
sents a system of n coupled Hill's equations. However there is a restricted class 
of (5.4.1) for which [G] is diagonal (i.e., g nm - if n i^m) and (5.4.2) repre- 
sents a system of n uncoupled Hill's equations. Hsu (1961) treated this restricted 
class and applied his results to two identical compound pendulums, double 
pendulums, masses on a noncircular shaft, and masses on a noncircular rotating 
shaft. We will not pursue the restricted class any further because its analy- 
sis involves the analysis of the individual Hill's equations as already done in 
Section 5.3. 

In Section 5.5 we treat a case in which all the eigenvalues of [^4] are distinct 
except one, which has a multiplicity of 2. In what follows we consider the case 

gnm(0=fnm COS LOt (5.4.3) 

where the f nm are constants. Thus we consider the system 

N 
U n + L0 2 n "n + 26 COS LOt Y, fnm "m = (5.4.4) 

m=\ 

We exhibit the different resonant conditions by developing a straightforward 
expansion in the next section; we use the method of multiple scales to obtain 
first-and second-order uniform expansions in Sections 5.4.2 and 5.4.3, respec- 
tively. In Section 5.4.4 we apply the results to the analysis of the lateral deflec- 
tions of columns subjected to periodic follower forces. This is the problem of 
dynamic buckling. The effects of viscous damping are discussed in Section 5.4.5. 

5.4.1. THE STRAIGHTFORWARD EXPANSION 
We seek an expansion of the form 

u n (t\ e) = u n0 (t) + eu nl (t) + e 2 u n2 + • ■ ■ (5.4.5) 

Substituting (5.4.5) into (5.4.4) and equating coefficients of like powers of e 
yields 

"no + <^ w *o =0 (5.4.6) 

u n \ + u n u nl = - £ f nr u r0 [exp (icot) + cc] (5.4.7) 

r 
u n2 + to 2 n u n2 = ~Y,fnrUn \^V ("*>0 + cc] (5.4.8) 

r 

where cc represents the complex conjugate of the preceding terms. 
The general solution of (5.4.6) can be written in the form 

u n0 = A n exp (ico n t) + cc (5.4.9) 
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where A n is a complex constant. Substituting (5.4.9) into (5.4.7) yields 

u nx + co 2 1 u n =-J^f nr A r {exp [i(co r + co)t] + exp [i(co r - co)t]} + cc (5.4.10) 



A particular solution of (5.4.10) can be written in the form 

= f exp [/(ay + co) t] exp [/(co r - co)t] 

y [ (co r + lo) z - co z n (co, - to) 1 - co* 

Substituting (5.4. 1 1 ) into (5.4.8) yields 



+ cc (5.4.11) 



U n2 + C0 2 n U n2 = -£ Y*fnrfrsA s 
r s 

exp [i(co s + 2co) t] + exp (ico s t) exp [i(co s - 2co) t] + exp (ico s t) 



(co s + co) 2 - co 2 . 



(co s - co) 2 - co 2 r 



+ cc 
(5.4.12) 



A particular solution of (5.4.12) can be written in the form 
= V V* r f a J exp t'(^ + 2co)r] 



{ [(co, + 2co) 2 - co 2 ] [(co, + co) 2 - co r 2 ] 
exp [/(co, - 2co) t] 



[(co s -2co) 2 ~co 2 n ] [(co s -to) 2 -a> 2 r ]\ 

1 1 

. + 

(a; + co s ) 2 - co 2 r (co- co s f 



" V , ^L JnrJrs^s 



1 



1 



(CO+CO„) 2 -co; (co- LO n Y 



rl< 



S^ « 



,4, exp (/ay) 

2_ / ^2 2 / - J nrJ rn**n 



wj- CO* 
exp (/co M /^) 



+ cc 



(5.4.13) 



It follows from (5.4.9) and (5.4.13) that the expansion (5.4.5) is only valid for 
short times because lim r ^oo(w M2 / w «o) ~ °°i tn i s * s * ne result of the secular terms 
in u n2 which contain the factors t exp (±ico n t). It follows from (5.4.11) and 
(5.4.13) that the expansion (5.4.5) is not valid if 



pco ~ co n ± to„ 



(5.4.14) 



where p, «, and m are integers because, when such resonant combinations of 
frequencies exist, some terms in u nl , u n2 , etc. may contain small divisors. The 
existence of such combination resonances has been demonstrated both by experi- 
ment and by analog simulation (Yamamoto and Saito, 1970; Sugiyama, Fugi- 
wara, and Sekiya, 1970; Iwatsubo, Saigo, and Sugiyama, 1973; Dugundji and 
Mukhopadhyay, 1973). 
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In order to eliminate the troublesome secular and small-divisor terms, one 
must modify the straightforward procedure. In the next section the modifica- 
tion is accomplished by using the method of multiple scales. 

5.4.2. FIRST-ORDER EXPANSIONS 

Following the method of multiple scales, one seeks a uniformly valid expan- 
sion having the form 

w „(f;6) = ^ (ro,r 1 ,r 2 ) + 6w m (ro,r 1 ,r 2 ) + 6 2 Mw2 (r ,r 1 ,r 2 ) + -- 

(5.4.15) 

Substituting (5.4.15) into (5.4.4) and equating coefficients of like powers 
of e yields 

D 2 u n0 +GJ 2 n ii n0 =0 (5.4.16) 

Dlu nl +oj 2 n u nl =-2D D x u m - ^f nr u r0 [exp(icoT ) + cc] (5.4.17) 

r 

and 

£>o"«2 + o>lu n 2 = ~ 2D Q D 2 u n0 - D\u nQ - 2D D l u nl 

- Y,fnr"nlexp(i"T )+cc] (5.4.18) 

r 

The general solution of (5.4.16) can be written in the form 

u n0 =A n (T l ,T 2 )exp(ia> n T ) + cc (5.4.19) 

Substituting (5.4. 1 9) into (5.4. 1 7) yields 
D 2 u nl +co 2 n u nl =-2ia> n D 1 A n exp(ico n T )- £f nr A r 

r 

• {exp [i(cD r + to) T ] + exp [i(co r - co) T ] } + cc (5.4.20) 

Now A n is to be chosen in such a way as to eliminate the troublesome terms 
from u nl . This choice depends on the resonant combinations of frequencies; 
five different cases are considered. 

The Case co A way from cj q ±u> p . When co is away from co q ± co p for all 
possible values of q and p, small divisors cannot appear, and the troublesome 
terms will be eliminated from u nl if 

D l A n = Q or A n =A n (T 2 ) for all n (5.4.21) 

Consequently a particular solution of (5.4.20) can be written in the form 



Unl ~T.^A r { ( ^ + co)2 _^ + ,.. - - r +cc < 5A22) 



J ( exp [g'(co r ~ w)Tq] 

(co r - co) 2 - CO 2 
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The Case LoNear co p + co q . When co is near co p + oj q , we speak of a combina- 
tion resonance of the summed type. The possibility of the existence of such 
combination resonances was discussed by Lazarev (1937) and Simanov (1952). 
They were analyzed by using different techniques by a number of investigators 
including Mettler (1949, 1967), Yakubovich (1958), Iakubovich (1959), Valeev 
(1960a, b, 1961, 1963), Schmidt and Weidenhammer (1961), Piszczek (1961), 
Hsu (1963, 1965), Lion (1966), Stevens (1966), Yamamoto and Saito (1970), 
Grybos (1972), and van Dao (1973). 

We express the nearness of co to co p + co q by introducing the detuning param- 
eter a, that is defined by 



co = oj p + co q + eo (5.4.23) 

(co - a> q ) T = co p T + oT x (5.4.24) 

(co - cj p ) T =o> q To + oT x (5.4.25) 

Then it follows from (5.4.20) that the troublesome terms are eliminated from 

2/w p /) 1 ^ p +/ w J <| exp(iar 1 ) = (5.4.26) 



Then we can write 



and 



u pl if 



from u ql if 

2ioy q D l A q + f qp A p exp (ioT, ) = (5.4.27) 

and from u nl when n =£ p and q if (5.4.21) is satisfied. In this case u pl , u ql , 
and u nl for n =£ p and q are given by (5.4.22), with the troublesome terms 
being deleted from the expressions for u pl and u ql . 
Equations (5.4.26) and (5.4.27) admit nontrivial solutions having the form 

A p =a p exp (-i\Ti) and A q - a q exp [i (X + o)T l ] (5.4.28) 

where a p and a q are complex functions of T 2 , X is the complex conjugate of X, 

X = -^[a±(a 2 -A p(7 ) 1 / 5 ] (5.4.29) 



and 



A IrpJm (5430) 



It follows from (5.4.28) and (5.4.29) that A p and A q are bounded if, and 
only if, 

a 2 >A pq (5.4.31) 
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It follows that the motion is always bounded when f pq and f qp have different 
signs. When the signs of f pq and f qp are the same, the transition curves in the 
eco-plane that separate stable from unstable solutions are defined by 



: Up + Uq ± € 



f f 1 1/2 

Wsd +0(e 2 } (5432) 



° q \ 



When p - q, (5.4.32) reduces to 



to = 2u> D ± e ^- + 0(e 2 ) (5.4.33) 

"p 

which is the known result for the Mathieu equation (Section 5.3). 

The Case to Near co q - to p . When to is near co q - to p , we speak of a combina- 
tion resonance of the difference type. When there are no other resonances to this 
order, the results can be obtained from those above by simply changing the sign 
of cj p . For this case unstable solutions occur only when f pq and f qp have dif- 
ferent signs. 

The Case to Near to p + to q and co s - co q . In this case to is simultaneously near 
to p + co q and co s - co q , there are no other resonances to this order. To express the 
nearness of to to co p + co q and co s - co q , one introduces the detuning parameters 
defined by 

co = cj p + co q + eoi and to = oj s - co q + eo 2 (5.4.34) 

Then it follows that the troublesome terms are eliminated if 

2ico p D l A p + f pq A q exp (ia t T t ) = (5.4.35) 

2iu q D l A q +f qp A p exp (io, T x )+f qs A s exp {-io 2 T x ) = (5.4.36) 

2io 8 D l A s +f sq A q exp(io 2 T l ) = Q (5.4.37) 

and for n i=p, q, or s, the /1„ satisfy (5.4.21). In this case u pU u ql , u sl , and 
u nl for n ^ p, q, and 5 are given by (5.4.22), with the troublesome terms being 
deleted. 
Equations (5.4.35) through (5.4.37) admit nontrivial solutions having the form 

A p =a p exp [-/(A- o x )T x ], ^ Q =fl^ exp {i\T x \ A s = a s exp [i(X + a 2 )r, ] 

(5.4.38) 

where a p , ^, and ^ are complex functions of T 2 and 

X+iA w (X- a^" 1 ~ iA^X+aj)" 1 =0 (5.4.39) 

Equation (5.4.39) is a cubic equation for X and has closed-form solutions. It was 
obtained first by Hsu (1965) by using the method of averaging and later by 



310 PARAMETRICALLY EXCITED SYSTEMS 

Nayfeh and Mook (1977) by using the method of multiple scales. The transition 
curves correspond to the value of cj for which X has two real roots. 

We note that as e -» only one resonance can exist. When e -> and o x re- 
mains bounded, o 2 -+ °°. In this case (5.4.39) reduces to (5.4.29). On the other 
hand, when e-» and o 2 remains bounded, (5.4.39) yields the expression for X 
when co is near co s - co q and no other resonances exist to this order. 

The Case coNear co q - co p and co s ~ co q . In this case co is simultaneously near 
co q - co p and co s - co qy and there are no other resonances to this order. The re- 
sults can be obtained from those directly above by simply changing the sign 

of OJ p . 

5.4.3. SECOND-ORDER EXPANSIONS 

Substituting (5.4.19) and (5.4.22) into (5.4.18) yields 

D 2 Q u n2 + u>*u n2 = - (2iu n D 2 A n + D\A n ) exp (iu n T ) 

[ exp [i(a> s + 2co) T ] + exp (ico s T ) 



exp [/ (CO, - 2co) T ] + exp (ico s T { 



(co,-w) 2 



a l 



+ cc+NTT (5.4.40) 



where NTT stands for terms which do not produce troublesome terms in u n2 
under any of the resonant conditions being considered. As in the previous sec- 
tion different cases need to be considered. 

The Case lj Away From co q ± co p . Here three subcases are considered: 2co 
away from co/ ± co k , 2co near co, + co k , and 2u> near co t - cj^. Other resonances, 
such as 2co simultaneously near co/ - co k and co m - co h can be treated in the 
same manner as the cases being considered, but the results are not presented 
here. In this case A n is a function of T 2 only [recall (5.4.21)]. 

When 2cj is away from tOf ± uj k for all possible values of / and k, the trouble- 
some terms are eliminated if 

iD 2 A n + Xn A n =0 (5.4.41) 

where 

2"„X„ = Z fnrfm [ (fa>|| J). _ „» + { u H - l? - »>] ^^ 

The solution of (5.4.41) can be written in the form 

A n =a n exp(i Xn T 2 ) (5.4.43) 

where a n is a complex constant. Consequently to second order every mode is 
bounded for all times. 
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When 2coisnear to t + cj k , we speak of a combination resonance of the summed 
type of second order. Such resonances were analyzed by Yamamoto and Saito 
(1970) using the method of averaging and by Nayfeh and Mook (1977) using the 
method of multiple scales. It is convenient to introduce a detuning parameter 
defined by 

2cj = cj / + Gjfc+e 2 o (5.4.44) 

Then the troublesome terms are eliminated if 

iD 2 A k + x k A k + ix kl A t exp (ioT 2 ) = (5.4.45) 

i D 2 A t + x l A l + \L lk A k exp (ioT 2 ) = (5.4.46) 

and for n =£ / or k the A n satisfy (5.4.4 1 ). In (5.4.45) and (5.4.46) 



Mfc/ ~ Z^ fkrfrl 

ZOJ k r 



1 



*] 



(5.4.47) 



(cj, - co) 2 - coj 

Equations (5.4.45) and (5.4.46) admit nontrivial solutions having the form 

A k = a k e\p(i\T 2 ) and A^a^xp [-/(A- o)T 2 ] (5.4.48) 

where a k and a { are complex constants and 

X 2 " Ho ~ x, + X fc ) + X^(a - x z ) + tote = (5.4.49) 

Hence the transition curves correspond to the vanishing of the discriminant of 
(5.4.49); they correspond to 

a = Xk +X l ±2(u kl U lk ) 1 ' 2 (5.4.50) 

Combining (5.4.44) and (5.4.50) leads to the following definition of the transi- 
tion curves in the eoplane: 

«=A(a >l + w fc ) + c 2 [l( Xk +x / )±(M tl M lfc ) l/2 ] (5A51) 

Unstable solutions occur only when }i kl and fx lk have the same sign. 

The case 2co near co t ~ co k is called a combination resonance of the difference 
type of second order. It can be obtained from the above results by simply 
changing the sign of co k . 

The Case cj Near co p + oi q . In this case cj is near co p + to q , and there are no 
other resonances. Moreover A p and A q are functions of T x and T 2 ; conse- 
quently the troublesome terms are eliminated from (5.4.40) if 

2icj p D 2 A p +D 2 xA p + 2oj p x p A p = (5.4.52) 

2ico q D 2 A q + D]A q + 2cj q x q A q = (5.4.53) 
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and for w ^p or q XhzA n satisfy (5.4.41). In (5.4.52) 

2« p Xp = Z fprfrp[{" p + CO) 2 " CO?]"' + £ /,,/,,,[(«„ - CO) 2 - CO 2 ]" 1 
r r ^ q 

(5.4.54) 

Comparing (5.4.42) with (5.4.54), one sees that Xp is formed by removing the 
terms containing small divisors from Xp- 

It is convenient, for reasons that are given below, to combine (5.4.26) and 
(5.4.52) as well as (5.4.27) and (5.4.53) into a single equation in terms of the 
original time scale. To accomplish this, one may use equations (5.4.26) and 
(5.4.27) to obtain 

DUp = iA Pq A p - ^A q exp(ioT x ) (5.4.55) 

and 

DU q = \ ^ Pq A q - ~ A p exp (ioT, ) (5.4.56) 

lLO q 

Substituting (5.4.55) and (5.4.56) into (5.4.52) and (5.4.53) yields 

2iu> p D 2 A p + (I A pq + 2co p x P )A p - -^ A q exp (ia7\ ) = (5.4.57) 



2u> p 



and 



2iu q D 2 A q + ( | A pq + 2w, x„M« - -^ ^ ex P ^ ) = ° (5.4.58) 

ZiO q 

It can easily be verified that (5.4.26) and (5.4.57) are the first two terms in a 
multiple-scales expansion of 

dA p I eo \ — . t 

2iw p —£- + e/ w f 1 - -^-)A q exp (/ear) + e 2 (^ A pq + 2a> p x p )A p = 

(5.4.59) 

Similarly (5.4.27) and (5.4.58) are the first two terms in a multiple-scales 
expansion of 

dA a I eo \ — - , /s 

2ico q -£■ + ef qp fl - — J ,4 p exp (/eof) + e 2 (±A pq + 2w,X,M« = 

(5.4.60) 
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Equations (5.4.59) and (5.4.60) admit a nontrivial solution having the form 

A p =a p exp [/e(X + a)t] and A q =a q exp (-iekt) (5.4.61) 
where a p and a q are complex constants and 



X 2 +(a + €7i) + iA M + c<ry2 =0 



In (5.4.62) 



and 






/s. /\ 



7,= ±M^"i ,+x «"*' 



/v ! A p(? 

Up 



(5.4.62) 



(5.4.63) 



(5.4.64) 



Solving (5.4.62) gives 



X = -j{a + e Tl ±[(a+e7i) 2 -A M -4ea 7 2] 1/2 } (5.4.65) 

The transition curves correspond to the vanishing of the radical in (5.4.65). 
That is 

a + e 7l =±(A M ) 1/2 (l + ^p) +0{e 2 ) (5.4.66) 



Eliminating a from (5.4.23) and (5.4.66) yields 



co = u> p + u> q ± e (A pq yl 2 -±e 2 






^- - ,2 _ ,.,2 



„ CJ..A,,, , 



1 2 

r^ p W P w r r =£ q W Q w r 



(5.4.67) 



This result was obtained first by Valeev (1960, 1961) using the Floquet theory. 
When p = q> (5.4.67) reduces to 



fpi 



u = 2co p ±e-^--e J 



fi 



pp. 

3 



"> r A rp ^ "rKp 



-L 



4u p y 9u> 2 p - «? f^p w p - «* 



+ 0(e 3 ) 
(5.4.68) 
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If f pr = for r ¥=p, then (5.4.68) reduces to 

co = 2co p ± e ^ - e 2 -^ + 0(e 3 ) (5.4.69) 

which is the known result for the Mathieu equation (see Section 5.3.2). 

Note that one cannot expand (5.4.65) for small e in the neighborhood of the 
transition curves because o 2 - A pq is the same order as 2eoji - 4eoy 2 . This is 
the reason (5.4.26), (5.4.27), (5.4.52), and (5.4.53) were combined into (5.4.59) 
and (5.4.60), which were then used to determine an expansion valid on and near 
the transition curves. Thus one cannot determine a uniform expansion near the 
transition curves by expanding the characteristic exponents as well as the de- 
pendent variables. 

The Case co Near co q - co p . In this case co is near co q - co p , and there are no 
other resonances. The results can be obtained from those above by simply 
changing the sign of co p . 

The Case co Near oo p + co q and 2co Near oo s - co q . It is convenient to define 
two detuning parameters, o x and o 2 ; o x is defined according to (5.4.23) while 
o 2 is defined according to the following equation: 

2co = co s - co q + e 2 o 2 . (5.4.70) 

Then the troublesome terms are eliminated if 

2ico p D 2 A p +DU P + 2co p x p A p = (5.4.71) 

2ico q D 2 A q +D\A q + 2co q x q A q + 2co q n qs A s exp (-io 2 T 2 ) = (5.4.72) 

iD 2 A s + Xs A s + U sq A q exp (io 2 T 2 ) = (5.4.73) 

where 

Vsq = -Z— X fsrfrq K^q + ^f " <4 ] _1 

and for« =£p,q, or s the^ satisfy (5.4.41). 
Substituting (5.4.55) and (5.4.56) into (5.4.71) and (5.4,72) yields 

/» 
2ico p D 2 A p + (i A pq + 2oo p x P )A p - °~^- A q exp (io, 7\) = (5.4.74) 



2co p 



and 



2ioo q D 2 A q +(\A pq + 2co q x q )A q - l QP A p exp^T,) 

lco q 



+ 2w (I /u (I ,^exp(-ia 2 r 2 ) = (5.4.75) 
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It can readily be verified that (5.4.26) and (5.4.74) result from a multiple- 
scale expansion of 

dA D ( eoi\ _ 

2ioj p —£- + ef pq (1 - —J A q exp (iea x t) + e 2 (\ A pq + 2cj p x p )A p = 

(5.4.76) 
that equations (5.4.27) and (5.4.75) result from 

2ico q —£- + ef qp M - ^j- J A p exp (ieo, t) + e 2 ( £ A p£? + 2cj q x^M? 

+ 2e 2 oj £?J u^ exp (-ie 2 a 2 f) = (5.4.77) 
and that (5.4.21) and (5.4.73) result from 



dAs 

dt 



i-^ + e 2 x,^ + e 2 ^^exp(ie 2 a 2 r) = (5.4.78) 



Equations (5.4.76) through (5.4.78) admit a solution having the form 
A p =a p exp [/e(X + a!)r], ^ = ^ exp HeXf), A s = a s exp [-ie(k- eo 2 )t] 

(5.4.79) 
where a p ,a q , and ^ are complex constants and 

X 3 +(7i + 7 2 +7 3 )^ 2 +(7i7 2 +7i7 3 +7 2 7 3 + 74 " 7 5 )^ + 7i7 2 73 

+ 7374-7 2 7s=0 (5.4.80) 
where 

Equations (5.4.23) and (5.4.70) give a! and a 2 in terms of e and co. The transi- 
tion curves are the loci of points in the eto-plane for which X has two equal 
roots. 

The case cj simultaneously near oo p + cj q and 2cj near cj q + cj s cannot be 
obtained from the results in this section by changing the sign of co q because 
there is an extra resonance (co near co s ~ co p ) at first order. A similar case is 
considered below. 

The Case co Near oo p + co q and co s ~ oo q . In this case cj is simultaneously 
near co p + co q and co s - cj q and thus 2cj is near co p + cj 5 ; there are no 
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other resonances to this order. The troublesome terms are eliminated from 
(5.4.40) if 

2iu p D 2 A p +D\A p + 2u p x p A p + 2u> p ii ps A s exv [i(o x + a 2 )7\] =0 

(5.4.81) 

2iu> q D 2 A q +D\A q + 2u> q x q A q = (5A82) 

2iu s D 2 A s + D\A S + 2u s x s A s + 2oj s £ sp A p exp [i(o x + a 2 ) T x ] = (5.4.83) 

where o x and o 2 are defined by (5.4.34) and ji ps and ju 5£7 are obtained from 
fx ps and fji sq by deleting the troublesome terms. Using (5.4.35) through (5.4.37), 
one finds that 

DU P = " ^A, exp (^7,)+ 1A M ^ +-j^2L J, eX p [i(a, +o 2 )r,] 

(5.4.84) 



— ^^ p exp0a 1 7 1 1 ) + ^- 5L 
2oj„ ^ 2oj„ 



D\A q = \(A pq - A qs )A q - -^A p exp (ia, T x ) + -^-A s exp(-ia 2 T x ) 



(5.4.85) 



^2 A = _ G2 ^ >! <w„ J%"„ T \ _ 1 A A _ ^g^P ~ 



^?^ = - -7^^exp(ia 2 r 1 )-iA^,--^-^^ p exp[/(a 1 +a 2 )7' 1 ] 

(5.4.86) 

Using (5.4.84) through (5.4.86) in (5.4.81) through (5.4.83), one finds that 
the resulting equations together with (5.4.35) through (5.4.37) are the first two 
terms in a multiple-scales expansion of 

dA p I eo x \ _ 

2"Jp -^~ + ef pq 11 - ^-1 ^ exp (/ea x f) + e 2 (\ A pq + 2a; p x P )^ p 

+ e 2 (2 W ^ + -^^) J, exp [ie(o, +a 2 )f] =0 (5.4.87) 

^ a / e °l \ — I e °2 \ 

2i ^ & + efqp v ~ 2ZT ) ^ p exp (/eai '* + efqs [ l + 2zrj ^ exp ( " ie ° 2 r) 

+ e 2 O i A pq -±A qs + 2u q x q )A q =0 (5.4.88) 
Xexp [ie(a, + c,)f] +e 2 (2a> s x s - i\p)A s = (5.4.89) 
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Equations (5.4.87) through (5.4.89) admit a solution of the form 
A p =a p exp [ie(\ + o x )t], A q = a q exp (~ie\t), A s =a s exp [-ie(\- o 2 )t] 

(5.4.90) 
where a p ,a q , and a s are complex constants and 
X 3 +(<7! - o 2 +e7i)X 2 + [i(A pq - A qs )~ o l o 2 + e(a, 7 2 + a 2 73)] X 

- J (a! A^ + a 2 A pd7 ) + e(a, a 2 y 4 + 7s) = (5.4.91) 



where 



7,= *[Mi-i)~Mi + i)H' + *« + * 



. ^p <^ w* 



and 



<v = ± r a v+a v^ — (^eIerIsl. + bpsfqpfsq 

The transition curves correspond to the value of co and e for which X has two 
equal roots. 

Next the results of Sections 5.4.2 and 5.4.3 are applied to the dynamic buck- 
ling of a beam under the influence of a periodic follower force. 

5.4.4. LATERAL VIBRATIONS OF A COLUMN PRODUCED 
BY A FOLLOWER FORCE 

As a numerical example we consider the linearly elastic, uniform column 
shown in Figure 5-4. The partial-differential equation governing the small trans- 
verse motion without damping is 

b 4 w d 2 w _ d 2 w , 

EI— t' + m— f-+P cos Sit— y = (5.4.92) 

for dt l bx z 

where E is the elastic (Young's) modulus, / is the moment of inertia of the 
cross-sectional area about the centroidal axis, and m is the mass per unit of 
length. 
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It is convenient to introduce dimensionless variables (denoted with an aster- 
isk). Here we put 

x t [EI 

x* = — and t* = yr 1/ — 
/ r y m 

Then (5.4.92) becomes 

8 4 w* 3 2 w* J 3 2 w* n ,„ n , 

V^T + TTT + 26 cos u*t* —— = (5 A93) 

where 

PI 2 , fm~ 

2e = and a;* = r2/ 2 i/ — 

ei y ei 

To complete the statement of the problem, we need to specify the boundary 
conditions. At x* = 0, there is a clamp; thus both the deflection and the slope 
are zero there, and hence 

w*(0, = and ^ (0, = (5.4.94) 

At x* = 1, the end is free; thus both the moment and the shear force are zero 
there, and hence 

d 2 w* 3 3 u>* 

— (,,,) = and -^-0,0 = (5.4.95) 

We shall drop the asterisk in what follows. 

We express the deflection as an expansion in terms of the free- oscillation 
modes. That is, we put 

oo 

w(*,0=I>«(0*«(*) (5.4.96) 

where 

€(x)-K<Pn(x) = (5.4.97) 

4> n (Q) = 4>' n (Q) = Q (5.4.98) 

and 

0^(1) = 0, C(1) = (5.4.99) 

The solution of the eigenvalue problem defined by (5.4.97) through (5.4.99) 
can be written in the form 

cosh X n + cos X n 

(p n = cosh X n x - cos X n x - — (sinh X n x - sin X n x) (5.4.100) 

sinh X n + sin X n 
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where the X n are solutions of 

sinh 2 X n - sin 2 \ n - (cosh A„ + cos A„) 2 = (5.4.101) 

We note that the (p n are orthogonal. The <p n are called the free-oscillation modes, 
or simply modes, and the A 2 are called the natural frequencies of the system. 
Next we shall obtain the equations governing the time-dependent coefficients u n . 
Substituting (5.4.96) into (5.4.93), multiplying by (p m (x), and then integrating 
the result from x = to x = 1, we obtain 



where 



U m + U 2 m U m + 2e COS G)t £ fmnUn = 
n = \ 

J «< 



(5.4.102) 



r 



i 0m dx 



<Pm dx 



and 



w m - A m 



(5.4.103) 



(5.4.104) 



Figure 5-1 1, from Nayfeh and Mook (1977), shows the transition curves. The 
results for cj near 2a?! and cj 2 - <^\ were computed by using (5.4.67), which 
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Figure 5-11. Transition curves for the dynamic buckling of a free-fixed column under the 
influence of a sinusoidal follower force. 
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applies when there is a single resonance. The results for co simultaneously near 
co 3 - co 2 and 2co 2 were computed by using both (5.4.67) (these are shown by 
dotted lines) and (5.4.80) (these are shown by solid lines); the latter applies 
when multiresonances occur simultaneously. Moreover the results for co simul- 
taneously near co 4 - co 3 and o^ + co 3 were computed by using both (5.4.67) 
and (5.4.91); the solid lines account for the effect of simultaneous resonances. 
For the present results 20 terms were used to compute fjt pq , ^i qs , x P ,X q , anc * Xs- 

For the case when co is near 2co 2 and co 3 - co 2 simultaneously, the results 
obtained from (5.4.80) show a rounded merger lower than the intersection 
obtained from (5.4.67). For the case when co is near co 4 - co 3 and a^ + co 3 
simultaneously, the results obtained from (5.4.91) do not intersect, in con- 
trast with the results obtained from (5.4.67). 

We note that there is no discernible difference between the two sets of results 
when e is less than 0. 1 . 

5.4.5. EFFECTS OF VISCOUS DAMPING 

It was shown in Section 5.3.5 that viscous damping is stabilizing. However 
Schmidt and Weidenhammer (1961), Rszczek (1961), and Valeev (1963) 
showed that viscous damping may have a destabilizing effect on combination 
resonances. Thus we restrict our attention in this section to exhibiting this 
destabilizing effect. 

We modify (5.4.4) by the addition of viscous damping and obtain 

TV 

u n +2eju„w„ + u£u n +2e cos orf £ f nm u m =0 (5.4.105) 

m = \ 

We only consider the resonant case co ^ oj p + oj q and let co = co p + co^ + ea. 
Using the method of multiple scales as in Section 5.3.5, we find that 

u n =A n (T l ) exp (ico n T ) + cc + O(e) (5.5.106) 

where A' n + n n A n = for n ¥=p and q and 

2iu p (Ap + tx p A p )+f pq A q exp (ioT x ) = 
2ico q (A' q +tx q A q )+f qp A p exp (ioT x ) = 
We seek a solution for (5.4.107) in the form (5.4.28) and obtain 

X=-±a- \iUi p +M Q ) + \ W ~ ^pq ~ (V q ~ Up? + lioipq ~ tip)] 1/2 

(5.4.108) 

It follows from (5.4.108) that the motion is stable if n p + n q >y and unstable if 
Mp + Vq <y> where y is the imaginary part of the radical in (5.4.108). The transi- 
tion curve separating stability from instability corresponds to [x p + n q = y. In 



(5.4.107) 
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this case the radical in (5.4.108) is x + i(jjL p + iu q ). Hence 

[x + i(n p + n q )) 2 = o 2 - A pq - (f* q - lip) 2 + 2ia(jx q - fi p ) 

(5.4.109) 
Equating real and imaginary parts in (5.4.109) leads to 

x 2 ~ Qi p +M*) 2 = o 2 - A pq - (fi q - ix p ) 2 

(5.4.110) 

(Up + Vq)X = °(Mq - Up) 

Eliminating x from (5.4.110) and solving the resulting equation for a 2 , we 
obtain 



\4VpVq I 



<, - ( "' n, ' > l^"V <5 ' 4 "' , 

Hence the transition curves separating stability from instability emanating 
from co = co p + co q are given by 

co = oj p + oj q ± e(ix q + Up) [A pq (4fji p fji q y l - 1] ^ + • • • (5.4.1 12) 

As in the case of no damping, the motion is completely stable if A pq < 0. When 
A pq > 0, there exists a region in the Sco-plane in which the motion is unstable. 
Since o 2 = A pq in the absence of damping, viscous damping increases the un- 
stable region when o 2 > A pq and decreases the unstable region when o 2 < A pq . 
When fjtp = n q , o 2 = A pq - 4ja p and viscous damping is stabilizing. As fx p -► 
while fji q is fixed, o 2 -> °° and viscous damping is destabilizing. For general values 
of fi p and fji q , viscous damping is destabilizing if 

(A 

or 



^^♦^(ssH 



^pq > 4VpVq(Vq + Vpfillq ' JU p ) 2 (5.4.1 13) 

Certainly (5.4.1 13) is satisfied if fjt p -+ while jjl q is fixed, and it cannot be satis- 
fied if iiq =ii p . 

5.5. Linear Systems Having Repeated Frequencies 

In contrast with the previous section, here we consider systems having re- 
peated frequencies. We can expose the principal features of the analysis and limit 
the algebra to a minimum by considering a linear system having three degrees of 
freedom, with two of the frequencies being equal. Thus we consider 

3 

*! + wjxj + 2e cos cot ^ fm x n = (5.5.1) 



322 PARAMETRICALLY EXCITED SYSTEMS 

3 

x 2 + wj x 2 + JCi + 2e cos cot £ /2«*« = (5.5.2) 

3 

x 3 + W3X3 + 2e cos w/ £ /3«^ w = (5.5.3) 

where co 3 is away from cji and e is small. Fu and Nemat-Nasser (1972 a, b, 
1975) were the first to analyze such systems. 

In the absence of the parametric excitation, the system is unstable (the system 
is said to be in flutter) because x 2 contains a secular or resonant term of the 
form / sin (a; x t + 0), where j3 is a constant. We wish to determine if the para- 
metric excitation can stabilize the system. To do this, we assume that all three 
modes are bounded and then, if possible, determine the values of the parameters 
which are consistent with this assumption, particularly those values at the 
boundaries of the region where the assumption is valid. 

Although the parametric excitation might stabilize the motion, we still expect 
the amplitude of the x 2 -mode to be much larger than that of the x r mode. We 
do not have any indication of the amplitude of the x 3 -mode. To express our 
expectations systematically, we scale the dependent variables. Without loss of 
generality we put 

x x =u u x 2 =e' x ' 1 u 2 , and x 3 = e~^ 3 u 3 (5.5.4) 

where the u n are 0(\) and the X n are positive constants to be determined in 
the solution. Substituting (5.5.4) into (5.5.1) through (5.5.3) leads to 

Ui + u\u x +2(e/ n "i + e 1 ~ x *f l2 u 2 +e 1 ~ x *f 13 u 3 )cosut = (5.5.5) 

u 2 +co?w 2 +e x *i*i +2(e 1+ * 2 / 21 w 1 + ef 22 u 2 + e l - x > +x *f 23 u 3 )coscot = Q 

(5.5.6) 

ii 3 + lo\u 3 + 2(e 1+3 V 3 i "1 + e 1_V V 32 "2 + ef 33 u 3 ) cos wt = 

(5.5.7) 

Here we are concerned with various combinations of the frequencies which 
can lead to a resonant response. Thus we use the method of multiple scales to 
determine a uniformly valid approximate solution which exhibits the effects 
of the repeated frequency and the resonant combinations of frequencies. We 
write the various time scales as 

T =t, T,=e A v, andT 2 =e 2 ^ (5.5.8) 

where X 4 is another constant to be determined. In terms of these scales, 

d 2 

^5- = D% + 2e*< D D X + e 2X « (2D D 2 + D\) + • • (5.5.9) 
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And we assume expansions in the form 

u n (r,e) = u n0 (T , T u T 2 ) + e x <u nl (T , T u T 2 ) + e 2K *u n2 (T , T u T 2 ) + • • • 

(5.5.10) 
Substituting (5.5.8) through (5.5.10) into (5.5.5) through (5.5.7) leads to 
D 2 u l0 + co 2 u 10 + e x «(D 2 u n + co?w n + 2Z) £>,Wio) 

+ e 2 ^(Z)gw 12 +co?w 12 +2D D 2 u l0 +D 2 l u l0 + 2Z) ^iW n ) 

+ 2(e/„iiio +e ! "Vi2"20 +e l_ ^ + Vi2«2i 

+ e l ' x ^f l3 u 30 + e x - x > +x <f l3 u 3l ) cos wr + ♦ • • - (5.5.1 1) 

Dlu 20 + co 2 w 20 + e x «(D 2 u 2l + "i«2i +2Z) Z) 1 w 20 ) 

+ e 2 ^(Z) 2 ) w 22 + co 2 w 22 + 2D D,u 2{ + D\ u 20 + 2D D 2 u 20 ) 

+ e x * ii io + 2(e 1+ ^/ 21 w 10 + ef 22 u 20 + e 1+ ^/ 22 w 21 

+ e l ~ x ^f 23 u 30 + e^^^si) cos tor + ■ ■ * = (5.5.12) 

D 2 u 30 + tolu 30 + e x * (Dlu 3l +co!w 3 i +2D Z)iW 3 o) 

+ e 2k *(Dlu 32 +coiw 3 2 + 2Z)oZ>iW 31 +D 2 W 30 +2/) ^2W30) 

+ 2(e 1+X 3/ 3lWl0 + e l - x ^f 32 u 20 + e 1 "^^/^! 

+ ef 33 u 30 + € l + x *f 33 u 3l ) cos cor + • • • = (5.5.13) 

Next we consider the following resonant combinations: co near 2co 1? co near 
co! + co 3 , and to near co^ 

5.5.1. THE CASE OF co NEAR 2coj 

In this case the resonant combination is 

co- co! = co! +2e x *o (5.5.14) 

where X 5 is another constant to be determined and a is a familiar detuning 
parameter. To determine the effects of the resonant combination and the 
repeated frequency, we must at least include the effect of f l2 u 20 in (5.5.1 1) and 
the effect of u l0 in (5.5.12). Thus we put 

X 2 =X 4 =^ (5.5.15) 

And because the resonant term appears in the equation for w n , we put 

A 5 =4 (5.5.16) 

In this case X 3 cannot be determined unless initial conditions are taken into 
account. It can be easily shown that the stability of the motion is independent 
of the value of X 3 . For simplicity we set X 3 = 0. 
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Equating coefficients of like powers of e 1/2 in (5.5.1 1) through (5.5. 13) leads to 

Order e° 

Dlu l0 +oj]u l0 =0 (5.5.17) 

Dlu 20 + co 2 w 20 =0 (5.5.18) 

D 2 u 30 + oj 2 3 u 30 = (5.5.19) 

Order € 1/2 

Dlu u + co 2 h,, + 2D D x u l0 + 2f n u 20 cos u>T = (5.5.20) 

Dlu 2l + co 2 h 21 + 2D D x u 20 + «io = (5.5.21) 

Dgw 3 i + oj 2 3 u 31 + 2D D x u 30 + 2/ 3 2«2o cos cor = (5.5.22) 

For a first approximation that includes the effects of the repeated frequency 
and the resonant combination, we do not need to determine the dependence 
of the result on the scale T 2 . Thus we write the solutions of (5.5.17) through 
(5.5.19) as follows: 

u io = A i (T x ) exp (/co! T ) + cc (5 .5.23) 

W20 =A 2 (T l ) exp (/co! T ) + cc (5.5.24) 

u 30 = A 3 (T X ) exp (icj 3 T ) + cc (5.5.25) 

Substituting (5.5.14) and (5.5.23) through (5.5.25) into (5.5.20) through 
(5.5,22) leads to the following conditions for the elimination of secular terms 
from u lu u 2l , and u 3l : 

2ico x A\ + f x2 A 2 exp (2ioT x ) = (5.5.26) 

2iu x A' 2 + A x =0 (5.5.27) 

2/co 3 ^ 3 =0 (5.5.28) 

where the prime indicates the derivative with respect to T x . In this case there 
is no strong interaction between all the modes. Rather the system responds as 
two independent smaller systems-one having two degrees of freedom and the 
other having a single degree of freedom. 
Eliminating^ ! from (5.5.26) and (5.5.27) leads to 



^ + Z^2 exp (2/(77^ = (5.5.29) 



fn 
4co? 

Letting 

A 2 = (B r + iBi) exp (ioT x ) (5.5.30) 
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where B r and Bj are real functions of 7\ leads to 






(5.5.31) 



(5.5.32) 



Equations (5.5.31) and (5.5.32) admit nontrivial solutions having the form 



(B r ,B i ) = {b r ,b i )exp(yT l ) 
where b r , bj, and 7 are constants provided that 



j 2 - a 2 + 



/12 



•2o~i 



-> 22 /12 

2ar 7-a-^- 



= 



or 



T 2 =-o 2 ± 



/.2 

4w 2 



The motion is stable if 7 is imaginary. Thus the motion is stable if 

2 J/12 1 

and unstable if 

2 Jfn I 



o 2 <- 



4wf 



The transition curves correspond to 



a = ± — (1/nl) 1 / 2 

2cOj 

and hence the transition curves emanating from co ^ 2co! are 

co = 2cOi + 2e l/2 a = 2co! ± (\fn\y l2 +0{e) 

CO! 

Thus the parametric excitation can be stabilizing when co is near 2co! 

5.5.2. THE CASE OF co NEAR u l + co 3 

In this case the resonant combinations are written as 

co - co t = co 3 + e* 5 o and co - co 3 = C0i + e* 5 o 



(5.5.33) 



(5.5.34) 



(5.5.35) 



(5.5.36) 



(5.5.37) 



(5.5.38) 



(5.5.39) 



(5.5.40) 
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where X 5 is to be determined. To determine the effects of the repeated fre- 
quency and the resonant combination, we must at least include 2f X3 u 30 cos ojT 
in (5.5.11), Uio in (5.5,12), and 2f 32 u 20 cos gjT in (5.5.13). Initially it may 
appear that we have two choices: 

1. 1 - \ 3 = X 4 , X 2 = A 4 , and 1 - X 2 + X 3 = X 4 (5.5.41) 

2. 1 - X 3 = 2X 4 , X 2 = 2X4, and 1 - X 2 + X 3 = 2X 4 (5.5.42) 
The first choice leads to 

X 2 = X 4 = § and X 3 = \ (5.5.43) 

while the second leads to 

X 2 = § and X 3 = X 4 = \ (5.5.44) 

We note that the order of the second terms in expansion (5.5.10) is higher 
for the first choice than it is for the second choice. Thus it appears that one may 
exclude or miss a term with the first choice, and hence the resulting expansion 
may be inconsistent or incomplete. In this case we note that for the first choice 
the order of the term containing 2f l2 u 20 cos (<joT ) is e 1/3 . Thus equating co- 
efficients of like powers of e leads to the impossible condition 

/i2*2o=0 (5.5.45) 

Here we proceed using the second choice (5.5.42). This is an example in which 
we must consider the first three terms in expansion (5.5.10) in order to obtain a 
first approximation which includes the effects of the repeated frequency and the 
resonant combination. 
Equating coefficients of like powers of e leads to 

Order €° 

Dlu l0 +co?« 10 =0 (5.5.46) 

Z)g W20 +co?w 20 =0 (5.5.47) 

Dlu 30 + oj 2 3 u 30 = (5.5.48) 

Order € 1/3 

D%u n + (J\u u + 2D D l u l0 + 2/ 12 M 2 o cos ojT = (5.5.49) 

Dlu 2l + co?w 21 + 2D D l h 2 o = (5.5.50) 

D 2 u 3x +col« 31 +2A,£,W3o=0 (5.5.51) 

Order € 2/3 
Dlu l2 +coiM 12 +2D D l u n +2D D 2 u l0 + D\u xo 

+ 2/ 12 w 21 cos cor + 2/ 13 « 30 cos ojT = (5.5.52) 
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D\u 22 +oj\u 2 2 +2D D x u 2X +2D D 2 u 20 + D]u 20 +w 10 =0 (5.5.53) 

Dlu 32 +u*lu 32 ■^2D D l u 3X + 2D D 2 u 30 + Z)i« 3 o + 2f 32 u 20 cos aiT =0 

(5.5.54) 

The solutions of (5.5.46) to (5.5.48) can be written as 

Mio=i4 1 (r 1 ,r 2 )exp(iw 1 7 , o) + cc (5.5.55) 

u 20 =A 2 (T U T 2 ) exp (/CO! T ) + cc (5.5.56) 

« 30 =^ 3 (^i, T 2 )exp(ia> 3 T ) + cc (5.5.57) 

Substituting into (5.5.49) through (5.5.51), one finds that secular terms are 
eliminated from u lu u 21i and u 3X if 



D X A X =D X A 2 = D X A 3 =0 
Thus the solution is independent of T x , and hence we put 

X 5 = 2X4 = 3 



It follows that 

Uu =/i2 



A 2 exp [/(to + oJi)T ] A 2 exp [i(co - co 1 ) T ] 



o;(co + 2CL?!) 



co(co- 20^) 



(5.5.58) 
(5.5.59) 

+ cc 



(5.5.60) 
u 2l =u 3l = (5.5.61) 

Substituting all these results into (5.5.52) through (5.5.54), one finds that 
secular terms are eliminated from w 12 , « 22 , and u 32 if 



2iojiA\ +/i3i4 3 exp(/ar 2 ) = 

2/cj 1 i4' 2 +^i=0 

2ioj 3 A' 3 +f 32 A 2 exp (zar 2 ) = 

where the prime indicates the derivative with respect to T 2 . 
Eliminating A 2 and A 3 yields 



A ttt -a" • •/ 13./32 

A x - zo/1, - 1— — 2 



A x =0 



Equation (5.5.65) admits solutions having the form 

Ax = aexp(iyT 2 ) 
where a and 7 are constants, provided that 

3 2 _!_ ^13/32 ~ 

80l>i0l> 3 



(5.5.62) 
(5.5.63) 
(5.5.64) 



(5.5.65) 



(5.5.66) 



(5.5.67) 
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Equation (5.5.67) has either three real roots or one real root and two complex 
roots that are conjugates. It follows from (5.5.66) that the motion is stable if, 
and only if, all the roots are real. Thus the transition from stable to unstable 
motion occurs when two of the roots are equal. 

We denote the roots corresponding to transition as 7i, 7i, and y 3 . Then 

2Yi+73=o (5.5.68) 

Ti(7i +2t 3 )=0 (5.5.69) 

O J13JZ2 /c c nr\\ 

7h3= "i^7 (5 - 5 - 70) 

Equation (5.5.69) shows that either y x = or 7! + 27 3 = 0. We consider these 
possibilities next. When 7, = 0, it follows that /i 3 / 32 - and that y 3 = o. Thus 
there are three real roots, two of which are zero, for all values of a. When 
7i = -273, it follows from (5.5.63) and (5.5.70) that 

1/3 

(5.5.71) 



_ 3 / /13/32 \ 



Combining (5.5.40) and (5.5.71) yields the following transition curve: 

co = co 1+ co 3 +f(^-) 1/3 e 2/3 +-- (5.5.72) 

Thus the parametric excitation can be stabilizing when co is near u> x + co 3 . 

5.5.3. THE CASE OF ol> NEAR u x 

In this case the resonant combination is 

2co- cji =<*>! +e x *o (5.5.73) 

Thus we must include the terms containing / 12 «2i cos coT^o in (5.5.1 1) and u w 
in (5.5.12). The resonant terms first appear in the equations governing u nl . 
Consequently we put 

X 2 = ^4 = Xs = 1 (5.5.74) 

It follows that X 3 must be either zero or unity. It can be shown that the value 
of 73 does not affect the stability of the solution, so we set it equal to zero. 
Equating coefficients of like powers of e leads to 

Order €° 

Dlu l0 + co?w 10 + 2/ 12 w 20 cos coTq = (5.5.75) 
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Dlu 20 + co?« 20 = (5.5.76) 

Dlu 30 + co|w 30 + 2/ 32 w 20 cos toT = (5.5.77) 

Order e 1 

D%u n + co?w n +2D D x u i0 + 2(f n u l0 + /\ 2 w 2 i + /13W30) cos cor =0 

(5.5.78) 
Z)gw 21 + co?w 21 +2Z) /)iW2o +w 10 +2/ 22 w 20 cosa;ro =0 (5.5.79) 

£>0«31 + W?W 31 + 2Z) £>1«30 + 2(/ 3 l"lO +/32W21 +/33«3o) COS CO 7^ = 

(5.5.80) 
It follows that w 20 is given by (5.5.24). Then 

■o>i)T ) 



"30 =^3(7 , i)exp(ico 3 7 , o)+/ 3 2 



{^2 e *P ['( CJ + C 
(co + coO 2 - 



col 



i ^2 e*P [/(co- (Qi)r 1 1 , 

+ ^ 1 " + 

(co- cox) - col 



cc 



(5.5.81) 



Wio-^i(^i)expOco 1 r )+/ 12 — — — r 

I co(co + 2co 1 ) 



^2 e ^P 



exp [/(co- coOTq] ! 
co(co- 2<Oi) J 



+ CC 



(5.5.82) 



Substituting these results into (5.5.79), one finds that secular terms are elim- 
inated from u 2 \ if 



2ito x A\ + 4j =0 



(5.5.83) 



and that 



" 21 = / A — 7 K 22 + / ! 2 -> — 7 ex P Kw + WiW 
co(co + 2cu! ) L co(co + 2C0j ) J 

+ , i4 ! > J /22 + , /l2 J exp [/(co- co^o] +cc (5.5.84) 
co(co- 2coi) [ co(co- 2CO0J 

Moreover it follows from (5.5.80) that secular terms are eliminated from w 31 if 

^3=0 (5.5.85) 

Substituting (5.5.81), (5.5.82), and (5.5.84) into (5.5.78), we find that secular 
terms are eliminated from u n if 

iA\ +2co 1 oti^ 2 + 2(o l a 2 A 2 exp^'ar^^O (5.5.86) 
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where 



Aoj\ol x = — — 



2fn(fn+f22)f?2 



co 2 - 4co? 
+ /13/32 



CO 



1 



(CO-2CO0 2 



!_| 

(co + 2co!) 2 J 



f ! 



f - col, (a>- co,) 2 - oj\ 



2/n(/n + /») , 10/? 2 
3o> 2 9u? 



/?2 



/l3/3 



32 



col col - 4cof 



(5.5.87) 



/13/3; 



4a; 2 a = /l2(/ll + /22> , t 

U)l< * 2 co(co- 2cji) co 2 (co- 2CO0 2 X (co- COj) 2 - CO? 

_ /12 fnifn + fii) fizhi 

* cot " co 2 

Eliminating ,4 j from (5.5.83) and (5.5.86) yields 

^2 + <*i^2 + »2>l2 ex P {i°T\) = 
Letting 



0^3 



/1 2 =(5 r + ^ / )exp(|ia7 , 1 ) 
where /?,. and 5/ are real functions of T u leads to 

B" - oB'i + (a, + a 2 - i o 2 )B r = 
B" + oB' r + («! - a 2 - ^ a 2 )£, = 
Equations (5.5.91) admit a solution having the form 

(^,^) = (^Z? / )exp( T r 1 ) 
where b r > b h and 7 are constants, provided that 



j 2 +of, - ^a 2 +a 2 

G7 



-(77 
T 2 + <*i " i o 2 - a 2 



or 



Hence 



(T 2 + <*i " i <* 2 ) 2 - a 2 + a 2 7 2 = 
T 2= -(ft, + ^a 2 ) + (a 1 a 2 +a 2 ,) 1/2 



(5.5.88) 

(5.5.89) 
(5.5.90) 

(5.5.91) 

(5.5.92) 

= (5.5.93) 

(5.5.94) 
(5.5.95) 
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Equations (5.5.90) and (5.5.92) show that ^4 2 is unbounded, and hence the 
motion is unstable if the real part of any of the 7's is positive definite. The 
transition curves separating stability from instability correspond to 

(<*i " \o 2 ) 2 =al or a=±2(tt! ±a 2 ) 1/2 (5.5.96) 

Hence the transition curves emanating from co = ojx are given by 

co = a?! + € (a x ± a 2 ) 1/2 + " * • (5,5.97) 

Thus the parametric excitation can stabilize an otherwise unstable motion. 

5.6. Gyroscopic Systems 

In this section we consider linear systems governed by equations having the 
form 

[M]ii+ [G]u+ [/l]u = (5.6.1) 

where u is a column vector having n components, [M] is an n X n symmetric 
matrix, [G] is an n X n antisymmetric matrix, and [A] is an n X n matrix. In 
this system [M] ii + [G] u represents the inertia and [G] u represents the portion 
that is due to gyroscopic effects. Systems governed by equations containing 
inertial terms such as [G] u are called gyroscopic systems because their behavior 
is characteristic of the gyroscope. 

Systems of this type were analyzed by a number of investigators. Smith 
(1933), Tondl (1965), Black and McTernan (1968), and Iwatsubo, Tomita, and 
Kawai (1973) studied the vibrations of asymmetric shafts and rotors supported 
by asymmetric bearings. Fedorchenko (1958, 1961) analyzed the motion of 
gyroscopes resting on vibrating supports. Danby (1964), Grebenikov (1964), 
Alfriend and Rand (1969), Luk'ianov (1969), Markeev (1970), Nayfeh and 
Kamel (1970a), and Nayfeh (1970a) analyzed the stability of the triangular 
points in the elliptic restricted problem of three bodies. Kane and Sobala (1963) 
and Nishikawa and Willems (1969) analyzed satellite attitude stability. Kane and 
Mingori (1965) investigated the effect of a rotor on the attitude of a satellite in 
a circular orbit, Mingori (1969) determined the effect of internal damping on the 
stability of dual-spin satellites, and Lindh and Likins (1970) used an infinite 
determinant method to analyze the problem studied by Mingori (1969). The 
stability of spinning asymmetric satellites in circular orbits was studied by Kane 
and Snippy (1963) and Meirovitch and Wallace (1967), while the stability of 
spinning symmetric satellites in elliptic orbits was studied by Kane and Barba 
(1966), Wallace and Meirovitch (1967), and Markeev (1967b). 

For simplicity we consider a system having two degrees of freedom in order to 
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illustrate the basic method of analysis and obtain the characteristics of the 
solution. Specifically we consider 

«i + XiU 2 + ot\U x + 2e(/ 11 w 1 + f\ 2 u 2 ) co% co/ = 

(5.6.2) 
u 2 - X 2 "i +« 2 «2 + 2e{f 2 \U x + f 22 u 2 ) cos cot = 

where e, co, X/, a,-, and/Jy are constants. 

We seek a first-order uniform expansion of the solution of (5.6.2) for small e 
in the form 

u m = u m0 (T , 7\) + ew ml (r , 7\) + ' ' * (5.6.3) 

where 7^ = e n t. Substituting (5.6.3) into (5.6.2), transforming the derivatives, 
and equating coefficients of like powers of e, we obtain 

Order €° 

Dlu iQ + AiA)"2o + <*iWio = (5.6.4) 

Dlu 20 - X 2 D u l0 + a 2 u 20 = (5.6.5) 

Order € 

DqU u + \\D u 2X + a x u n =-2D D x u x0 - \iD x u 20 

-2(/nWio +/i2«2o)coscor (5.6.6) 

Z)g«2i " X 2 D u u + a 2 u 21 = -2D D 1 u 20 +X 2 ^i"io 

-2(/ 2 iWio +/22W2o)coscor (5.6.7) 

We write the solutions of (5.6.4) and (5.6.5) in the form 

w 10 =^i(r 1 )exp(/co 1 r ) + ^ 2 (^i)exp(/a; 2 jro) + cc (5.6.8) 

/(ft! - to?) , ,. ^ , , *(<*i - o>l) A r „.. 

"20 = — : ^i exp(/co 1 7\ ) ) + — A 2 exp (ioj 2 T ) + cc 

XlC0\ A 1 C02 

(5.6.9) 

where u>\ and co\ are * ne solutions of 

co 4 - (ftj +ft 2 + XiX 2 )<^ 2 +fti« 2 =0 (5.6.10) 

Here we assume that coi and co 2 are real and positive, and we make u> 2 >oj x . 
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Substituting (5.6.8) and (5.6.9) into (5.6.6) and (5.6.7) leads to 

n2 _^ _ ^ '(<*i + ">l) A , 



Dlu 21 - X 2 D "n +a 2 w 21 = 





^4 ! exp (* co 

CO! 


i^o) 


/((*! + Cof) , 

j4 2 ex P 0^2 M)) 
C0 2 


f r , .(0£i " CO?)/, 2 
L Xl^l J 


A 1 exp [/(co + co^T^] 


\ r /(«! " CO?)/i 2 
/ll . 


A x exp [/(co- coi)r ] 


f ^ , i(«i - wl)/ 12 " 

L A 1 CJ 2 


^2 ex P [i(<*> + ^2)^0] 


; 


/ll . 

XjCo 2 


.4 2 exp [/(co - co 2 )7" ] + cc 


(5.6.11) 


2ol x + X,X 2 -2co? j# ,. „, 
Al 


, 2«i +X!X 2 - 2cof 
+ i4 2 exp(*co 2 r ) 
Xi 


- 


", , /(fti - w?)/ 22 

J 21 "•" . 


^! exp [/(co + aii)T ] 


- 


/(ft! - CO?)/ 22 

/21 . 

XjCO! 


A x exp [/(co coi)r ] 


- 


\ , 'Ol " wl)/ 22 1 , r ., , ^ ! 

/21 + . U 2 exp [z(co + co 2 )r ] 

XiC0 2 J 


- 


i(fti - <o!)/ 22 

/21 

X!C0 2 


\A 2 exp [/(co co 2 )]r 



(5.6.12) 

To this order there are several possible resonant combinations of co, coi, and 
co 2 . These include (a) co ^ 2co t , (b) co ^ 2co 2 , (c) co ~ coi + co 2 , and (d) co » 
co 2 - cop In the following subsections we consider the case when none of these 
resonant combinations exists as well as several resonant cases. 
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5.6.1. THE NONRESONANT CASE 

Because (5.6.11) and (5.6.12) are linear equations, we can obtain particular 
solutions for each of the terms on the right-hand sides independently. To deter- 
mine the solvability conditions, we seek particular solutions corresponding to 
the terms containing the factors exp (iaj n T ) in the form 



"n = Pi <Ti ) exp (ico l T ) + Q x (^i ) exp (ioj 2 T ) 
u 2l = P 2 (T l ) exp (/ Wl T ) + Qt{T x ) exp (ico 2 T ) 



(5.6.13) 



Substituting (5.6.13) into (5.6.1 1) and (5.6.12) and equating the coefficients 
of exp {iio n T ) on both sides, we obtain 



(tti - Cj])P l + /o> 1 X 1 P 2 = ^i 

-/cj, X 2 Pi + (<* 2 " <*>? )Pt = &2 



where 



and 



where 



*i = 



i(ai +o>?) 



A\ 9 R 2 = 



2a t + X t X 2 - 2u>\ 



(«i - <A)Q\ + /<o 2 x 1 e 2 =Si 

-iio 2 \ 2 Q x + (a 2 ~ <-*A)Qi =5 2 



Si 



/(a 1 _+G£|) 

CJ 2 



A, s 2 = 



_ 2«i + XiX 2 - 2cj 2 



Xi 



(5.6.14) 



^ (5.6.15) 



(5.6.16) 



(5.6.17) 



Because the coefficient matrices for (5.6.14) and (5.6.16) are singular accord- 
ing to (5.6.10), solutions of (5.6.14) and (5.6.16) do not exist unless 



and 



It follows that 



<*1 " ^1 


Rx 


-/OJ1X2 


R2 


<*i - co 2 


Sx 


-io) 2 X 2 


s 2 



= 







and 



(«! - cj?)/? 2 + icj\\ 2 R l = 
(a, - oj\)S 2 + i<jd 2 \ 2 S x =0 



(5.6.18a) 

(5.6.18b) 

(5.6.19a) 
(5.6.19b) 
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Substituting (5.6.15) into (5.6.19a) leads to 

A\^0 (5.6.20) 

while substituting (5.6.17) into (5.6.19b) leads to 

A' 2 =0 (5.6.21) 

Hence A x and A 2 are independent of T u and one has to continue the expansion 
to second order to determine the dependence of^! and^4 2 on T 2 . 

5.6.2. THE CASE OF oj NEAR 2a>„ 

Here we consider only the case of cj ^ 2<jo x , The case of co ^ 2co 2 can be 
treated in a similar fashion. Thus we set 

oj = 2ol> 1 +ea (5.6.22) 

and then write 

exp [z(co - oj x )T ] = exp [/a?! T + ioT x ] (5.6.23) 

In this case we also seek particular solutions which correspond to the terms 
containing the factors exp (ico n T ) and have the form of (5.6.13). But now, 
instead of (5.6.15), we obtain 

i(a x +cuf) L i(a x -^) J 7 ,. „ , 
^i = A x - \f n /12M1 exp(za7\) 

2a 1 +A 1 A 2 -2c4 , I" i(cn - u>\) 1 - 
*2 =— 2 H^ ~A\ - \f 2X - -^ ^/ 22 A x exp(/a7\) 

(5.6.24) 
Then it follows from (5.6.19a) that 

A\ ~ TA X exp [i(oT x + r)] = (5.6,25) 

where r and r are real constants such that 

rexp(/r)-^ + «iX 2 hco^/ii r~~ J22 



(ai -co?)\ 2 ^, 2 
fn + (<*i " cof)/2i 



(5.6.26) 



Xi 
We substitute 

,4 1 = (B r + *£, ) exp [\ i(oT x + r)] (5.6.27) 
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where B r and B t are real into (5.6.25), separate real and imaginary parts, and 
obtain 

B' r - ± oB t - TB r = 

(5.6.28) 
B\ + \ oB r + TB t = 

The solution of (5.6.28) has the form 

(B r ,B i ) = (b r ,b i )exp(yT l ) (5.6.29) 

where b r , b h and y are constants. It follows that a solution exists only if 

7 = ±(r 2 -^a 2 )^ 2 (5.6.30) 

The results for A 2 are the same as in the nonresonant case. Hence A 2 is inde- 
pendent of T x . 
Combining (5.6.30), (5.6.29), and (5.6.27) yields 

A x =(b r + ibi)exp [yT x + \i(oT l + r)] (5.6.31) 

It follows that A i is bounded, and hence the motion is bounded if, and only if, 
o > 2 |r|. Consequently the transition from stability to instability corresponds 
to a = ±2r, and the transition curves are given by 

cj = 2cj! ± 2er + 0(e 2 ) (5.6.32) 

In contrast with the nongyroscopic case, the transition curves are in general 
functions of f n ,f 2l , and/22 in addition to/ n . 

5.6.3. THE CASE OF co NEAR oj 2 - a;, 
We let 

cj = cu 2 - a?i + eo (5.6.33) 

Hence we can write 

exp [/(co + co, ) T ] = exp (/co 2 T + ioT x ) 

exp [/(oj 2 - oj)T ] =exp(/oji - ioT x ) 

We continue to seek particular solutions having the form of (5.6.13). This 
leads to equations having the form of (5.6.14) and (5.6.16). But now, instead of 
(5.6.1 5) and (5.6.17), we find that 

/((*! +QJ 2 ) A , [ i(oL X - coj)/ 12 l 4 . 

#1 = ■ ^1 " /11 + " \A 2 expi-ioT,) 

2a, +X 1 X2-2oo 2 aI [ /( ftl -00^/22 ] 
#2 = — A x - /21 + r \A 2 exp(-ioT x ) 

(5.6.35) 
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S, =-*^U -[/„ + %^ /nMl expOar.) 



CU 2 
2tt! + X^ 2 " 2co 2 



XjCJ! 



r^l 



^2 - f/21 + lia y OJl) f22\A l expiioT,) 
L Xi^i J 



Then it follows from (5.6.19a) that 

A\ = r x A 2 exp(-ioTi) 
and from (5.6.19b) that 

A 2 = r 2 A x exp(ioTi) 
where 



(5.6.36) 
(5.6.37) 
(5.6.38) 



1 l>i ~ ^i) 2 

Pl= H Xi +aih 



< («! " CJi)/ 2 i + T~" ~/22 



X!CJ 2 



_,_. w co 1 X 2 (a 1 - col) * 
+ W1A2/11 -/12 



^ 2 X! 



(5.6.39) 



r = I 
12 2 



(at - cop 2 
Xi 



+ CL\\ 2 



(a, - col)/ 21 + 



/(a, - co?)(ai - io\) 



CO1X1 



fx 



_, . . - ^2X2(0^1 - ^1) ^ 

+ zw 2 X 2 /n /12 

c^iXi 



The solution of (5.6.37) and (5.6.38) has the form 

A x -a x exp(7r,), A 2 =a 2 exp [(7 + io)Ti] 
provided that 

7 2 + ioy - Ti T 2 = 
and 






The solution of (5.6.42) is 



7 = -^'a + Vr 1 r 2 - U 2 



(5.6.40) 

(5.6.41) 

(5.6.42) 

(5.6.43) 
(5.6.44) 



Since r { F 2 is complex, in general, the real part of one of the roots of 7 is always 
positive definite, and the motion is unstable. In special cases r t T 2 is real (such 
as/n =/ 2 2 = 0, or/ 12 =/ 21 =0), and the motion is stable only when a 2 ^4r\£V 
The transition from stable to unstable motions corresponds to o = ±2\/r7r7* 
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Hence the transition curve is given by 

co = oj 2 - co, ± 2e\/fYf\ + 0(e 2 ) (5.6.45) 

Note that unstable motions occur only when V Y and T 2 have the same sign. 
Moreover in contrast with the nongyroscopic case, the transition curves are func- 
tions of/ n and/22 in addition to/ 12 and/21 • 

The case co ^ co 2 + 00 { can be obtained from the above results by simply 
changing the sign of co, . 

5.7 Effects of Nonlinearities 

In the previous sections we found that parametrically excited linear, un- 
damped systems possess solutions that grow indefinitely with time. However 
actual systems possess some degree of damping which has a stabilizing effect, 
except that in some cases viscous damping may destabilize a system having a 
combination resonance (see Section 5.4.5). If the system is truly linear, the 
amplitude grows until the system is destroyed as happened to the specially 
designed linear oscillating circuit of Mandelstam and Papalexi (1934) whose 
amplitude of oscillation grew until the insulation was destroyed by an exces- 
sive voltage. However most systems possess some degree of nonlinearity which 
comes into play as soon as the amplitude of the motion becomes appreciable, 
and it modifies the response. In some instances, as the amplitude grows, the 
nonlinearity limits the growth, resulting in a limit cycle, as happened in the 
specially designed nonlinear oscillating circuit of Mandelstam and Papalexi 
(1934). Thus although the linear theory is useful in determining the initial 
growth or decay, it may be inadequate if the system possesses any nonlinearity. 
In this section and in Section 6.7 we discuss the effect of nonlinearities on 
systems having single- and multidegree-of-freedoms, respectively. 

In addition to those mentioned in Section 5.1.4 that deal with the effects of 
nonlinearities on the parametric response of elastic systems, there are a number 
of investigations that deal with various dynamic systems. Pendulums with 
oscillating points of support were studied by Hirsch (1930), Kauderer (1958), 
Skalak and Yarymovych (1960), Struble (1963), Ness (1967), Dugundji and 
Chhatpar (1970), Troger (1975), and Chester (1975). The nonlinear motion 
of a gyroscopic pendulum with a moving point of support was studied by 
Sethna and Hemp (1965). Kauderer (1958), Bolotin (1964), Weidenhammer 
(1956), and Boston (1971) studied Mathieu's equation with cubic nonlin- 
earities, while Tso and Caughey (1965) studied an equation of the form 

u + bu + eoL X u m + ea 2 u n ~ ] - eu 3 u n ~ l cos u>t = 

Hsu (1974c) determined exact solutions for a nonlinear Hill's equation when the 
parametric excitation is given in terms of a Jacobian elliptic function, while 
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Schwartz (1970) and Pun (1973) analyzed periodic solutions of a second-order 
nonlinear conservative differential equation with periodic coefficients, while 
Schneider (1972) analyzed periodic solutions of nonlinear differential equations 
with periodic coefficients. Tso and Asmis (1974) studied nonlinear parametric 
resonances in a system having two degrees of freedom. Effects of nonlinear 
damping were treated by Bogoliubov and Mitropolsky (1961), Bolotin (1964), 
Hagedorn (1968, 1969, 1970a, b), Hsu (1975a), Nguyen (1976a), and Tondl 
(1976c). Jong (1969) and Tso and Asmis (1970) studied parametric excitations 
of a circulatory system and a pendulum, respectively, with bilinear hysteretic 
damping. The combined influence of parametric and external excitations was 
investigated by Ness (1971), Hsu and Cheng (1974), Nguyen (1975b), and 
Troger and Hsu (1977). 

To exhibit the influence of nonlinearities, we consider the behavior of solu- 
tions of 

u + (5 + 2e cos It) u = ef(u, it) (5.7.1) 

which is a modified Mathieu equation. In what follows we restrict our treatment 
to the case of principal resonance (i.e., 5 ^ 1) and obtain a first approximation 
only. 

To determine the combined effect of nonlinearities and parametric excitations 
on the amplitude and phase, we use the method of multiple scales and let 

u(t\ e) = u (T , r, ) + eu^To, T x ) + • ■ ■ (5.7.2) 

where T = t and T x = et. Substituting (5.7.2) into (5.7.1) and equating the co- 
efficients of e° and e on both sides, we obtain 

Dlu +8u =Q (5.7.3) 

D%u x +bu l =-2D D x u Q - 2u cos2T +f(u ,D u ) (5.7.4) 

The general solution of (5.7.3) is 

u =A(Ti) exp (/cjr ) + >l(r 1 )exp(-/6jr ) (5.7.5) 

where 5 = cj 2 . Hence (5.7.4) becomes 

Dlui + <^ 2 u x = -2iojA f exp (iooT ) - A exp [?(-o>+ 2) T ] 

- A exp [~i(oj + 2) T ] + cc 

+ f {A exp (icoT ) + A exp (-iooT ), 

iu> [A exp (iu>T ) - A exp (-icoT )] } (5.7.6) 

where the primes indicate differentiation with respect to T x . To express the near- 
ness of 6 to 1, we let 

l=co+ea (5.7.7) 
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so that we can express (2 - co) T as 

(2 - cj) T - cor + 26ar = gj>7 + 2oT x (5.7.8) 

Using (5.7.8) in eliminating the terms from (5.7.6) that produce secular terms 
in w 1? we have 



2iojA'=-Aexp(2ioT l ) + — I f exp (- iuT ) dT (5.7.9) 

27T J 

Letting A - \a exp ($) in (5.7.9) with real a and j3 and separating real and im- 
aginary parts, we have 

, a 1 r 

a = - — sin (2a7j - 2j3) - - — I sin <pf(a cos 0, -coa sin 0) dcp 
2u> 2nu> J 

(5.7.10) 

, a 1 f 2n 

a@ = - — cos (2oTi - 20) - - — I cos <pf(a cos (p,~coa sin 0) <i0 

2 CO 27TCO J 

(5.7.11) 

where <p = u>T Q + j3. Therefore to the first approximation 

u = a cos (cor + 18) + 0(e) (5.7.12) 

where a and are given by (5.7.10) and (5.7.11), which can be transformed into 
the autononous system 

t a If 

= - - — sin i// - ^— J sin /(# cos 0, - oja sin 0) d<p (5.7.13) 

2co 



-— r 

/ a If 

a\p = 2a# - — cos t// + — I cos <pf(a cos 0, -coa sin 0) <20 

CO 7TCO J 

(5.7.14) 
where 

\P = 2oT x - 2/3 (5.7.15) 

Eliminating |3 from (5.7.1 2) and (5.7.15) yields 

u = acos(t- ±i//) + 0(e) (5.7.16) 

Next we use (5.7.13) and (5.7.14) to ascertain the influence of nonlinearities. 
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5.7.1. THE CASE OF QUADRATIC DAMPING 

In this case f{u , u) = - i±u | u | , and (5 .7 . 1 3) and (5 .7 . 1 4) become 

a 4 2 

a =- — sin \p- -—[ooa 1 

a\jj r = 2oa cos i// 



(5.7.17) 



In the absence of the nonlinearity, the system is stable (i.e., no energy is pumped 
into the system) if \o\ > 1/2oj ^ ^, and the system is unstable (i.e., energy is 
pumped into the system) if \o\ < 1/2cj ^ ^. 

When the system is linearly stable, the phase \jj is such that no energy is being 
pumped into the system by the parametric excitation; that is, sin \p > 0. Since 
the damping term in the equation for a is always negative, the motion dies out 
no matter how large the initial amplitude is. On the other hand, when the system 
is linearly unstable, energy is being pumped into the system by the parametric 
excitation (i.e., sin i// < 0) causing a to increase. But as a increases, the dissipa- 
tion due to viscosity restricts the increase of a. Thus steady -state motions occur 
when the rate at which energy is being pumped into the system is exactly equal 
to the rate at which energy is being dissipated. When this occurs, a = \p r = 0, and 
the steady-state motions correspond to 

flfsin i// + — jLtco 2 a] = (5.7.18) 

a(cosi//- 2ojo) = (5.7.19) 

Equation (5.7.19) shows that a necessary condition for the existence of non- 
trivial steady -state amplitudes is \o\ < l/2co or approximately \o\ < ^ because 
oo^ 1. Thus as anticipated above, steady-state motions exist only if the linear 
motion is unstable. That is, the phasing is such that energy is pumped into the 
system by the parametric excitation. When a ^ 0, the solution of (5.7.18) and 
(5.7.19) is 

i// = cos" 1 (2ojo) 

(5.7.20) 

a = -^(1-4^ a 2 ) 1 / 2 

Since the steady-state motion corresponds to \p = constant, (5.7.16) shows that 
the effect of the nonlinear damping is to limit the unstable linear motion to a 
finite -amplitude motion whose frequency is one half the frequency of the 
excitation. In other words, a subharmonic is generated by the system. 
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5.7.2 THE RAYLEIGH OSCILLATOR 

For the Rayleigh oscillator, /= u - w 3 , and (5.7.13) and (5.7.14) become 



: sin »// + ia(l - icoV) 

loo 



(5.7.21) 



a\p' = 2oa cos \jj 

00 



(5.7.22) 



Also in this case parametric ally unstable linear motions do not grow indefinitely 
with time because the damping tends to limit the growth. Thus if the phasing is 
such that energy is being pumped into the system by the parametric excitation, 
a steady-state motion occurs whenever the rate at which energy is being pumped 
into the system is exactly equal to the rate at which energy is being dissipated. 
This occurs when a ~ \jj f = 0. The steady -state motion corresponds to 

-■003(1 - fwV) 



a sin i// : 
a cos \jj : 



loooa 



(5.7.23) 
(5.7.24) 



Equation (5.7.24) shows that finite -amplitude steady -state motions exist only 
if | a | < l/2a? « |, that is, if the linear motion is unstable. In this case elim- 
inating \p from (5.7.23) and (5.7.24) leads to the frequency -response equation 

4a 2 +(1- %p) 2 = gj' 2 (5.7.25) 



where p = co 2 a 2 ^ a 2 . This response curve is shown in Figure 5-12. Note that 
finite -amplitude motions do not exist when \o\ > ^, that is, when the linear 
motion is stable. Since for steady -state motions \jj is a constant, the nonlinearity 
limits the unstable linear motions to finite -amplitude motions whose frequency 




Figure 5-12. Frequency-response curves of a para- 
metrically excited Rayleigh oscillator. 
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is exactly one half the frequency of the excitation; that is, a subharmonic is 
generated. 

5.7.3. THE DUFFING EQUATION WITH SMALL DAMPING 
Among other places, equations of the Duffing type arise in the study of the 
lateral vibrations of pin-ended columns subjected to periodic loads. In this 
context the second derivative represents the inertia, the linear term represents 
the restoring force due to bending, and the cubic term represents the restoring 
force due to stretching of the neutral axis. 

For the Duffing equation with a small amount of viscous damping, /= -aw 3 - 
Ifiu and (5 .7 . 1 3) and (5 .7 . 1 4) become 

, a 
a =-— -sin \p - ya (5.7.26) 

a\jj' = 2oa-- cos \p - -^-a 3 (5.7.27) 

gj> 4cu 

In this case the nonlinearity does not affect the amplitude directly, as in the pre- 
vious two examples, but it affects the amplitude indirectly through changing the 
phase \jj. 

In the absence of the nonlinearity, the motion is unstable if the parameters 5 
and e correspond to a point above the curve in Figure 5-9; otherwise it is stable. 
If the parameters correspond to a point above the curve, sin $ < -2jucj initially; 
and no matter how small a is initially, provided it is different from zero, energy 
will be pumped into the system by the parametric excitation leading to an in- 
crease in a. However this increase will be accompanied by a change in the phase 
t// according to (5.7.27) and hence a change in the rate of energy being pumped 
into the system. When the rate at which energy is being pumped into the system 
is exactly balanced by the rate at which energy is being dissipated by viscous 
effects, the system achieves a steady -state motion, thereby the amplitude will be 
limited by the nonlinearity to a finite value. The steady-state motions occur 
when a = \jj' = 0, which for the nontrivial case corresponds to the solutions of 

sin \Jj = -2ojijl 

(5.7.28) 
cos \jj = 2oco - ^aa 2 

Hence, recalling that u> = 1 + ea, one finds that in the first approximation the 
steady-state amplitudes are given by 



3a 3a 



1/2 

(5.7.29) 
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For a steady -state solution to exist, a 2 must be positive. Thus 2\± must be less 
than unity (i.e., the amplitude of the excitation must be greater than the 
damping coefficient to produce a sustained motion). Moreover we note that if 
the above conditions are satisfied, only one steady-state solution is possible if 
\o\ < ^(1 - 4m 2 ) 1/2 while two are possible if o > |(1 - 4ju 2 ) 1/2 when a > 0. If 
these steady -state solutions are also stable, then one should be able to observe 
them in an experiment. Next we consider the stability of these various possible 
solutions. 

We note that (5.7.26) and (5.7.27) have the form of equation (3.2.3) and that 
what we are calling a steady -state solution here is a singular point or an equi- 
librium state in the discussion of Chapter 3. Thus determining the stability of 
the steady-state solution is precisely the problem of determining the nature of 
the singular points, as described in Section 3.2.1 . 

In this case the coefficient matrix [see (3.2.16)] is 

- \a cos \p c 



[A] 



1 



3 , . (5-7.30) 

j<xa -2m 



where the subscript denotes steady-state values. The eigenvalues of [A], as 
given by (3.2.23), are 

*i,2 = -M ± (M 2 + i<*al cos ^o) 1 / 2 (5.7.31) 

Thus if cos i// is negative, the equilibrium point is a stable node or focal point; 
and if cos i// is positive, the equilibrium point is a saddle point. 

We note from equations (5.7.28) and (5.7.29) that, when there are two steady- 
state solutions, cos \jj is positive for the solution having the smaller amplitude, 
and thus it is unstable; while cos i// is negative for the solution having the larger 
amplitude, and thus it is stable. When there is only one solution, cos i// is nega- 
tive, and thus it is stable. 

For further discussion of these results, it is more direct to rewrite (5.7.29) as 

a 2 =^±^(e 2 -4iP)" 2 (5.7.32) 

3a 3a 

where we introduced the new notation a = eo, a = ea, and efi = j2. We recall that 
co is the natural frequency of the linear system (1 - co = eo = a), 2 is the fre- 
quency and e is the amplitude of the excitation, a is the coefficient of the non- 
linear term, and 2£ is the coefficient of the damping term. Here we express the 
amplitude of the response as a function of the natural frequency and consider 
the frequency of the excitation to be unchangeable. By introducing a new in- 
dependent variable, one can readily reorient the problem so that the response 
appears as a function of the frequency of the excitation. 
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REGION III 



-< = 2£ 




REGION 

I 



Figure 5-13. The various regions in parameter space for the classifications of the steady- 
state solutions of a parametrically excited Duffing equation. 



In Figure 5-13, for a given U and a, the ea-plane is divided into three regions 
by the three curves o = ±\{e 2 - 4/i 2 ) 1/2 and e = 2ju. We note that the bound- 
aries of these regions are independent of a, the coefficient of the nonlinear 
term. However the behavior of the solution in regions II and III is certainly 
dependent on a. 

It appears that the responses to all initial disturbances, regardless of how large 
the amplitude, decay in region I. In region II, the response of the linear system 
to any initial disturbance grows without bound while the response of the non- 
linear system is bounded. In region III, the response of the nonlinear system to 
an initial disturbance may either decay or achieve a sustained periodic motion, 
while the response of the linear system always decays. This behavior can be ex- 
plained as follows: It appears that regardless of how large the initial amplitude is 
in region I, the phasing never becomes such that the rate at which work is being 
done is as large as the rate at which energy is being dissipated. Thus we conclude 
that, for the linear as well as the nonlinear system, the phasing is such that the 
force actually does negative work and thus contributes to the decay. In region 
II for a linear system the phasing is such that work is being done at a faster rate 
than energy is being dissipated, and thus the response to any initial disturbance 
grows without bound. For the nonlinear system the phasing for large amplitudes 
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differs from the phasing in the linear system due to the presence of the nonlinear 
term in (5.7.27). The effect is to limit the rate at which work is being done to 
the rate at which energy is being dissipated and thereby to produce a bounded 
harmonic response. If the initial amplitude is very large, the response will decay 
until the steady-state solution is reached. On the other hand, if the initial distur- 
bance is very small, the response will grow (the system being governed by the 
linear equations when the amplitude is small) until the nonlinear term in 
(5.7.27) becomes large enough to cause the phase shift. Thus in region II all 
initial disturbances produce the same steady-state response (i.e., a limit cycle 
exists). 

In region III the response of the linear system to an initial disturbance always 
decays. The mechanism causing the decay is the same as in region I. The results 
for the nonlinear system show that only the larger of the two possible steady- 
state responses is stable. Thus it appears that for some initial disturbances, the 
nonlinear term in (5.2.27) does not have a strong influence on the resulting 
motion and the system behaves essentially as a linear system; the motion decays. 
On the other hand, for other initial disturbances the nonlinear term has a strong 
influence; phase changes such as those described for region II occur, and a non- 
trivial steady-state solution exists. Thus in region III there is the possibility of 
producing motions which have characteristics that are similar to those of the 
motions in region I as well as region II. The boundary separating the two regions 
is the unstable limit cycle corresponding to the smaller amplitude. The type of 
motion is determined by the amplitude of the initial disturbance. This is a rare 
example in which a nontrivial, steady-state response of the nonlinear system 
exists in a region where the response of the linear system decays. 

Let us suppose that o is increased while e is held constant. This process is rep- 
resented by the line through points A X ,A 2 , and A 3 . Between points A 2 and A 2 
only the trivial solution exists, and it is stable. Between points A 2 and A 3 the 
trivial solution is unstable, and the only realizable solution is given by (5.7.32). 
Beyond point A 3 the trivial solution is again stable and so is the larger solution 
given by (5.7.32); hence two solutions are realizable. 

Finally let us suppose e is increased while o is held constant. This process is 
represented by the line through points B v , B 2 , and B 3 . Between points B x 
and B 2 only the trivial solution exists, and it is stable. Between points B 2 and 
B 3 two steady-state solutions are realizable-the trivial solution, which is still 
stable, and the larger one given by (5.7.32). Beyond point B 3 the trivial solution 
is unstable, and only the solution given by (5.7.32) is realizable. 

For the first process, a is plotted as a function of a in Figure 5-14. If the fre- 
quency decreases from a large value, we note that upon reaching point A 3 , 
where the trivial solution becomes unstable, there can be a jump up to point A 3 . 
This process is indicated by the arrows. 

For the second process, a is plotted as a function of e in Figure 5-15. Using 
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Figure 5-14. Frequency-response curves for a parametrically excited Duffing equation. 




Figure 5-15. Response curves for a parametrically excited Duffing equation. 
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r o 




Figure 5-16. State plane for a parametrically excited Duffing equation. 

Figure 5-15 we can trace the history of a as e is slowly increased from zero and 
then decreased. Initially a is zero, and it remains zero until point B 3 is reached. 
At point B 3 the trivial solution becomes unstable, and hence a slight increase in 
e at this point causes a to jump up to point B' 3 . Then further increases cause a 
to follow curve CB 3 D toward point D. When e is decreased, a follows curve 
DB\C past point B' 3i without jumping down to point B 3 , until it reaches point 
C. At this point a slight decrease in e causes a to jump back to zero at point B 2 . 
The arrows indicate this path. Figure 5-15 corresponds to a greater than zero. 
As o decreases, point C approaches point B 3 and the multivalued region, and 
hence the jump phenomenon, vanishes. 

To illustrate these results further, we used (5.7.26) and (5.7.27) to calculate 
several trajectories in the state plane for values of e and a falling in region III 
of Figure 5-13. These trajectories are plotted in Figure 5-16. Pointy corres- 
ponds to the unstable, non trivial steady-state solution and is a saddle point. 
Point P 3 corresponds to the stable, nontrivial steady -state solution when more 
than one steady -state solution exist. The initial conditions determine which one 
is reached. All initial conditions in the shaded area lead to the nontrivial solu- 
tion, while all those in the unshaded area lead to the trivial solution. The arrows 
indicate the direction of the motion of the representative point. 

Exercises 



5.1. In analyzing the propagation of elastic waves \pi a harmonic inhomogeneous 
medium, Nayfeh and Nemat-Nasser (1972) encountered the following equation: 

u" + 4(1 ~ e cosjc)" 2 -2 [2(1 - e cosx)(2- ea 2 cosx) + e 2 a 2 sin 2 jc] u -0 
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where a and e are constants. Show that three of the transition curves are 

a = 2±\e + 0(e 2 ) 

a = 1 + ±e 2 + 0(e*) 

5.2. The response of an LRC circuit with sinusoidally varying resistance is 
governed by (Batchelor, 1976) 

LI + R(t)I + (R +C" 1 )/=0 

where / is the current, L is the inductance, C is the capacitance, and R = Rq{\ + 
a sin £2f) is the resistance. 



(a) Let 



/ = w(r) exp 



V\L~ X J R(H)dH 



and show that the governing equation can be put in the form 

w" + [6 + e cos It - ye 2 a" 1 sin 2r + ^e 2 cos 4t] w = 
where primes denote differentiation with respect to r = l£lt and 



e = 



2 ocR Q 



6 = 



& 



Rl 



LC AL 



2 (l+^a 2 ) 



(b) Determine two terms for the transition curves separating stability from 
instability when 

(i) 5~1 
(ii) 5^2 

5.3. Consider a pendulum with a vertically moving support (Figure 5-1). The 
governing equation is 

•• g~ Y 

d+- sin 19 = 

/ 

(a) When Y = 0, show that the equilibrium positions are 6 = nit, where n is an 
integer. Show that n = corresponds to a center while 6 = n corresponds to a 
saddle point. 

(b) If Y = eg cos £lt, determine the values of e, g/l, and £1 for which the 
stable position = becomes unstable. 

(c) Let = 7T + u, Y = ag cos £lt, linearize the resulting equation, and obtain 



g 
u (1 - a cos £lt) u = 

Determine the values of g/l, a, and £1 for which the unstable position = n be- 
comes stable. 
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i Figure 5-17. Simple pendulum attached to rotating base. 

5.4. Consider the system shown in Figure 5-1 7. 

(a) Show that the governing equation is 

+ -sin0- \n 2 sin 20 ^ 

(b) Let £2 = £2 (1 + e cos cof), where e « 1, linearize the governing equa- 
tion, and obtain 

+ ( -- £2 " 2£2oe cos cot - tile 2 cos 2 ojt J 6 = 

(c) Determine second-order expansions for the transition curves separating 
stability from instability when 

g r l -nl~o,±co\co 2 

(d) If 6 = 0(e 1 / 2 ), determine the influence of the nonlinear terms to first 
order when 

gl" 1 -£ll~±co 2 

5.5. Consider the system shown in Figure 5-18 when the tension T = 
T (\ +e sin cor). 

(a) Show that the governing equation is 

mi' + 2r (l +esin 0Jt)x(l 2 + x 2 )~ 1/2 =0 

(b) Linearize the governing equation to obtain 

T 
x + 2cooO + e sin cof)x = 0, coq = — 

ml 

(c) Determine second-order expansions for the transition curves separating 
stability from instability when 

co = 2co , co 



Figure 5-18. Particle attached to stretched string. 
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A/////////////// 

|\r(t) 

|mg Figure 5-19. Pendulum with varying length. 

(d) If x = 0(e l ! 2 ) y determine the influence of the nonlinearity to first order 
when to ^ 2co . 

5.6. Consider the system shown in Figure 5-19 when / = r{t) + y(t) = constant 

(a) Show that the governing equation is 

(/ - y)$ +#sin - 2y0 - y sin = 

(b) Linearize the governing equation to obtain 

l-y l-y 

(c) If y - el cos £lt, determine second-order expansions for the transition 
curves separating stability from instability when gl~ l «» ^ £2, 2£2. 

(d) If 6 = 0(e^ 2 ), determine the nonlinear influence to first order on the 
transition curves when gl~ l *** \£l. 

5.7. Consider the system shown in Figure 2-14 when 

£2 = £2 O + e cos toO 

(a) Show that the governing equation is 

(1 + 4p 2 x 2 )x + 4p 2 x 2 x + coo* " ®>l(2e cos cor + e 2 cos 2 tof)x = 

where coq = 2gP " ^o- 

(b) Determine the linearized transition curves separating stability from in- 
stability when co % 0, ^co, co. 

(c) When x = 0(e^ 2 ), determine the influence of the nonlinearity to first 
order on the transition curves for the case co % 2 co * 

5.8. The cylinder rolls without slip on the circular surface as in Figure 5-20. 
The displacement of the block is prescribed as x(t) and>>(f); it does not rotate. 




x(t) 

Figure 5-20. Cylinder rolling without slip on circular surface. 
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(a) Show that the governing equation is 

'6 + \(R- r)~ x (g + y) sin (9 + \(R ~ r)' x x cos = 

(b) When x = eK cos £lt, y = 0, and = 0(e 1/2 ), determine first-order uniform 
expansions for the cases 

(i) £2 ^ co , cog = § g(R - r)' 1 
(ii) £2 ^ 3cj 
(iii) £2 ~ ^coo 

(c) When i" = eK cos £2i f,.y = e cos £2 2 ', and = 0(e 1 ^), determine first- 
order uniform expansions for the cases 

(i) Q x » co and £2 2 ^ 2co 
(ii) n 2 - ^1 % co 
(iii) fij ^ 3co and £2 2 ^ 2co 

5.9. Consider Duffing's equation 

ii + colli + aw 3 = /T COS (Of 
where co , <*> K, and co are constants. 

(a) Let u (t) - a cos cof, use the method of harmonic balance, and show that 
the frequency-response equation is 

(co 2 , " co 2 )a + faj 3 = K 

(b) Let u = u (t) +x(t) be a new solution to the same problem subject to 
slightly different initial conditions. Assume that x « u , substitute the new 
solution into the governing equation, use the fact that u is a solution of the 
governing equation, and obtain the following so-called linearized variational 
equation forx: 

i* + (coo +3oluI)x = 

(c) Substitute for u in the variational equation to show that the stability of 
the periodic solution is transformed into determining the stability of the solu- 
tions of the Mathieu equation 

x + (co 2 , + f ota 2 + faj 2 cos 2oot)x = 

(d) Use the results of Section 5.2.1 to analyze the stability of the periodic so- 
lution in the aco-plane. Compare your results with those of Section 4.1.1. 

5.10. Consider the stability of the periodic solutions of 

ii + u 3 = K cos cot 

(a) Let u =a cos cor + b cos 3cot and use the method of harmonic balance 
to determine two algebraic equations for a and b. 

(b) Let u =w (0 + *(*)> where x « u , and determine the following 
variational equation for x : 

x + I [a 2 + b 2 + (a 2 + Tab) cos 2tof + 2ab cos 4cot + b 2 cos 6cof ] x = 
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(c) Analyze the stability of the solutions of the variational equation and re- 
late the results to the stability of the periodic solutions of the original equation. 

5.1 1. The nonlinear parametric excitation of a system is governed by 

u + ojqU + lejiu + leu 2 cos It = 0, e « 1 

(a) Show that 

u =a cos(oj t + fi) + 0(e) 
where 

(i) flf' = -jLW,0'=O 

when co is away from 2 and |, 
(ii) a =-fJta + ^a 2 sin y 
aft - | a 2 cos y 
y = oT l +0 
when co = 2 + ea, and 
(iii) a' = -/ia + |<7 2 sin y 

n' 3 2 

aj3 = f tf cos 7 
7=a7! +3)3 
when 3co = 2 + eo. 

(b) Determine the steady-state oscillations and their stability. 

5.12. The nonlinear parametric excitation of a system is governed by 

u + coq" + 2ejuw + leu 3 cos 2r = 0, e « 1 

(a) Show that 

u=a cos (co f + j3) + 0(e) 

where 

(i) </ = -/i<7,j3' = 

when cj is away from 1 and -^, 
(ii) a =~ida + ia 3 sin y 
op = ±a cos 7 
7=2(77^ +2/? 
when co = 1 + eo, and 
(iii) a' = -fia + ^a 3 sin y 
a$ = ^flf 3 cos y 
y = loT x + 4j3 
when 2co = 1 + ea. 

(b) Determine the steady-state oscillations and their stability. 

5.13. The nonlinear parametric excitation of a system is governed by 

u + ojqu + lejdu + leu n cos It - 
where e « 1 and n is an integer. 
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(a) Show that parametric resonances occur to first order in e when 

2 
<^o * 1, £,§,§,.. . ,-— for odd n 

2 
CJ ^ 2, | , | , f , . . . , — - for even n 

(b) When (n + l)co = 2 + ea, show that 

u = j cos (<*v + £) + 0(e) 

where 

a =-fia + (n + l)2" (n + 1 V sin 7 
a^ = (w+ l)2" (n + 1) fl B cos7 
7= a7\ + (w + 1)0 

Determine the steady-state oscillations and their stability. 

(c) When (n - 1 ) co = 2 + eo, show that 

w -a cos(to ' + £) + 0(e) 
where 

<z' = -/£* + (/i- l) 2 2" ( " + 1 Vsin7 
aj3' = (/7 2 - l)2" (n+1 Vcos7 
7=0^1 +(w- 1)0 

Determine the steady-state oscillations and their stability. Tso and Caughey 
(1965) treated this case by using the method of averaging. 

5.14. The parametric excitation of a system under the influence of a non- 
linear damping is governed by 

u + coo" + €fi I u \ n u + leu cos 2t = 

where e « 1. 

(a) Show that, to first order, parametric excitations occur only when co % 1 . 

(b) When co is away from 1, show that 

u =a cos (co t + fi) + 0(e) 
where 

a' = -iXLO n ba n + \ |3' = 



271 J 



2ir 

sin 2 I sin0 T # = r[\(n + 3)] /xArn^ + 4)] 



with r being the gamma function. Solve for a and indicate its decay with time. 
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(c) When co = 1 + ^, show that 

u =a cos (cj t+fi) + 0(e) 
a' = -fJt(jOoba n+l + \a sin 7 
a/?' = \a cos 7 
7= 2a^ + 20 

Determine the steady-state oscillations and their stability. 

5.15. The parametric excitation of a system is governed by 

u + colu + 2efJLu + eot\ u n + 2ea 2 u cos 2t = 

where e « 1 and n is an odd integer. 

(a) Show that 

u=a cos(co t+fi) + 0(e) 



U(" + 1 )J 



where 

(i) a' = -fxa 

o) 2" ' li(« + DJ i(n + l)!i(n- D! 

when ojq is away from 1 . 
(ii) a = ~\ia + \o. 2 a sin 7 

P' = a 1 ft2- W a w " 1 +|a 2 cos 7 
y=2oT l + 2ea 
when co = 1 + ea. 
(b) Determine the steady-state oscillations and their stability. 

5.16. The response of a system to a parametric excitation is governed by 

u + 2ejUi u + eju 2 I u \ n u + (col + e cos 2f ) (u + eau 2 ) = 
where e « 1 . 

(a) When co = 1 + ea, show that 

u =a cos(co t + /?) + 0(e) 

where 

a' = -ju^ - fi 2 ba n+l + ^<7 sin 7! 
0'= faa 2 + £ cos 7! 
7! =2a7 1 +20 

Determine the constant b. 

(b) Determine the steady-state oscillations and their stability. 

5.17. The response of a system which is parametric ally excited is governed by 

u +cjIu + eju|w \ n u + ea 1 u m + 2ea 2 u k cos It = 
where e « 1, k is an integer, and m is an odd integer. 
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(a) Determine all values of co for which parametric resonances exist to 
order e. 

(b) Show that 

u =a cos(gj ' +0) + 0(e) 
where 

(i) </ = -jugjSM" + 1 +ot 2 (k- \) 2 2~ (k+l) a k sin 7 

f}' = b 2 CLi<*>o l a m ~ l +« 2 (fc 2 - l)2- (k+l) a k - 1 cost 

1=oT x + (k- 1)0 

when (k - \)<jj = 2+eo 
(ii) a'^-^b^"* 1 +a 2 (k+\)2- (k + l) a k smy 

($' = b 2 a l u)Q l a m - 1 +a 2 (k+\)2~ (k+l) a k - 1 cos 7 

y=oTi +(k+ 1)0 

when (& + 1 ) co = 2 + eo 

Determine the constants b x and b 2 . 

(c) Determine the steady-state solutions and their stability. 

(d) Write down the equations describing a and fi when gj is away from those 
corresponding to parametric resonances. 

5.18. The response of a system under the combined influence of parametric 
and external excitations is governed by 

u +coqw + 2efiu + ot l u 3 + 2ea 2 u cos 2t = K cos £2 1 

where e « 1. Such problems were studied by Hsu and Cheng (1974), Nguyen 
(1975b), and Dimentberg (1976). 

(a) When £2 = 1 + eo x and to = 1 + ea 2 , show that 

u = a cos(co ' +£) + 0(e) 
where 

</' = -jutf + jk sin 71 + \&2 a sin 72 
00' = |a t a 3 - ^k cos 71 + ^a 2 tf cos T2 
tf = e*, 71 =(01 " a 2 )7- 0, y 2 =2o 2 T l +2P 

(b) When co = 1 + ea 2 and £2 is away from 1, show that 

w=acos (co r + ff) + 2A cos 12r + 0(e) 
where 

(i) #' = ~ida + \(a 2 a sin 7 2 

a& = 3«! (A 2 + \a 2 )a + ^a 2 a cos 7 2 

when £2 is away from j and 3. 
(ii) a' = - pa ~ ol x A 3 sin 7i + \ot 2 a sin 7 2 

cfj3'= 3fti(A 2 + ^a 2 )a + OLi A 3 cos 7! + ^a 2 j cos 7 2 

when 3X7 = 1 + eo\. 
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(iii) a - -\ia - \a\ ha 1 sin 7! + jOt 2 a sin y 2 ~ a 2 A sin 73 

<zj3' = 3a t (A 2 + ^a 2 ) a + |<*i Aa 2 cos y x + ^-a 2 a cos y 2 + a 2 A cos 73 
Ti = (ai - 3a 2 ) 7! - 3ft 73 = o x T x - \ l2 
when S2 = 3 + ec^. 

(c) Determine the steady-state responses and their stability. 

(d) When cj is away from 1, show that combination resonances occur if 
£2 + 2 ^ co > 2 - £2 ^ cj . Let 12 = 2 + co + e^i and show that 



ii=ccos (co r +|5) + 2Acos£2f + 0(e) 



where 



a =~jj.a - Aa 2 U) * sin 71 



cjq^' = 3tt!(A 2 + ~tf 2 )<7 + A<z 2 COS71 



Ti =c 1 r 1 - i 3 

5.19. The response of a system under the combined effect of parametric 
excitation and a multifrequency excitation is governed by 

3 
u +o>lu + 2ejuw +olyu 3 + 2ea 2 a cos It = £ A:„ cos (£2„f + 0„) 

« = i 

where e « 1 . 

(a) When co = \ + eo 2t show that 

3 
u =a cos(o> t+P)+ ]T 2A„ cos(n n t + 6 n ) + 0(e) 



where 



a = -jia - 3of! A 2 A 2 sin 7! + ia 2 a sin 7 2 



atf = 3ai 



1«2 



L A» + i« 



j + 3a 1 A 2 A 2 cos7i + ^<x 2 a cos 7 2 



7i = a! Ti - |3 + 2(9j + 2 , 7 2 = 2a 2 Tj + 20 

when 2£2j + 12 2 = 1 + eO\ and no other external resonances occur. 

(b) Determine the steady-state oscillations and their stability. 

(c) When cj = 1 + ^o 2i determine the equations describing the amplitude and 
the phase for the following resonant cases: 

(i) 12j +£2 2 + 12 3 = 1 + eo x 

(ii) fi x + £2 2 = 2 + ea! 

(iii) 3l2i = 1 +eai,£2 2 + 12 3 = 2 + ea 3 

(iv) 3£2, = 1 + eai , S2 2 = 3 + ea 3 

(v) ^! = 1 + eo u 3£2 2 = 1 + €03, ^3 = 3 + ea 4 

(vi) ^! = 1 + eo u n 2 + £2 3 = 2 + ea 3 
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5.20. The response of a system under the combined influence of parametric 
and external excitations is governed by 

u + 2e(Jii u + ejJL 2 I w I " + (<^o + e cos 2r) (u + eau 3 ) = K cos (fir - 0) 

where e « 1 and u) = I + eo 2 . 

(a) Show that 

u -a cos(gj ' + 0) + <9(e) 



where 



' ^2 2.1,- ,1 

a --\k x a- —— a + -^k sin y x + ^ sin y 2 



afi' = few 3 - ^k cos y i + ^a cos y 2 
K = ek 9 7i = (oi - a 2 ) 7-! - /3 - 0, 72 = 2a 2 7^ + 20 

when fi = 1 + eo x . 
(b) When cj = 1 + ea 2 and fi = 2, show that (Troger and Hsu, 1977) 



u = ccos (co t + 0) + 2A cos (2f - 0) + 0(e) 



where 



/*2 7T 

' . 1 1 ^2 / 1 • i2 • ■ * 

tf = -jUjflr + 4a sin 7 2 + — I I w r sgn w sin r tfr 

2tt J 

u r 27r 

#0' = a 3 (A 2 + |^ 2 )^ + \a cos y 2 + ~r~ j \u\ 2 sgn u cos r dt 

u =~<j0 a sin (r + ^7 2 ) - 4A sin (2r - 0) 

Show that stationary oscillations correspond to a = 7' = 0. In this case, the 
frequency-response equation is complicated because the integrals cannot be 
evaluated a priori. 

5.21. Consider the double pendulum shown in Figure 5-3. 

(a) Show that (5.1.9) and (5.1.10) reduce to the following equations when 
'1 ~h = l-> m \ = m 2 = m, and k\ - k 2 =0: 



■ v g- y 



0i +-—(20j - 2 )=O 



02 +2-^(02 -0l)=O 



(b) When j> = 0, determine the linear natural frequencies io x and oj 2 . 

(c) When y = el cos fir, where e « 1, determine first-order uniform expan- 
sions for 0! and 2 and hence determine the transition curves separating stability 
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from instability for the cases 

(i) n^2co! 
(ii) £2 ^coi + co 2 
(iii) £2 ^ co 2 " <^>i 

(d) When .y = e/[.yi cos (£2ir + 0i) +.y 2 cos (£2 2 f + 2 )] , where the ^„ and 
0„ are constants, determine first-order uniform expansions for d\ and 2 , an( l 
hence determine the transition curves separating stability from instability 
for the cases 

(i) Hi % co 2 - coj and 12 2 ~ 2co! 
(ii) Six ^ co 2 - coi and 12 2 ^ co 2 + w i 

5.22. A two-frequency parametric excitation of a multidegree-of-freedom 
system is governed by 

N 

u n +co 2 n u n + 2e £ [/„ w cos n x r +g„ w cos(£2 2 f + 0)] w m = 

where the co„ are distinct. Determine first-order uniform expansions and hence 
the transition curves separating stability from instability when 

(a) £2i as co 2 - CO! and £2 2 ^ co 3 - co 2 

(b) S7i % 2co l5 12 2 ^co! + co 2 , £2 2 ^ co 3 - coi 

5.23. Consider the system governed by (5.5.1) to (5.5.3). Determine first- 
order uniform expansions for the cases 

(a) co ^ 2co! and co ~ co 3 - CO! (i.e., co 3 as 3cox) 

(b) co ~ coj and co % co 3 - CO! (i.e., co 3 ^ 260^ 

5.24. A two-frequency parametric excitation of a three-degrees-of-freedom 
system with repeated frequencies is governed by 

3 

i*i +cj\xx + 2 J^ [f ln costlxt+gm cos(12 2 f + 0)] x n = 
« = i 

3 

i* 2 + coix 2 +Xj +2 V [/ 2n cos £2^ + g 2 „ cos (£2 2 ? + 0)] x„ = 

3 



x 3 +co|x 3 +2 ]T [/ 3 „ cosJ2 1 r+g 3 „ cos(£2 2 f + 0)] x n = 



where co 3 is different from cop 

(a) Determine first-order uniform expansions for the cases 

(i) C0i as l£2j and 12 3 - CO] ^ 12 2 
(ii) CO! ^ f2j and co 3 - CO! as £2 2 

(b) What other resonances exist to first order? 
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5.25. Show that the equations describing the motion of a swinging spring 
with a moving support, Figure 6-2, are 

u +lo\u - (1 +u)d 2 +5(1 - cos 6)-y cos = 

(1 +u)6 + 2uQ + (5 +.y)sin0 = O 

where u = x//, co? - k/m, and 5 = g/l. 

(a) To determine the stability boundaries for infinitesimal 6 motions, neglect 
the nonlinear terms and obtain 

u + co i u = y 

(1 +u)8 + 2ud + (6 +y)0 = O 

(b) When y = 2e cos It, show that 

u e -a cos (oji t +|3) + 2e(coi - 4)" 1 cos 2f, coi ^ 2 

where a and |3 are determined from the initial conditions. Then the equation 
for 6 becomes 

(1 +u e )6 + 2u e +(8 + 2ecos2f)0 = O 

Letting a = 0, analyze the transition curves separating stability from instability 
(Ryland and Meirovitch, 1977). What are the limitations imposed by letting 
a = 0? When u>\ ^ 45 there is an internal resonance condition, and hence show 
that the nonlinear terms cannot be neglected (see Exercise 6.15). 

(c) Let 6 = (1 + u)~ l \p in part (a) and obtain 

i//' + (5 +y- u)(l +uy l \p = 

With u known from part (a), the linearized stability problem reduces to that of 
analyzing the solutions of this equation for i//. 

(d) When 

N 

solve for u from part (a), substitute the result into the equation for i//, and then 
analyze the stability of the swinging spring. 

5.26. Consider the buckling of the column shown in Figure 5-21 under the 
influence of a nonideal energy source. 

(a) Neglecting the longitudinal and rotary inertia and the transverse shear, 
show that the governing equations for the fundamental mode are (Kononenko, 
1969, Section 14) 

i// + 2{i\p + (co 2 - c*i sin 0) \p + a 2 \p 3 =0 



i("o 



/0=^(0)-it 1 K+r«n0-J r * a Jrco.0»O 
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LM 



Figure 5-2 1 . Buckling of beam under influence 
of nonideal energy source. 



where 



w(jc, t) = i//(f) sin 






nx 



Of! = 



4/ 
it 2 rk x 



l 2 m x 



a 2 = 



4I 3 m l 



Here m\ is the mass per unit length of the beam, E is the modulus of elasticity, 
/ is the length, k x is the spring constant, I x is the moment of inertia of the cross 
section, and ju is a damping coefficient. 

(b) Determine a uniform first-order expansion and use it to determine the 
steady-state periodic motions and their stability. 

5.27. Consider the harmonic time variation of sound waves in two-dimensional 
ducts with sinusoidal walls. The mathematical statement of the problem is 

V 2 + w 2 = O (1) 
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<j> y = e<l> x k w cos k w x at y ~ e sin k w x (2) 

y = at y = 1 (3) 

where e « 1 . 

(a) Show that (1) through (3) possess the following straightforward expansion 
(Isakovitch, 1957; Samuels, 1959;Salant, 1973;Nayfeh, 1974): 

= A cos (niry) exp (ik n x) + jieA {(k n k w - n 2 7T 2 ) <& l (y)exp [i(k n + k w )x] 

+ (k n k w + n 2 n 2 ) <*> 2 (y) exp [i(k n - k w )x] } + 0(e 2 ) (4) 

where k 2 - to 2 - n 2 ^ 2 , 

*m = ( K m sinK m ) _1 [sinK w sin K m y + cos K m cos K m y] (5) 

k\ = co 2 - (*„ + k w ) 2 y k\ = co 2 - (k n - k w ) 2 (6) 

Show that this expansion breaks down when K m - mn = 0(e). Show that this 
condition is equivalent to 

k w = k n ±k m +0(e) (7) 

where k n and k m are the wavenumbers of two modes in the duct. 

(b) When k w = k n - k m + eo, use the method of multiple scales and seek an 
expansion in the form (Nayfeh, 1974) 

0(*,;') = 0o(*o.*i»J') + e0i(*o»*i>.y) + ' " ' , *o = *, *i = ex (8) 
Take O to contain the resonant modes, that is, 

0o =^,nOi)cos (mny) exp (ik m x ) + A n (xi) cos (niry) exp (ik n x ) (9) 
Then show that 0i is governed by 

3 2 0i 3 2 0i 2 

—^ + - +co^0! =-2ik m A m cos (mny) exp (ik m x ) 

0y z 0x 

- 2ik n A f n cos (wry) exp (ik n x ) (10) 

$\y = 2' X A j( k / k w - j 2 n 2 ) exp [/(A:; + k w )x ] 
j=m,n 

+ 2 l Z ^/(*/*w + / 2 * 2 )exp [/(*/- fc w )jf l atj> = (11) 
/= m , « 

ly = O atj/=l (12) 

Show that the solvability conditions of (10) through (12) are 

A 'm = ikn(k n k w +n 2 ir 2 )A n exp(-ioxi) 

^« = I^w 1 (^m^w " w 2 tt 2 ) A m exp 0'axj) 

(c) Show that equations (13) possess a solution in the form 

A m =a m exp (sxi), A n =a n exp [(5 + /a)xj] (14) 



(13) 
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Determine s. Show that s is pure imaginary when k n and k m have the same sign 
(i.e., the modes propagate in the same direction). When k n and k m have opposite 
signs (i.e., the modes propagate in opposite directions), s may be complex and 
the modes are cut off. 

5.28. Consider the time harmonic variation of electromagnetic waves propa- 
gating in a two-dimensional waveguide. The mathematical statement of the 
problem is 

V 2 ^ + GJ 2 tff = (1) 

\p xx + u> 2 \p =-ek w \l/ xy cos k w x at y = e sin k w x (2) 

&xx + <^> 2 = at y=\ (3) 

where e « 1 . 

(a) Show that (1) through (3) possess the straightforward expansion (Nayfeh 
and Asfar, 1974) 

i// ~A sin nny exp (ik n x) + ^einnA {(n 2 ir 2 - k n k w )^i(y) 

-exp[i(k n +k w )x] - (n 2 7i 2 +k n k w )V 2 (y)exp[i(k n - k w )x]} + 0(e 2 ) (4) 

where k 2 = u> 2 - n 2f n 2 , 

^ m =(*m sinK^)" 1 [sin/c m cos K m y- co$K m s'm K m y] (5) 

and 

k\ = co 2 - (*„ + ^ w ) 2 , icl = co 2 - (*„ - k w ) 2 (6) 

Show that this expansion breaks down when 

K m - m7T = 0(e) or fc w = k n ± fc m + 0(e) (7) 

where &„ and k m are the wavenumbers of two modes propagating in the 
waveguide. 

(b) When k w = k n - k m + eo, use the method of multiple scales and seek an 
expansion in the form (Nayfeh and Asfar, 1974) 

0= ^o(x 0y x l ,y) + e\}/ l (xo,x u y)+' • * , x =x, x^ex (8) 

Take i// to contain the two resonating modes; that is, 

\p = A m (xi) sin (mny) exp (ik m x ) + A n (xi) sin (w7ry) exp (ik n x ) (9) 

Then show that 

9 2 ^i a 2 ^ 2f 

-t-^-+-t-^- + co i//i =-2ik m A m sm (w7r>>)exp 07: m x o ) 

- 2ik n A n sin (>7 70>) exp (ik n x ) (10) 
— r + co 0! = ±ztt 21 /(/ 2 * 2 - kjk w )Ajexp [i(kj+k w )x ] 

0X ° j=m,n 

- \in £ 7'(/ 2 7T 2 +kjk w )Ajtxp [i(kj- k w )x ] at y = (11) 
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1 + co 2 ^ 1 =0 aty=\ (12) 



dxl 
Show that the solvability conditions of (1 0) through (12) are 

A' m = \ — — (k n k w + n 2 Ti 2 ) A n exp(~ioxi) 
mk m 

A' n = i — - (k m k w - m 2 7i 2 ) A m exp (ioxi) 
nk n 



(13) 



(c) Show that equations (13) possess a solution in the form 

A m =a m exp (sxO, A n =a n exp [(s + io)Xi] (14) 

Determine s. Show that s is pure imaginary when k n k m > and s may be com- 
plex depending on o when k n k m < 0. 



CHAPTER 6 



Systems Having Finite 
Degrees of Freedom 



In this chapter we discuss discrete nonlinear systems having finite degrees of 
freedom. The discussion is limited to weakly nonlinear systems, and solutions 
are obtained by using a perturbation technique, the method of multiple scales. 
In the case of strongly nonlinear systems perturbation methods can be used in 
cases for which a basic exact nonlinear solution exists. For the other cases re- 
course is often made to geometrical methods to obtain a qualitative description 
of the behavior of the system including its stability and/or to numerical methods. 
Rosenberg (1966) presented a survey of the geometrical methods and results 
concerning the vibration of a strongly nonlinear mass-spring system governed 
by the following equations in the case of two degrees of freedom: 

mx'ux + £ ft i* w * + £ r *("i ' "*)* = 

k=\ k=i 

n n 

m 2 u 2 + £ a 2k u k 2 - £ V k (u x - u 2 ) k = 

k=l k=l 

with k being an odd integer. In particular, he surveyed the "normal mode con- 
cept" for such systems. Rosenberg and Atkinson (1959), Rosenberg (1960, 
1961), and Atkinson (1962) found "linear" modal solutions (normal modes) 
which are related by u 2 - cu x , where c is a constant. These modal solutions are 
not discussed further in this book except in Exercise 6.7. For more depth the 
reader is referred to the studies of Rosenberg and Atkinson (1959), Rosenberg 
(1960, 1961, 1962, 1964, 1966, 1968), Atkinson (1962), Rosenberg and Kuo 
(1964), Anand (1972), Vito (1973), Rand (1974), Mishra and Singh (1974), 
and Yen (1974). 

In contrast with a single -degree-of-freedom system, which has only a single 
linear natural frequency and a single mode of motion, an n- degree-of-freedom 
system has n linear natural frequencies and n corresponding modes. Let us 
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denote these frequencies by Cl?! , co 2 , . . . , co„ an d assume that all of them are 
real and different from zero. An important case occurs whenever two or more 
are commensurable or nearly commensurable. Examples of near-commensur- 
ability are 

Cd2 % 2cdi, 6^2^30;!, C0 3 «» Cl? 2 ± COl , 

CJ 3 ^ 2C0 2 ± COj , C0 4 ss CO3 ± o? 2 ± O?! 

Depending on the order of the nonlinearity in the system, these commensurable 
relationships of frequencies can cause the corresponding modes to be strongly 
coupled, and an internal resonance is said to exist. For example, if the system 
has quadratic nonlinearities, then to first order an internal resonance can exist if 
co m «s 2co k or co q ^ co p ± co m . For a system with cubic nonlinearities, to first 
order an internal resonance can exist if co m ^ 3oo k or cj q ** 2<jO p ± co m or 
to q ^ cop + cj m + co k . When an internal resonance exists in a free system, energy 
imparted initially to one of the modes involved in the internal resonance will be 
continuously exchanged among all the modes involved in that internal reso- 
nance. If damping is present in the system, then the energy will be continuously 
reduced as it is being exchanged. 

In a conservative nongyroscopic single- degree -of-f re edom system, if the linear 
motion is oscillatory, then the nonlinear motion is bounded and hence stable. 
For a conservative gyroscopic multidegree-of-freedom system, the nonlinear 
motion may be unbounded and hence unstable if an internal resonance exists. 

If a harmonic external excitation of frequency £2 acts on a multidegree-of- 
freedom system, then in addition to all the primary and secondary resonances 
(p£l ^ qco m , with p and q being integers) of a single -degree-of-freedom system, 
there might exist other resonant combinations of the frequencies in the form 

p£l =a x <jj x +a 2 0J 2 + * ' * + Qn<^n 
where p and the a n are integers such that 

n- 1 

where M is the order of the nonlinearity plus one and TV is the number of degrees 
of freedom. The type of combination resonance which might exist in a system 
depends on the order of the nonlinearity in the system. For a system having 
quadratic nonlinearities, to first order the combination resonances that might 
exist involve two frequencies in addition to £2. That is, £2 % co m + 00 k or £2 «* 
co m - 0^ . The first of these is called a summed combination resonance, while the 
second is called a difference combination resonance. These types of combina- 
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tion resonances were predicted theoretically by Malkin (1956) and found 
experimentally by Yamamoto (1957, 1960). For a system having cubic non- 
linearities, to first order the combination resonances that might exist involve 
either two or three of the natural frequencies in addition to 12. That is, 

12 « ix> p ± co m ± co k , 12 % 2co p ± o? m , 12 ^ cj p ± 2co w , 212 ^ co m ± co k 

Under some conditions an external resonance, which might involve one or 
more modes, exists in a system that has an internal resonance. For a system 
having quadratic nonlinearities in which co 2 % 2co l , Nayfeh, Mook, and Marshall 
(1973) showed that a saturation phenomenon exists when £2 ^ co 2 . When the 
amplitude of the excitation k is small, only the second mode with frequency co 2 
is excited. As k reaches a critical value k c , which depends on the damping 
coefficients of the two modes and the detunings, this mode saturates and the 
first mode begins to grow. As k increases further, all the additional energy goes 
into the first mode (although 12 ^ cj 2 ) due to the internal resonance. For a 
system having cubic nonlinearities, the saturation phenomenon does not exist 
although there is a tendency for the energy to flow from the higher to the lower 
modes involved in the internal resonance. 

For a system having quadratic nonlinearities, if 12 «» o^ and co 2 ^ 2^i , Nay- 
feh, Mook, and Marshall (1973) found that under some conditions there exists 
no steady-state motion in spite of the presence of damping. In this case the 
energy is continuously exchanged between these two modes without being 
attenuated. This behavior should be contrasted with that of systems having one 
degree of freedom, which always possess steady-state periodic motions when 
acted on by periodic excitations in the presence of positive damping. 

When the models involved in an internal resonance are also involved in a com- 
bination resonance with an external excitation, two or more fractional har- 
monics might exist in the response, depending on the order of nonlinearity. For 
a system having quadratic nonlinearities, the internal and combination reso- 
nances o; 2 ^ 2coi and 12 & co 2 + ^i might exist. Thus the fractional -harmonic 
pair (-j 12, \ 12) might occur in the response. For a system with cubic nonlineari- 
ties, o? 2 ^36^! and 12 ^ co 2 + 2a;! or 12 ^ I (cj 2 + c^) might exist. Then one 
of the fractional-harmonic pairs (|12, fl2) or (j!2, |12) might exist. Such 
fractional-harmonic pairs were observed in a variety of physical systems. Dallos 
and Linnell (1966a, b) and Dallos (1966) observed fractional-harmonic pairs in 
the cochlear microphonics of chinchilla ears that were excited by sound pres- 
sure levels above 110 dB (re 0.0002 dyne/cm 2 ). Luukkala (1967) observed 
fractional-harmonic pairs in standing waves in quartz transducers. Adler and 
Breazeale (1970) observed fractional-harmonic pairs in underwater standing 
waves. Eller (1973) observed fractional -harmonic pairs in the response of two 
coupled nonlinear electronic oscillators. 
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o 




Figure 6-1. Spherical pendulum. 



6.1. Examples 

6.1.1. THE SPHERIC AL PENDULUM 

As a first example we consider the motion under gravity of a particle of mass 
m attached to a fixed point O by an inextensible, massless rod of length /. The 
particle is free to move on a sphere of radius / as shown in Figure 6-1 . 

Using the angles 8 and as the generalized coordinates, we find that the 
kinetic and potential energies are 

T=±m(l 2 8 2 +l 2 4> 2 sin 2 8) 

V=mgl(\ - cos 8) 

so that the Lagrangian is given by 

L = T- V=±ml 2 (Q 2 + 2 sin 2 6) - mgl(\ - cos 6) 

Hence Lagrange's equations have the form 

dt\bd) 30 
bL 



d_(bL\ 



= 



(6.1.1) 



(6.1.2) 



(6.1.3) 



30 







Substituting (6.1.2) into (6.1.3) and simplifying the result, we obtain the fol- 
lowing set of two coupled equations: 



g 



+ j sin (9- }0 2 sin 26=0 



sin 6 + 20(9 cos 6 = 

We note that (6,1 .5) has the integral 

sin 2 6 = p, a constant 

so that (6.1.4) becomes 

.. g n p 2 cos 8 

8+^-sm8-- r— = 

/ sin 3 6 



(6.1.4) 
(6.1.5) 

(6.1.6) 
(6.1.7) 
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Thus the equations governing the motion of this system can be uncoupled; one 
can solve (6.1 .7) for 6 and then use the result to solve (6.1.6) for 0. The original 
two-degree -of-freedom system is reduced to two single-degree-of-freedom 
systems. 

Tissot (1852) obtained a closed-form solution to this problem in terms of the 
theta and eta functions of Jacobi. Later Whittaker (1961, Section 55) also ob- 
tained a closed-form solution to this problem in terms of the elliptic, sigma, and 
zeta functions of Weirstrass. Johansen and Kane (1969) determined a first-order 
expansion of the solution of this problem by using the method of averaging with 
canonical variables. Miles (1962) analyzed the response of a spherical pendulum 
to a harmonic excitation in a plane. He found that the planar motion is unstable 
over a major portion of the resonant peak, the nonplanar motion is stable in a 
spectral neighborhood above resonance, and no stable harmonic motions are 
possible in a finite neighborhood of the natural frequency. Hemp and Sethna 
(1964) studied the response of a spherical pendulum whose support moves 
vertically. 

6.1 .2. THE SPRING PENDULUM 

As a second example we consider the motion of a mass m attached to a spring 
that is swinging in a vertical plane as shown in Figure 6-2. 

The equations of motion can be conveniently derived by writing the La- 
grangian and then writing the Lagrange equations. The kinetic and potential 
energies of the mass m are 

T=\m[x 2 +(/ + jc) 2 <9 2 ] (6.1.8) 

V~ jkx 2 + mg(l + x)(\ - cos 6) - mgx 

where x is the stretch in the spring beyond its equilibrium. Therefore 



(6.1.9) 



L = T- V=\m[x 2 + (/ + *) 2 <9 2 ] - \kx 2 -mg(l + x)(l -cosd) + mgx 



(6.1.10) 



// /// /// 



L-l / / / / / / 




Figure 6*2. Spring pendulum. 
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Hence Lagrange's equations have the form 

d_(bL\ bL_ 

dt\bx) bx 

(6.1.11) 

dt \be) be 

Substituting (6.1.10) into (6.1.11) and simplifying the results, we obtain the 
following two equations: 

3c + co\x - (/ + x) 2 - g cos 6 = 

(6.1.12) 
» t g sin 6 + 2x0 ^ 

/ + JC 

where col = &/w. 

If the nonlinear terms are neglected in (6.1.12), there result two uncoupled 
modes of oscillation— a spring mode with frequency co 2 and a pendulum mode 
with frequency coi = Qf//) 1 ^ 2 • Thus based on the linear theory, if an experiment 
is conducted, one expects to find that the two modes are uncoupled. However 
Gorelik and Witt (1933) found experimentally that when co 2 % 2co! the two 
modes are coupled. If one starts the motion when 6 = 6 , where d =£ but 
very small, by pulling the mass m down, one finds that the mass oscillates up and 
down first, and that then a pendulum-type component of motion develops and 
grows at the expense of the spring-type motion. After a while the pendulum- 
type motion starts to decrease and the spring-type motion starts to grow. Thus 
the energy is transferred continuously back and forth between the two modes 
of oscillation. Besides Gorelik and Witt (1933), this problem has been studied 
by many investigators including Minorsky (1962, Section 7), Heinbockel and 
Struble (1963), Mettler (1968, 1975), Kane and Kahn (1968), van der Burgh 
(1968, 1975, 1976), Nayfeh (1973b, Sections 5.53, 5.75,6.27), Broucke and 
Baxa (1973), Srinivasan and Sankar (1974), and Olsson (1976). Crespo da Silva 
(1977) examined the motion of a swinging spring with a spinning support, while 
Novikov and Kharlamov (1973) and Ryland and Meirovitch (1977) studied a 
swinging spring with an oscillatory support. Sethna (1965) treated a pendulum 
consisting of two masses connected by a spring, and Sevin (1961) and Struble 
and Heinbockel (1963) treated the related problem of a pendulum-type vibra- 
tion absorber. 

6.1 .3. A RESTRICTED SHIP MOTION 

As a third problem we consider the motion of a ship restricted to pitch and 
roll only. Consistent equations of motion can be conveniently determined by 
using a Lagrangian formulation (Lamb, 1932, Chapter 6; Nayfeh, Mook, and 
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Figure 6-3. Coordinate systems for ship motion. 

Marshall, 1974) in which the ship and the sea are regarded as a single dynamic 
system. We suppose that the motion of the fluid is entirely due to the motion 
of the ship and neglect the effects of viscosity. Then the whole effect of the 
fluid might be represented by added inertia and radiation damping. The ship 
is assumed to possess lateral symmetry. To avoid lengthy algebra, we derive the 
equations neglecting cubic and higher-order terms. 

We employ two Cartesian coordinate systems-one fixed in an inertial space 
and the other fixed in the ship with its origin at the mass center as shown in 
Figure 6-3. Initially the two coordinate systems coincide. The orientation of 
the ship is described by the Euler angles associated with the following sequence: 
(a) a yawlike rotation about the initial position of the z-axis through the angle 
\jj, (b) a pitchlike rotation about the new position of thejy-axis through the angle 
0, and (c) a roll-like rotation about the final position of the x-axis through the 
angle 0. If p, q, and r denote the angular velocities about the final positions of 
the x-, y-, and z-axes, then 



{n}=W {7}, {7}=[/3]{n} 



(6.1.13) 



where 



{n)H 






(6.1.14) 
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"1 -sin0 

[a] = cos sin cos 
_0 -sin cos cos 0_ 
1 sin tan 8 cos tan 
cos0 -sin0 

sin cos 



[« = 







COS0 



cos 8 



(6.1.15) 



(6.1.16) 



The kinetic energy T and the dissipation function ju must be positive definite 
for every motion. And because the undisturbed position is a stable equilibrium 
position, the potential energy Fmust increase with every displacement from the 
undisturbed position. All of these functions must account for the lateral sym- 
metry of the ship. Consequently they have the following form: 

T= H J xx +A +hB)p 2 + Wyy + / 3 + '40)<7 2 + ?Qzz +/ 5 + U0)r 2 

"tl^pq- (/ xz +/ 8 + I 9 8)pr + I l0 <t>qr + h.oX. (6.1.17) 

V=H v i + V 20)<P 2 + i(^3 + K 4 0)0 2 + h.o.t. (6.1.18) 

M=^(MiP 2 +M 2 <? 2 ) + h.o.t. (6.1.19) 

where h.o.t. stands for higher-order terms, I XXi I yy , I ZZi and I xz are the moments 
and the product of inertia, and the /„ are coefficients for the added inertia. We 
note that we kept the terms involving r in T at this stage, although r will be set 
identically equal zero if the ship is restricted to pitch and roll only. As will be 
evident from the following development, there is a difference between setting 
r- in (6.1.17) and settings = in the equation of motion. 

We note that the energy is a function of true coordinates 0, 0, and \p and 
quasi-coordinates p, q, and r. The first are called true coordinates because if 
0, 0, and ^ are known, an integration with respect to time yields the coordi- 
nates. On the other hand, an integration with respect to time of/3,4, or r does 
not yield the coordinates. Since T is a function of true and quasi-coordinates, 
there are two approaches for writing Lagrange's equations. In the first approach 
one first substitutes for the quasi-coordinates in terms of the true coordinates 
from (6.1.13) through (6.1.16) and then writes Lagrange's equations. Thus one 
expresses T and ju as 

T= \{I xx +h +/ 2 0)(0 " Bfo 1 +\(Iyy+h+U8)(8 + Uf 
+ i(4z+/ 5 +/6^)(0-^0) 2 +/70(0-^)(^ + ^0) 
-(/*z+/8+/9W0-0*)OM0) 



+ Ao0(0 + H) (^ - 00) + h.o.t. 



(6.1.20) 
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/i=i/ii(« " 0^) 2 + ^ 2 (<5 + ^) 2 +h.o.t. 



(6.1.21) 



Substituting for 7, K, and ju from (6. 1 .20), (6.1.18), and (6. 1.21) into Lagrange's 
equations, we obtain 



d_(dT 

dt\d4> 



bT bV dn n 
80 30 30 



d bT\ dT bV dn 

— — + +-£=0 

dt\dd bo do be 



(6.1.22) 



Setting = 00 (i.e., r - 0) and neglecting cubic and higher-order terms, we 
obtain 



+ / 7 00 + / 2 00 = O 

(6.1.23) 



(I xx + /,)« + ^0 + /i,(0 " 00)+ K 2 00 - ('*z - /2 +/ 8 ) ' 



(/ yy + 7 3 ) 6 + F 3 + fi 2 (0 + 00) + \ V 2 <t> 2 + § K 4 2 

+ (4z " \h + '? + M0 2 + i/4<9 2 + / 7 00 + / 4 00 = O (6.1.24) 

We note the presence of the terms involving I xz + 7 8 in (6.1.23) and (6.1.24). 
These terms would have been absent had we set r = (i.e., no yaw angular 
velocity) in (6.1 .17) rather than after the derivation of the equations. 

In the second approach one keeps the kinetic energy and dissipation function 
expressed in mixed true and quasi-coordinates but uses the following modified 
form of Lagrange's equations (Whittaker 1961, Section 30; Meirovitch 1970, 
Section 4.12): 



where 



dt\bnj ^ rj an 



[H = 



l7 7ar dv\ 3ju 
lMJ \bq bq an 



" -r 


q~ 


r 


-p 


SQ P 


o_ 



(6.1.25) 



(6.1.26) 



Substituting for T, V, and ju from (6.1.17) through (6.1. 19), letting r = 0, using 
(6.1.13) through (6.1.16) in the resulting equations, and neglecting cubic and 
higher-order terms, we obtain exactly equations (6.1 .23) and (6.1.24). 

If the nonlinear terms in (6.1 .23) and (6.1 .24) are neglected, the pitch and*roU 
modes of the oscillations are uncoupled. However the nonlinearity couples the 
two modes, especially when the pitch frequency is approximately twice the roll 
frequency. In the latter case Froude (1863) observed that such ships have un- 
desirable roll characteristics. This phenomenon was explained by Nayfeh, 
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Mook, and Marshall (1973), who showed that there exists a saturation phe- 
nomenon in the response of such ships. They found that as the amplitude of an 
excitation having a frequency equal, or nearly equal, to that of the pitch mode 
increases, the pitch amplitude increases until a critical value is reached. At that 
point further increases in the amplitude of the excitation cause the roll mode 
to develop and do not further affect the pitch mode. The pitch mode is 
saturated, and all the additional energy fed into the system by increasing the 
amplitude of the excitation goes into rolling motion. Paulling and Rosenberg 
(1959) solved the linearized form of (6.1.24), substituded the pitch solution 
into (6.1.23), and analyzed the linearized form of the resulting equation. Such 
an approach recognizes the similarity to parametric resonance; but because 
it basically uncouples the equations, it cannot reveal the essential feature of 
the motion-the saturation phenomenon. Mook, Marshall, and Nayfeh (1974) 
analyzed the subharmonic, superharmonic, combination, and ultraharmonic 
responses of ships that are restrained to pitch and roll only. Marshall and Mor- 
row (1975) treated the related problem of wave-induced instabilities of semi- 
submersible oil-drilling platforms. 

6.1.4 SELF-SUSTAINING OSCILLATORS 

As a fourth example we follow Theodorchik (1948) and consider a circuit 
consisting of two RLC oscillators coupled to a vacuum tube as shown in Figure 
6-4. The vacuum tube consists of a cathode (filament) F heated by a battery 
so that it will emit electrons, a plate P charged positively (anode) so that it will 
attract the electrons emitted by the filament, and a grid G that consists of a 
coarse mesh for controlling the flow of electrons from the cathode to the anode. 
This control is accomplished by maintaining the grid voltage the same as that 
across the capacitor C x . The current in the grid is maintained negligibly small by 
connecting it with a large resistor R G . 

The equations describing the motion of the oscillators are 

L x ^ + R x i x ^~~Jh dt + ^J(i x -i 2 )dt = M x ^ (6.1.27) 




M.ic.i ic , i 



Figure 6-4. Coupled self-sustaining 
oscillators. 



du If if din 

L ^ + ^2/2+— Jhdt + cJih- h)dt=M 2 -f t (6.1. 
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28) 



s il ii 



dt (6.1.29) 



where L is the inductance, R is the resistance, and C is the capacitance. The 
mutual inductances M x and M 2 are positive. We let 



""'-iP- 



dt (6.1.30) 



so that V G = Xi . Moreover we assume that the plate current i p is related to the 
grid voltage V G =x x by 

i p = ajXi - ^a 3 x] (6.1.31) 

where a x and a 3 are positive. Substituting for jci , x 2 , and i p from (6.1 .30) and 
(6.1.31) into (6.1.27) and (6.1.28) yields the following two equations: 

Xi + — — JCi +— " — 1 H — —J JCi ~ X 2 =— — -(Qi - Of 3 JCi) JCi 



/>i ZviCi\ C/ i^i CC i L, \C 



*2 ., , 1 /, , C 2 \ C, _, _ M2, _ 2 . 



(6.1.32) 

(6.1.33) 

A number of investigators analyzed the so-called mutual synchronized solution 
of (6.1.32) and (6.1.33); see Minorsky (1962, Section 6), Butenin (1965, Sec- 
tion 4), and Tondl (1970b) for a discussion and additional references. The prob- 
lem of mutual synchronization is addressed in Exercise 6-20. Interactions of 
self-excited-oscillations were studied by Kononenko and KovaTchuk (1973b) 
and Hayashi and Kuramitsu (1974), while interactions between forced and self- 
excited oscillations in multidegree-of-freedom systems were studied by Nguyen 
(1975a). Quenching of limit cycles was analyzed by Mansour (1972) and Tondl 
(1975a, b). 

6.1 .5. THE STABILITY OF THE TRIANGULAR POINTS IN THE 
RESTRICTED PROBLEM OF THREE BODIES 

As a last example we consider the planar motion of three bodies of masses m l , 
m 2 , and m 3 when m 3 « m x and m 3 « m 2 so that the motion of m 3 does 
not affect the motion of the other two masses. The masses m x and m 2 are as- 
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Figure 6-5. Restricted three-body problem. 



sumed to move in coplanar circular orbits about their center of mass O with a 
constant angular velocity co as shown in Figure 6-5. We introduce a rotating 
Cartesian coordinate system xyz centered at such that the masses m x and m 2 
are located on the x-axis and the z-axis is normal to the plane of motion. 

We first relate the angular velocity co to <i, m Xy m 2 , and the gravitational 
constant G. The distances of m x and m 2 from are 



b x = 



m 2 d 
m x +m 2 



b,=- 



m x d 
m x + m 2 



Since the mass m 3 is negligible, the only forces acting on the masses m x and m 2 
are the mutual attraction forces f l2 and f 2X along the x-axis, and they are given 
by 



7l2 ~ fll - 



Gm x m 2 



(6.1.34) 



Since co and d are constants, the equation of motion of the mass m 2 is 

m x m 2 , - Gm x m 2 
d<jo l = -= 



m x \m 2 



Hence 



G(m x + m 2 ) 



(6.1.35) 



(6.1.36) 



To determine the equations describing the motion of m 3 , we write the 
Lagrangian and then Lagrange's equations. To do this, we note that the velocity 
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of m 3 in an inertial frame is given by 

v = (x - coy) i+ (y + cox)j (6.1.37) 

where i and j are unit vectors along the x- and.y-axes. Hence 

T= \m 3 [(x - coy) 2 + ( y + cox) 2 ] (6.1.38) 

The potential energy is given by 



d x d 2 



where 



Hence the Lagrangian is 



d\=(b x -x?+y 2 
dl=(b 2 +xf+y 2 



(6.1.40) 



Gmi?n 3 Gm 2 m$ 



L = ±m 3 [(*-co;0 2 +(j> + cox) 2 ]+ — ^+— 2-*- (6.1.41) 
Therefore Lagrange's equations have the form 

dt \dx/ dx 

(6.1.42) 

d_ fbL\ dL _ 

* [by) ~ 3y~° 

Substituting (6.1.41) into (6.1.42) and making lengths and time dimensionless 
by using d and co _1 , respectively, we obtain the following two dimensionless 
equations: 

H(x- l+/i) (1-m)(* + M) 



x- 2y - x = - 



y + ii-y= ^ * 



d\ d\ 

\xy (\~\x)y 



(6.1.43) 



d\ d 



where x , y , and t are dimensionless and \x~m x /(m x + m 2 ). 

Equations (6.1.43) have five equilibrium-point solutions (e.g., Szebehely 1967, 
pp. 231-318); they are usually called Lagrange's points and are denoted by 
L n , n - 1 , 2, 3, 4, 5. They correspond to the solutions of 



M(s - 1 + M) (1 -Ji)(* + M) n 



d\ 






d\ 




y- 


vy 


(1 


- y)y 
d\ 


= 



(6.1.44) 
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It can be easily verified that d x = d 2 = 1 satisfies (6.1.44) so that the coordinates 
of two of these points (L 4 and L 5 ) are 

, V3 

(6.1.45) 

, V3 

*o = i " M, J^o = " — 

The other three equilibrium points lie along the x-axis. 

Next we consider the motion and stability of these equilibrium points. As an 
example we consider L 4 and we let 

i V3 

x = %-fx + u l9 >>=— +w 2 (6.1.46) 

Substituting (6.1.46) into (6.1.43) and expanding for small but finite values of 
Wj and u 2 , we obtain 



u x - 2u 2 - f Wj - 7?M 2 



ti 2 + 2wj - 771/1 - |t/ 2 = " 



bU 

(6.1.47) 
bU 

bu 2 



where t? = (3\/3/4) (1 - 2m) and 

6 r = ^^-w 2 (w] +wl) + ^— r?w 1 (33wl - 7a?) + h.o.t. (6.1.48) 
16 36 

The stability of the points L 4 and L 5 (usually called the triangular points) 
received considerable attention. The solution of the linearized equations (6.1.47) 
indicates that L 4 and L 5 are stable for all ju < fi c = ^(1 - ^ \/69). However 
using the nonlinear equations, Leontovich (1962) proved that L 4 and L 5 are 
stable for all ju < yi c except on a set of measure zero. Deprit and Deprit- 
Bartholome (1967) proved that the exceptional set contains at most four values 
of jli, including the values ju 2 and ju 3 corresponding to a two-to-one and a three- 
to-one internal resonance, respectively. Using a Hamiltonian formulation, Markeev 
(1968, 1969a, 1972) proved the instability of L 4 and/„ 5 forju^M2 andju 3 .The 
nonlinear motion near L 4 and L s for the case ju ^ju 3 was studied by Breakwell 
and Pringle (1966b), Deprit (1969), Kamel (1969),Nayfeh and Kamel (1970b), 
and Alfriend (1971a). The nonlinear motion near L 4 and L$ for the case ju « ju 2 
was studied by Alfriend (1970), Henrard (1970), and Nayfeh (1971b). These 
studies show that although a gyroscopic system is linearly stable it may be non- 
linearly unstable if there are internal resonances. The linear stability of the mo- 
tion near L 4 and L 5 in the elliptic restricted problem of three bodies was studied 
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by Danby (1964), Grebenikov (1964), Bennett (1966). Alfriend and Rand 
(1969), Luk'ianov (1969), Nayfeh and Kamel (1970a), Markeev (1970), and 

Nay feh (1970a). 

6.2. Free Oscillations of Systems Having Quadratic Nonlinearities 

Governing equations with quadratic nonlinearities are associated with many 
physical systems such as betatron oscillations (Blaquiere, 1966, p. 140), the 
motion of a swinging spring, the motion of a ship, the motion of a fluid inter- 
face, the motion of a rotating shaft, the vibrations of shells and composite 
plates, the vibration of a structure about a loaded static equilibrium configura- 
tion, and the coupled longitudinal and transverse oscillations of a column. Free 
oscillations of nongyroscopic systems having quadratic nonlinearities were 
treated by using a variety of methods by Beth (1913); Paulling and Rosenberg 
(1959); Sevin (1961); Mettler (1963, 1968, 1975); Struble and Heinbockel 
(1963); Heinbockel and Struble (1963); Kane and Kahn (1968); van der Burgh 
(1968, 1975, 1976); Markeev (1969a, b); Khazin and TseFman (1970); Tsel'man 
(1970, 1971); Alfriend (1970, 1971c); Nayfeh (1971b); Habakow (1972); Nay- 
feh (1973b, Sections 5.53, 5.7.5, and 6.2.7); Broucke and Baxa (1973); Nayfeh, 
Mook, and Marshall (1973); Kononenko and Koval'chuk (1973b); Srinivasan 
and Sankar (1974); Cheshankov (1974a); Marshall and Morrow (1975); and 
CrespodaSilva(1974). 

It is shown in this section that the behavior of systems having quadratic non- 
linearities is the same as the linear behavior to second order (i.e., the frequencies 
are independent of the amplitudes and the modes of oscillation are uncoupled) 
unless the frequencies co n are commensurable or nearly commensurable, that is, 
unless oj n ^ 2cj m or co n ^ co m + co k . When one or more of these conditions are 
satisfied, an internal resonance is said to exist. 

To describe the main physical features of such systems without involving a 
great deal of algebra, we consider a two-degree-of freedom system governed by 

u x +gj 2 1 u 1 =-2/}^! + a 1 u l u 2 

(6-2.1) 
u 2 + u>lu 2 = -2ii 2 u 2 + ol 2 u\ 

In this book we use the method of multiple scales and seek a first-order approxi- 
mate solution of (6.2.1) for small but finite amplitudes in the form 

u x = eu u {T ,T l ) + e 2 u l2 (T Q ,T x ) + ■■■ 

(6.2.2) 
U2=eu 2l (T ,T 1 ) + e 2 u 22 (T ,T l ) + ■■■ 

where e is a small dimensionless parameter the order of the amplitudes of 
oscillation and T n = e n t. In order to have the damping and nonlinear terms 
appear in the same perturbation equations, we scale the damping coefficients by 
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letting JLty = eju 7 . Substituting (6.2.2) into (6.2.1) and equating coefficients of like 
powers of e, we obtain 

Order c 



(6.2.3) 



(6.2.4) 



(6.2.5) 



DqU u + <jj 2 u u =0 
D\u 2x + cj 2 w 21 = 
Order e 2 

Dlu n +cj]w 12 =-2D (D l u n +ju 1 w 11 ) + a 1 w 11 M 21 

DqU 22 +CJ2W22 =~2D Q {D X U 2 \ + M2«2l) + Q: 2 W ll 

where Z)„ = d/dT n . 
The solutions of (6.2.3) can be written in the form 

w n -A X (T X ) expOc^T^ + cc 

w 2i = A 2 (T x ) exp (iu> 2 T ) + cc 
Substituting (6.2.5) into (6.2.4) leads to 
D\u X2 + co 2 u 12 =-2ico l (A\ + tx x A x ) ex P (i<*>i To) 

+ «! {^1^2 ex P [*( w l + ^2)^ ] + A 2 A X ex P ['(<^2 " <^i)7"o]} +cc (6.2.6) 

D0W22 + CJ2W22 =-2/cj 2 (^2 + M2-4 2 )exp (ico 2 T ) 

+ a 2 [A\ exp(2ioj l T )^A x A x ] + cc (6.2.7) 

When 2oj x ^ cj 2 there is an extra link, or term, connecting u x and u 2 . This is 
referred to as an internal resonance. In analyzing the particular solutions of 
(6.2.6) and (6.2.7) we need to distinguish between the resonant case in which 
cj 2 « 2a?! and the non resonant case in which to 2 is away from 2co x . 

6.2.1. THE NONRESONANT CASE 

In this case the solvability conditions (the conditions for the elimination of 
secular terms) become 

A' 1 +ijl 1 A 1 =Q and A' 2 +ii 2 A 2 =0 (6.2.8) 

where the prime denotes the derivative with respect to T\, It follows that 

A x = a x exp (-ju 1 7 , 1 ) and A 2 = a 2 exp (-^2^1) (6.2.9) 

where a x and a 2 are complex constants and 

u x =eexp(-€jUiO[ffi exp (/o; 1 /) + cc] +0(e 2 ) 

(6.2.10) 
u 2 = e exp (-eii 2 t)[a 2 exp (zo; 2 f) + cc] + 0(e 2 ) 



(6.2.13) 
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Thus both modes decay, and the steady -state solutions are 

u l =u 2 =0 (6.2.11) 

6.2.2. THE RESONANT CASE (INTERNAL RESONANCE) 
In this case we introduce a detuning parameter o according to 

co 2 = 2oo x + eo (6.2.12) 

and set 

2u) { Tq = co 2 T - eoT = co 2 T - oT Y 

(g; 2 _ oj\)T - co i T + eoT = oo x T Q + oT x 

In this case it follows from (6.2.6), (6.2.7), and (6.2.13) that the solvability 
conditions are 

-2i<jL> x (A\ +Mi^i ) + a \A 2 A X exp(ioT x ) = 

(6.2.14) 
- 2ico 2 (A 2 + lx 2 A 2 ) + a 2 A \ exp (- ioT x ) = 

It is convenient to introduce polar notation. Thus we put 

A m = \a m exp(i8 m ) form=land2 (6.2.15) 

where a m and Q m are real functions of T x . Substituting (6.2.15) into (6.2.14) 
and separating the result into real and imaginary parts, we obtain 

Qi = ~Mi#i + #1^2 sin 7 (6.2.16) 

Aoo x 

a 2 ^~\x 2 a 2 - —-*-a\ sin 7 (6.2.17) 

4co 2 

a\&\= a x a 2 co$y (6.2.18) 

Aoo x 

a 2 6' 2 =-^-a] cos 7 (6.2.19) 

4co 2 



where 



y = d 2 -28 l +oT 1 (6.2.20) 

Eliminating 6 , and<9 2 from (6.2.18) through (6.2.20) yields 

a 2 7 = aar 2 + - cos 7 (6.2.21) 

\2cji 4co 2 / 
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Thus the problem is reduced to the solution of (6.2.16), (6.2.17), and (6.2.21). 

The steady-state response corresponds to 

a\ = a 2 =y' = (6.2.22) 

Thus it corresponds to the solutions of 

~Mi#i +z — #1^2 sin 7 = (6.2.23) 

-H 2 a 2 - -^- a] sin 7 = (6.2.24) 

4cj 2 

— a\ - — a\\ cos 7 + oa 2 = (6.2.25) 

2cj! 4co 2 / 

Eliminating 7 from (6.2.23) and (6.2.24) leads to 

2 , M2^2^1 2 n /£ 1 *»/:\ 

# 1 + «2 = (6.2.26) 

fi l oo l a 2 

Thus, if ctj and a 2 have different signs, # 1 and tf 2 can differ from zero. This can 
be seen by manipulating (6.2.23) through (6.2.26) to obtain 

cot 7 = , tf 2 sin 7 = (6.2.27) 

ju 2 + 2/ii <*i 

Equations (6.2.27) can be solved for 7 and a 2 ; fl i can tnen be found from 
(6.2.26). This occurs only if a regenerative element (see Sections 3.1.7 and 6.1.4) 
exists in the system. 

When there is no internal resonance, the first approximation of the solution is 
essentially the solution of the linear problem, regardless of the signs of a x and 
a 2 . On the other hand, when there is an internal resonance and a { and a 2 have 
opposite signs, the equations admit self-sustained oscillations in spite of the 
presence of damping and in contrast with the solution of the linear problem. 

In the absence of damping (i.e., juj = ju 2 = 0) the exact solution of (6.2.16), 
(6.2.17), and (6.2.21) can be expressed in terms of elliptic functions as follows. 
Multiplying (6.2.16) by a x and (6.2.17) by w 2i where v - a l co 2 la 2 u) u adding 
the resulting equations, and integrating, we obtain 

a\+va\=E (6.2.28) 

where E is a constant of integration proportional to the initial energy in the 
system. If a x and ol 2 have the same sign, (6.2.28) shows that a x and a 2 are 
always bounded. However when a x and a 2 have opposite signs, a x and a 2 may 
grow with time even though a\ - \v\a\ is bounded, as shown in Section 6.4. In 
what follows we assume that the system does not contain regenerative elements 
so that Oil and a 2 have the same sign. 
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Changing the independent variable from T x toa 2 in (6.2.21) by using (6.2.17) 
yields 

-a 2 a\ sin y = a 2 + (2m 2 " a \) cos 7 (6.2.29) 

da 2 a 2 

or 

- 4cj 2 oal 1 a 2 da 2 + a 2 a\ o?(cos 7) - 2va\ cos 7 da 2 + a\ cos 7 oto 2 = 

(6.2.30) 

But from (6.2.28) 

d\ da 1 -~va 2 da 2 (6.2.31) 

Hence (6.2.30) can be rewritten as 

a 2 a\ d(cos 7) + a] cosy da 2 + 2a x a 2 cos 7 da y - Aio 2 ooT 2 a 2 da 2 =0 

or 

d(a\a 2 cos 7) - 2co 2 oa 2 " 1 d(a\) = (6.2.32) 

which can be integrated to yield 

a 2 a\ cos 7 - 2cj 2 <k*2 x a\~L (6.2.33) 

where L is a constant of integration. 
To determine a single equation for a u we let 

a\=E% (6.2.34) 

Hence it follows from (6.2.28) that 

va\=E(\-%) (6.2.35) 

Using (6.2.33) to eliminate 7 from (6.2.16) and expressing a 2 and a\ in terms of 
£, we obtain 



Avlj\I d$\ 2 „ 1; 



2cj 2 aF , 

L + - J — (1-6) 

a 2 ^ 



2 
= &2ft\ - n2 



(6.2.36) 



where 



n 



F=±iVT^, G = ±^J' ^ + ^V»] (6.2.37) 

The functions F and G are shown schematically in Figure 6-6. For real motions, 
F 2 > G 2 . The points where G meets F correspond to the vanishing of £'. In 
general, the curve G meets the branches of F at three points corresponding to 
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-F 




Figure 6-6. Schematic of F and G. 



the three roots £1, | 2 , and £ 3 of the right-hand side of (6.2.36). Let i-j <£ 2 <£ 3 . 
Since | = aj/E y the motion is confined between £ 2 and £ 3 . 

When the three roots are distinct corresponding to a curve such as G u £ is 
periodic and oscillates between £ 2 and £3, and the motion is aperiodic. In this 
case the solution for £ can be expressed in terms of Jacobi elliptic functions as 
follows. First, in terms of the £ w , we express (6.2.36) as 

= (b-£)(£~£ 2 )(£-£i) (6.2.38) 



d$ 



4i^co? 



a\E \dTi 



Introducing the transformation 



£3 -£ = (b 



£2) sin 2 



into (6.2.38) we obtain 

4oj 1 V^ dx 
CL X y/E dT x 

where 



■t^T^O-n'sin'x) 172 



*y'\ 



€3 - €1 



(6.2.39) 



(6.2.40) 



(6.2.41) 
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Separating the variables in (6.2.40), putting T x = et, and integrating the resulting 
equation, we obtain 



k('-'o) 



T 



dx 



Vl - V 2 sin 2 x 



or 



sinx = sn [*(f - t )\v] 
where t corresponds to x = 0, sn is a Jacobi elliptic function, and 

1/2 



4CO! [ P J 



Combining (6.2.34), (6.2.39), and (6.2.43) yields 



.*? 



? = ^r = b-(b-^)sn 2 [K(r-r );t?] 



(6.2.42) 



(6.2.43) 



(6.2.44) 



(6.2.45) 



Thus (6.2.45) and (6.2.35) show that, in the absence of damping and for the 
conditions such that the % n are distinct, the energy in the system continues to 
be exchanged undamped between the two modes of oscillation as shown in 
Figure 6-7 for two different initial conditions. 

In the presence of damping, Figure 6-8 shows numerical integrations of 
(6.2.16), (6.2.17), and (6.2.21). In this case the energy continues to be ex- 
changed between the two modes but it is continuously dissipated. 

The internal resonance can be used to adjust the rate at which a given mode 




Figure 6-7. Free-oscillation amplitudes of a conservative two-degree-of-freedom system 
with quadratic nonlinearities;cL> 2 — 2cj x : (a) <7i(0) = 1,02(0) ~ 0;(b)ai(0) =a 2 (Q) = 1. 
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20 r 20 i- 




TIME 
(b) 

Figure 6-8. Free-oscillation amplitudes of a damped two-degree-of -freedom system with 
quadratic nonlinearities; u> 2 — 2<+>i' (tf) tfi(O) = l y a 2 (0) = Q;(b)a\(Q) = a 2 (0) = 1. 

decays. To see this, we first suppose that there is no internal resonance. In the 
first approximation a x decays exponentially with time as in the linear case. This 
curve is shown in Figure 6-9. Also shown in Figure 6-9 are two curves giving 
a i as a function of time in the presence of an internal resonance. One curve 
corresponds to fi 2 < Mi, while the other corresponds to ju 2 > Mi- The corre- 
sponding curves for a 2 are not shown. We note that in all cases only the first 
mode is excited initially. These results suggest that one can adjust the rate at 
which a given mode decays by coupling it with another mode through an 
internal resonance. 

When £ 2 = £ 3 corresponding to the curve G 2 which is tangent to one of the 
branches of F, £ = £ 3 is a constant according to (6.2.45), and hence a x = \/E% 2 



a 

Z) 
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_) 
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Figure 6-9. Effect of internal resonance and 
damping coefficients on the rate of decay: 
( ) no internal resonance; ( ) ju 2 < mi; 

( ) n 2 >Ml- 
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and a 2 = [E(\ - £ 2 )A>] 1/2 • in this case the motion is periodic. However any 
small disturbance would lead to a curve such as G { where the roots are distinct, 
and hence the motion is aperiodic as discussed above. 

When % 2 ~ £1, G coincides with the £-axis, and hence L = o = according to 
(6.2.37). Consequently it follows from (6.2.36) that ^ = % 2 = and £ 3 = 1. The 
solution in this case can be obtained by introducing the transformation 

% = sech 2 (6.2.46) 

into (6.2.36) with L = o = 0. The result is 



dt 



(6.2.47) 



whose solution is 



Therefore 



4> = K(t- t ) (6.2.48) 



a, = sM = yjE sech [*(r - t Q )] (6.2.49) 

and it follows from (6.2.35) that 



a ^y^ 



tanh [tc(t- t Q )] (6.2.50) 



We note that L = o = demands that cos 7 = according to (6.2.33). Hence 
it follows from (6.2.18) and (6.2.19) that 6\ = 0' 2 = 0; that is, the phases are 
constant. Consequently the motion consists of only amplitude-modulated 
motions. As / -> °°, a x -► while a 2 -> (E/v) 1 ^ 2 , leading to a motion that is inde- 
pendent of the lower mode. Thus the coupling that results from an internal 
resonance leads to a complete transfer of energy from the lower mode to the 
higher mode. However Figure 6-6 shows that such a motion is unstable because 
any small disturbance applied to it would lead to a motion corresponding to a 
curve such as C, for which the amplitude and the phase are modulated. 

6.3. Free Oscillations of Systems Having Cubic Nonlinearities 

Governing equations with cubic nonlinearities are associated with many 
physical systems such as the vibration of strings, beams, membranes, and plates 
for which stretching is significant (Chapter 7), dynamic vibration-isolation 
systems, dynamic vibration absorbers (Section 6.6), the motion of spherical, 
centripetal, and double pendulums, and the motion of masses connected by 
nonlinear springs. Tobias (1959) discussed the design of nonlinear vibration- 
isolation units. The general motion of these units is governed by a system of 
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six coupled nonlinear differential equations with cubic nonlinearities. Henry and 
Tobias (1959, 1961), Gilchrist (1961), and Henry (1962) determined the modes 
of oscillation and their stability for a two-degree-of-freedom model. Grossley 
(1952) and Newland (1965) analyzed the motion of a centripetal pendulum. 
Other systems with two degrees of freedom were studied by Proskuriakov 
(1960b, 1965), Butenin (1965, Section 9), Blaquiere (1966, Chapter 4), Yang 
and Rosenberg (1967), Hori (1967), Rand and Vito (1972), Varga and Aks 
(1974), Kuroda (1974), and Month and Rand (1977). Systems with several 
degrees of freedom were studied by Proskuriakov (1960a, b, 1962, 1965, 1968); 
Bogoliubov and Mitropolsky (1961, Sections 20 and 21); Sethna (1963b); 
Walker and Ford (1969); Lansdowne and Soudack (1971); Habakow (1972); 
Nustrov (1974); Rangacharyulu, Srinivasan, and Dasarathy (1974); Postnikov 
(1974); Helleman and Montroll (1974); Ford (1975); Hoogstraten and Kaper 
(1975); Montroll and Helleman (1975); and Eminhizer, Helleman, and Montroll 
(1976). For a comprehensive review and a discussion of the convergence of avail- 
able techniques of determining periodic solutions of nonintegrable systems, we 
refer the reader to the book of Moser (1973) and the Proceedings of the AIP 
Conference edited by Jorna (1978) and in particular to the articles of Moser 
(1978), Helleman (1978), and Berry (1978). 

As in the preceding section, we exhibit the main features of the behavior of 
systems having cubic nonlinearities by discussing a simple system, namely 

U x + (jS\u x =-2/I I H 1 + OL x u\ +0L 2 U\U 2 + CLt,U x u\ + a 4 W 2 

.. , (6.3.1) 

u 2 + to 2 w 2 =-2ju 2 w 2 + cl s u\ + CL b u\u 2 +a 1 u 1 u 2 1 + a 8 wf 

We seek an approximate solution of (6.3.1) for small but finite amplitudes in 
the form 

"i = eu n (T ,T 2 ) + e 3 t/ 13 (r ,r 2 ) + - •• 

(6.3.2) 
u 2 = eu 2l (T 0i T 2 ) + e 3 w 23 (r , T 2 ) + • • • 

where e is a small, dimensionless parameter the order of the amplitudes and T n = 
e n t. Note that the slow scale T x - et as well as the terms e 2 u l2 and e 2 w 22 are 
absent from (6.3.2) because the nonlinearity is cubic. Had we kept T u u l2 , and 
w 22 , we would have found that the solution is independent of T x and that w 12 
and w 22 satisfy exactly the same equations as u n and w 21 . Hence u l2 and u 22 
can be omitted without loss of generality. Moreover in order for the effect of 
the damping to balance the effect of the nonlinearity, the damping coefficients 
must be ordered so that the damping terms appear in the same perturbation 
equations as the nonlinear terms. Hence we set ju m = e 2 ji m . Then substituting 
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(6.3.2) into (6.3.1) and equating coefficients of like powers of e, we obtain 

Order € 

Dlu u + cj 2 x u xx = 

(6.3.3) 
D\u 2X + CJ2W21 =0 

Order € 3 

Dlu l3 + co?w 13 = -2D (D 2 u xx + i± x u n ) + a x u\ x + a 2 u 2 xx u 2l 

+ a 3 w n « 21 +CK4W21 (6.3.4) 
D\u 23 + <uo\u 22 =-2D (D 2 u 2l +M2W 2 i) + a s Wn + a 6 u 2 xx u 2X 

+ a 1 u xx u 2 x +a 8 ^2i (6.3.5) 

where D n = d/bT n . 
The solutions of (6.3.3) can be written in the form 

"11 =A l (T 2 )exp(iLo l T ) + cc 

(6.3.6) 
w 21 =i4 2 (7' 2 )exp(/a;2 7 , o) + cc 

Substituting (6.3.6) into (6.3.4) and (6.3.5) yields 

DqU 13 + d\u n = [-2/cj,(>1' 1 + tx x A x ) + 3a 1 ,4?/l 1 + 2a 3 A 2 A 2 A x ] 

• exp (zc^! T ) + (2a 2 A x A x + 3a 4 A 2 A 2 )A 2 exp (iu> 2 T ) 
+ a^i exp (3/cjir ) + a 4 ,4 2 exp (3/to 2 7o) 

+ cc 2 A\A 2 exp [/(2ol>, + to 2 )r ] + ol 2 A\A 2 
•exp [/(co 2 - 2cj!)r ] \ol 3 A x A\ exp [/(o^ + 2to 2 )r ] 
+ a 3 v4i^2 ex P [*(^i " 2co 2 )7o] +cc (6.3.7) 

Z)gw 23 +CO2W23 = [-2/cj 2 (>1 2 +ju 2 ^ 2 ) + 3a 8 >ll^ 2 + 2<x 6 A x A x A 2 ] 

• exp (/cj 2 7" ) + (2a 7 y4 2 ^ 2 + 3<x s A x A x )A x exp (koi7* ) 
+ a 5 .4? exp (3/cji T ) + a 8 ,4 2 exp (3i<jj 2 T ) 

+ a 6 A 2 A 2 exp [/(2a;! +co 2 )7 , o] + oc 6 A 2 A 2 

■exp [/(u? 2 - 2cji)7 ] +a n A x A\ exp [/(a?i +2cj 2 )r ] 

+ a n A x Al exp [/(a;, - 2co 2 )7 ] + cc (6.3.8) 

where primes denote differentiation with respect to T 2 . In analyzing the partic- 
ular solutions of (6.3.7) and (6.3.8), we need to distinguish among three cases: 
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cj 2 ~ 3a?!, co 2 ^ 3 c^!, and u> 2 away from 3cOi and 3 co { (i.e., nonresonance). 
If one of the first two cases occurs, an internal resonance is said to exist. In what 
follows we treat the internal-resonance case and the nonresonant case, starting 
with the latter. 

6.3.1. THE NONRESONANT CASE 

In this case the only terms that produce secular terms are the terms propor- 
tional to exp (titJxTo) in (6.3.7) and the terms proportional to exp (±ioo 2 T ) 
in (6.3.8). Thus eliminating the terms that produce secular terms in (6.3.7) and 
(6.3.8) yields 

-2iQ)i(A\ + tx l A l ) + 3a l A 2 A l + 2a 3 A 2 A 2 A l =0 

(63.9) 
-2ico 2 (A 2 + lx 2 A 2 ) + 3<x % A\A 2 +2cl 6 A x A x A 2 =0 

Putting A m = \a m exp (W m ) in (6.3.9) and separating real and imaginary 
parts we obtain 

a\ +Mitfi =0 (6.3.10) 

a 2 +ii 2 a 2 =0 (6.3.11) 

0\=-(^a\+-?*-al\ (6.3.12) 



8cj! 4co 



«i="l?T«3 + ZT-«?) (6-3-13) 



^8cj 2 4cj 2 

The solutions of (6.3.10) through (6.3.13) are 

a x =a 10 exp(-e 2 jM) (6.3.14) 

cii -ciio exp(-e 2 ju 2 (6.3.15) 



Ox = , "* a 2 l0 exp (-2e 2 MiO + ~— a\> exp (~2e 2 n 2 t) + lo 



(6.3.16) 



3a * ,2 _/_^2„ ,w ^ ,2 avn <_^2. 



2 =— a 2 20 exp(-2e 2 ju 2 + i a 2 w exp (-2e 2 ii l t) + d 20 

16o; 2 ju 2 Soo 2 iii 

(6.3.17) 

where a l0 , a 2Q , 1O , and 6 20 are constants of integration. Consequently the 
amplitudes and hence the motion decay with time. However while the motion is 
decaying, the phases Q x and 6 2 and hence the frequencies of both modes are 
dependent on both amplitudes of oscillation. 
In the absence of damping (i.e., jitj = ju 2 = 0), (6.3.14) through (6.3.1 7) reduce 
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to^! = a l0 ,a 2 = a 2 o,and 

(6.3.18) 

\8cj 2 4cj 2 / 

which show that the phases and hence the frequencies are functions of the 
amplitudes. The frequencies increase or decrease with the amplitudes depending 
on the signs and relative magnitudes of a u a 3 , a 6 , and a 8 as well as on the ratio 

Oftfio tO0 2O . 

6.3.2. THE RESONANT CASE (INTERNAL RESONANCE) 

We consider only one case, namely co 2 ^ 30^. The case u>i ^ 3cj 2 can be 

treated by following the present procedure. 
To express quantitatively the nearness of cj 2 to 3co 1; we introduce a detuning 

parameter a according to 

oj 2 =3cj! +e 2 a (6.3.19) 

and write 

to 2 T =3co 1 7 , +e 2 ar =3cj 1 r + oT 2 (6.3.20) 

Inspection of the right-hand sides of (6.3.7) and (6.3.8) reveals that in addition 
to the terms proportional to exp (±/cj m r ) secular terms are produced by the 
terms proportional to exp [±i(co 2 ~ 2cj 1 )r ] in (6.3.7) and the terms propor- 
tional to exp (13/cojro) in (6.3.8). To exhibit this secular behavior we express 
these factors as 

exp [±i(u> 2 - 2tOi)!T ] =exp(±zco 1 r ±ioT 2 ) 

exp (±3/0;! T ) = exp (±/cj 2 r + ioT 2 ) 

Then the secular terms are eliminated from w 13 and u 23 if 

-2iu x {A\ +ju 1 ^ 1 ) + 3a 1 >l 2 ^ 1 + 2a 3 ^ 2 ^ 2 ^! + a 2 A\A 2 exp(ioT 2 ) = 

-2ico 2 (A 2 + ix 2 A 2 )+ 3a 8 A\A 2 + 2a 6 A l A l A 2 + otsA] exp(-*ar 2 ) = 

(6.3.22) 

Putting A m -\a m exp (W m ) in (6.3.22) and separating real and imaginary parts 
we have 

Scoi(a\ +Mi#i) -oi 2 a\a 2 sin 7 (6.3.23) 

8cj 2 (a' 2 + ix 2 a 2 ) = -a 5 a] sin 7 (6.3.24) 
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Sojitf!^ =-(3a 1 ^i + 2a 3 a 2 )ai - OL 2 a\a 2 cos 7 (6.3.25) 

8co 2 2 2 =-(3a 8 02 + 2a 6 a])a 2 ~ as^i cos 7 (6.3.26) 

where 

7 = 2 - 30 ! +ar 2 (6.3.27) 

Eliminating 1 and 2 fr° m (6.3.25) through (6.3.27) yields 
/3a 3 3a 8 \ ^ 1 9<*\ a 6 \ 

— fli<i2-— a?\cos7 (6.3.28) 
8co! 8co 2 / 

Thus the problem is reduced to one of finding the solutions of (6.3.23), (6.3.24), 
and (6.3.28). 

Multiplying (6.3.23) by <jo\~ x a x and (6.3.24) by co 2 1 va 2 , where v - (a 2 co 2 / 
a 5 tOi ), and adding the results, we obtain 

a x a\ + va 2 d 2 ~ "Mi^i " M2 w? (6.3.29) 

For steady-state motions, a\ = a' 2 = 0, and it follows from (6.3.29) that 

Miff? +M2W2 =0 (6.3.30) 

Hence, unless i> > 0, nontrivial steady-state free oscillations can exist, which is 
physically unrealistic unless there is a regenerative element (see Sections 3.1.7 
and 6.1,4) in the system. In what follows we assume that such elements do not 
exist in the system and hence that v > or a 2 and a 5 have the same sign. 
Equation (6.3.29) can be integrated if jt/i = ju 2 = //. The result is 

a\ +va\ =Eexp(-2e 2 tit) (6.3.31) 

where E is a constant of integration proportional to the initial energy of the 
system. Thus, as t -> °°, a\ + va\ -» 0. That is, the energy in the system decays 
exponentially with time. 

If \i x ~ \x 2 =0 (i.e., in the absence of damping), a second integral of the 
motion can be found as follows. Changing the independent variable in (6.3.28) 
from T 2 to a 2 and using (6.3.24), we obtain 

, . ciy 8to 2 a „ , „ „ ^ „ -. 



-0102 sm T = a 2 + ^i a l + r 2 a]a 2 + (3va { al ~ <A ) cos 7 

tfa 2 a 5 



(6.3.32) 



where 



_ 6a 3 co 2 3a 8 _ 9a 1 co 2 2a 6 

1 1 ~ ? I 2 ~ 

a 5 co l <x 5 a 5 cj! a 5 
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Using (6.3.3 1) with /i = 0, we can integrate (6.3.32) to obtain 



a\a 2 cos 7 - -j 



i f 8c^a + r ^j ^ + ^ ^ - ^ )a5 = L (6.3.33) 



where L is a constant of integration. 

With (6.3.31) and (6.3.33) one can reduce the problem to a single first-order 
equation. To accomplish this we let a\ = E%. Then it follows from (6.3.31) that 
a\ = Ev~ y (\ - £). Using these expressions for a\ and a\ and eliminating 7 from 
(6.3.23) and (6.3.33), we obtain 



16w?i> , 



F 2 ^ 



*' 2 =F a (»- G 2 (0 



(6.3.34) 



where 



^ =± v^ 3 (i-i) 



(6.3.35) 



V^ 



£ (&L0 2 O 

l + — — — + r 2 £ 

M a 5 



\ £ 2 



(^-roo-© 2 ^ 



(6.3,36) 



In contrast with the case of quadratic nonlinearities, the exact solution of 
(6.3.34) through (6.3.36) is not available yet, and so (6.3.34) is solved 
numerically. 

The functions F(£) and G(£) are shown schematically in Figure 6-10. Since 
a 1 and hence £ must be real, F 2 (£) > G 2 (%). The points where G meets F corre- 




Figure 6-10. Schematic of F and G. 
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Figure 6-11. Free-oscillation amplitudes of a two-degree-of-freedom system with cubic 
nonlinearities; u> 2 — 3cj! : (<z) no damping; (b) m,v 2 > 0. 



spond to the vanishing of %' and hence to the vanishing of a\ and a 2 . A curve 
such as G 2 which meets one branch of F at two different points or a curve G 3 
which meets both branches corresponds to a periodic solution for £ and hence 
a i and a 2 . Consequently the motion is aperiodic. Figure 6-11 shows that in the 
absence of damping the energy is continuously exchanged between the two 
modes. Numerical integration of (6.3.23), (6.3.24), and (6.3.28) shows the 
effect of the damping. The energy in a given mode can be more effectively 
damped if that mode is coupled via an internal resonance to another mode 
having a large coefficient of damping. 

On the other hand, a point such as P where G x touches F represents a sta- 
tionary solution for £ and hence a x and a 2 . Consequently the motion corre- 
sponding to such a point is periodic, and the effect of the nonlinearity is to 
modulate the phase in such a way that the nonlinear frequencies are commen- 
surable. To analyze the stationary solutions of a x and a 2 , we set a\ - d 2 = 7' = 
in (6.3.23), (6.3.24), and (6.3.28). In the absence of damping, the stationary 
solutions are given by 



a 2 o 






3a 8 

80u> 2 



sin 7 = 
a 6 



or 



■)"♦(&-£)*■ ♦( 



7 = «7T 

3a 2 

8<0! 



a x a\ 



q 5 

8co, 



(6.3.37) 



cos nn = 



(6.3.38) 

where n is an integer. Equation (6.3.38) is a cubic equation for a 2 in terms of 
a x cos rnr. Thus for a given o and a x cos nn 9 (6.3.38) has either one real root or 
three real roots. Thus the periodic motion may consist of a unique motion, or it 
may be one of three possible motions. Figure 6-10 shows that the periodic 
motion is unstable because any small disturbance would lead to a curve G similar 
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to G 2 where it intersects one branch of F in two different points, and hence it 
would lead to an aperiodic motion. 

To show that the nonlinear motions in the case of stationary solutions for 
a i and a 2 are periodic, we note that the frequencies are given by 

co! =co, +e 2 0' u £ 2 =oo 2 +e 2 2 (6.3.39) 



Then 

/s 

CJ 2 

(6.3.40) 



3<Si = oo 2 - 3co t + e 2 (0 2 - 30' 1 ) = e 2 a + e 2 (0 2 - 36\) = e 2 j = 



(6.3.41) 



Thus the nonlinearity adjusts the phases such that the frequencies are exactly in 
the ratio of 3 to 1 , and hence the motion is periodic. 

So far we have discussed phase-modulated motions (periodic motions) and 
both amplitude- and phase-modulated motions. The question arises whether pure 
amplitude-modulated motions can exist as in the case of quadratic nonlinearities 
discussed in the preceding section. If Q x and 6 2 are constants, then it follows 
from (6.3.25) and (6.3.26) that 

(3a x a\ + 2a 3 a 2 )a x + a 2 a\a 2 cos 7 = 

(3a 8 al + 2oL 6 a 2 )a 2 + a s a\ cos 7 = 

Eliminating cos 7 from (6.3.41) yields 

as(3aifl? + 2a 3 a 2 2 )a] - a 2 {3a % a\ + 2a 6 a\)a 2 2 = (6.3.42) 

But in the absence of damping 

a 2 l +val=E (6.3.43) 

Equations (6.3.42) and (6.3.43) can be solved to determine constant values for 
a x and a 2 . Therefore pure amplitude-modulated motions do not exist in the case 
of cubic nonlinearities, in contrast with the case of quadratic nonlinearities. 



6.4. Free Oscillations of Gyroscopic Systems 

A discussion of the motion of coupled rigid bodies is given in the book of 
Leimanis (1965), while a discussion of problems of rotor dynamics is given in the 
book of Tondl (1965). Kyner (1969) discusses the occurrence of nonlinear 
resonances in physical systems such as time-varying torques, coupled pendulums, 
and artificial satellites. Sethna and Balachandra (1976) presented a survey of 
nonlinear gyroscopic systems. The motion of general gyroscopic systems was 
studied by Cherry (1924), Moser (1958), Bert (1961), Arnold (1963), Butenin 
(1965, Section 10), Hori (1966), Gustavson (1966), Garfinkel (1966), Markeev 
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(1968, 1969a), Deprit (1969), Kamel (1969, 1970, 1971), Henrard (1970), 
Alfriend (1971b, c), Tsel'man (1971), Khazin (1971), Alfriend and Richardson 
(1973), Balachandra (1973), Sethna and Balachandra (1974b). Rangacharyulu 
and Srinivasan (1973), and Bhansali and Thiruvenkatachar(1975). The problem 
of the stability of the triangular points and references dealing with it are given in 
Section 6.1.5. 

Junkins, Jacobson, and Blanton (1973) reduced the motion of any torque-free 
rigid body to the solution of three uncoupled Duffing's equations. Goodstein 
(1959) studied the free and forced vibrations of a gyroscope, Thorne (1961) 
solved numerically the equations governing the motion of a gyroscope under 
constant acceleration and a correcting torque, and Poli and Budynas (1971) 
studied the stability of a symmetric gyroscope. 

The motion of a satellite about an oblate earth was studied by Liu (1974). The 
problem of a symmetric satellite in a nearly circular orbit was studied by Pringle 
(1964), Likins (1965), Breakwell and Pringle (1966a), Markeev (1967a), and 
Hitzl (1969, 1971). The effect of a rotor on the attitude stability of a satellite 
was examined by Kane and Mingori (1965), Kane (1966), and Crespo da Silva 
(1972b). Dual-spin satellites were studied by Likins (1967); Mingori (1969); 
Pringle (1969, 1973); Likins, Tseng, and Mingori (1971); Mingori, Tseng, and 
Likins (1972); Scher and Farrenkopf (1974);Gebman and Mingori (1976); Fujii 
(1976); and Cochran (1977). Pringle (1968) suggested the exploitation of non- 
linear resonances in damping the librations of a dumbbell satellite, Likins and 
Wrout (1969) and Schneider and Likins (1973) suggested the use of internal 
resonances as an internal kinetic-energy exchange mechanism to accelerate the 
dissipation of the libration energy of a satellite, and Fujii (1976) investigated the 
effect of resonances on the attenuation of the librations of a satellite having a 
Finite mass and connected to an energy damper. The effect of gravity-gradient 
perturbations on the attitude motion of satellites was analyzed by Beletskii 
(I960, 1968), Kane (1966), Breakwell and Pringle (1966a), White and Likins 
(1969), Modi and Brereton (1969a, b), Crespo da Silva (1970, 1972a), Hitzl 
and Breakwell (1971), Cochran (1972), and Nishinaga and Likins (1974). 

The motion of a rotating shaft with gyroscopic moments and nonlinear restor- 
ing springs leads to a system of nonlinear gyroscopic equations. Genin and May- 
bee (1969, 1970) and Mingori (1973) analyzed the stability of whirling shafts 
with internal and external damping. Using a forced rotating shaft, Yamamoto 
(1957, 1960) demonstrated the occurrence of combination resonances of the 
summed and difference type. These resonances were studied by Yamamoto 
(1961a); Yamamoto and Ishida (1974, 1977); and Yamamoto, Ishida, and 
Kawasumi(1975, 1977). 

In this section we consider the free oscillations of a conservative system having 
gyroscopic forces and simple quadratic nonlinearities. Namely we consider the 



6.4. FREE OSCILLATIONS 01- GYROSCOPIC SYSTEMS 397 
system 

tii " Xw 2 + a i w i + tt 3 w 2 = 2wiW 2 

(6-4.1) 
u 2 +X«i +0:3^! + a 2 H 2 = u x 

We seek a first-order solution for small but finite amplitudes in the form 

u x =e« 11 (r ,r 1 ) + e 2 w 12 (r ,r 1 ) + --- 

(6.4.2) 

«2 = 6« 21 (r ,r 1 ) + e 2 M22 (r ,r 1 ) + -- 

where e is a small, dimensionless parameter the order of the amplitudes and 
T n = e n t. Substituting (6.4.2) into (6.4.1) and equating coefficients of like 
powers of e we obtain 

Order e 

Dlu u - \D u 2l +a l u n +a 3 w 21 =0 

Dlu 2 i +\D u u +a 3 Mn +a 2 w 2 i =0 
Order e 2 

Dlu l2 - \D U 22 + ttjWl2 +0f 3"22 = ~2A)£ > 1 W 11 + XD x U 2t + 2wnU 21 
D%U 22 + AZ) "l2 +Q: 3"l2 +a 2 M 22 = ~2D^D X U 2X - XD \U n +M 2 ! 

The solution of (6.4.3) can be expressed in the form 

u n =^ 1 (7 1 1 )exp(/cj 1 r o )+^ 2 (r 1 )exp0'co 2 r o ) + cc 
"21 = AiA x (Ti) exp (/coi r ) + A 2 A 2 (T { ) exp (iu 2 T ) + cc 
where the a^ are the roots of 

co 4 - (<*! +a 2 + X 2 )co 2 +q: 1 q: 2 - a! = (6.4.6) 

A„ = - °^^ (6.4.7) 

a 2 - oj„ 

and the co„ are assumed to be distinct. 

Substituting w n andw 21 into (6.4.4) yields 

DqU X2 - \D u 22 +aiW 12 + <* 3 w 22 = ~(2/coi - AA,)^ exp(/a>ir ) 

- (2zco 2 - \A 2 )A 2 exp(/co 2 r ) + 2A^ 2 exp (2/coi T ) 

+ 2A 2 Al exp(2/cj 2 7 , ) + 2(A 1 +A 2 )A l A 2 exp [/(co, +oo 2 )r ] 

+ 2(A t + A 2 )3"i^ 2 exp [z'(cj 2 - cj,)r + 2A 1 ,4,Z, +2A 2 ^ 2 J 2 + cc 

(6.4.8) 



(6.4.3) 



(6.4.4) 



(6.4.5) 
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D\u 22 + ^o w i2 + tt 3 w 12 +a 2 M 2 2 = "(2/cJi Aj + X),4 i exp (ioji T ) 

- (2/oo 2 A 2 +XMi exp(/a> 2 7 1 o) + ^i exp(2/cj 1 7 , ) 

+ i4l exp (2/oo 2 r ) + 2A X A 2 exp [z(cji + co 2 )r ] 

+ 2A X A 2 exp [/(oo 2 - oj^Tq] + A x A x + A 2 A 2 + cc (6.4.9) 

In determining the solvability conditions of (6.4.8) and (6.4.9) and hence the 
equations that describe the A n , we need to distinguish between resonant (i.e., 
oo 2 ^ 2co! or ^cji) and nonresonant (oo 2 is away from 2cj t or ^coi) situations. 

In the nonresonant case the solvability conditions of (6.4.8) and (6.4.9) yield 
A' n =0 or A n = ja n exp (id n ), where a n and S n are real constants. 

We analyze only the resonant case oo 2 ^2(jJ\ because the other resonant case 
can be treated in a similar fashion and because the physical features can be ob- 
tained by the analysis of one of the two cases. Thus we introduce a detuning 
parameter o defined by 

oo 2 = 2co, +ea (6.4.10) 

and express 2coi T and (oo 2 - coi)T as 

2g>iT =gj 2 T - oT v 

(6.4.11) 

(oo 2 - co i ) T = go , To + oT x 

To determine the solvability conditions of (6.4.8) and (6.4.9), we seek a 
particular solution in the form 

u l2 =/>„ exp(/co,r )+/ > 12 exp(ioo 2 T ) 

(6.4.12) 
"22 = ^2i exp(/co 1 7 1 )+/ > 22 exp(/co 2 r ) 

Substituting (6.4.12) into (6.4.8) and (6.4.9), using (6.4.11), and equating the 
coefficients of exp (/coi T ) and exp (/cj 2 T ) on both sides, we obtain 



where 



(a, - co£)/> ln +(a 3 - ioj n X)P 2n = *i„ 
(a 3 + /co„X)P ln +(a 2 - co*)P 2 „ = * 2 „ 

/* n =-(2 zco, -\A { )A\ +2(A, + A 2 )v4 2 J, expO'tr^) 
/? 2 i =-(2/co,A! + X)4', + 2A 2 A X expOar,) 
7? 12 = -(2 /co 2 - XA 2 )/4 2 + 2A,4? exp(-ioT { ) 
R 22 = -(2/co 2 A 2 +XMi +4? exp^/arO 



(6.4.13) 



(6.4.14) 



(6.4.15) 



Thus the problem of determining the solvability conditions of (6.4.8) and 
(6.4.9) is reduced to that of determining the solvability conditions of (6.4.13). 



R\n a 3 


- ioo n \ 


^2n 0L 2 


- u 2 n 


R\n = 


-A n R 2n 
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Since the determinant of the coefficient matrix of (6.4.13) is zero according to 
(6.4.6), the solvability conditions are 



= (6.4.16) 



or 

(6.4.17) 

on account of (6.4.7). 
Substituting (6.4.14) and (6.4.15) into (6.4.17) and rearranging, we obtain 

A\ =-iV l A 2 A l exp [i(oT x +r)] 

(6.4.18) 
4i =-£/T 2 i4? exp [~i(oT l + r)] 

where 

r n = \A 2 +2A, \{cl 2 ~ cj^)cj^(^i +a 2 +X 2 - 2g^) _1 

(6.4.19) 
t = imaginary part of log (A 2 + 2 Aj ) 

Putting A n - ^a n exp (i'0„) with real a n and B n in (6.4.18) and separating the 
real and imaginary parts yields 

a\ = ^V l a l a 2 sin 7 (6.4.20) 

a 2 ="ir 2 fl? sin 7 (6.4.21) 

01 =-iIV 2 cos 7 (6.4.22) 

Mi = -ir 2 fl? cos 7 (6.4.23) 

where 

7 = 2 - 20, +ar, +7 (6.4.24) 

Eliminating 0, and 2 from (6.4.22) through (6.4.24) gives 

a 2 y'=a 2 o- ^V 2 a\ cos7 + r!0 2 cos 7 (6.4.25) 

Equations (6.4.20) through (6.4.25) have the same form as (6.2.16) through 
(6.2.21) derived in Section 6.2 for nongyroscopic systems when fi^ - /i 2 = 0. 

Eliminating 7 from (6.4.20) and (6.4.21) yields va 2 a 7 + a x a\ =0 where 
y = (2r,/r 2 ). Hence 

va\ +a] =£ (6.4.26) 

where E is a constant of integration. As discussed in Section 6.2, the response 
will be bounded if v > 0, but it may be unbounded, depending on the detuning 
a, as shown below if v < 0. When v > 0, the analysis and behavior of the system 
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are exactly as in Section 6.2. Hence we restrict the discussion in this section to 
the case v < 0. 
It follows from (6.4.19) that 

= 2Tj__ 2cj 2 (q! 2 - cofXtt) +a 2 + X 2 - 2cj|) 
T 2 cji(ol 2 ~ ul){<*\ + c* 2 +X 2 - 2co 2 ) 
Since a x + a 2 + X 2 = cj 2 + co 2 from (6.4.6), 

2o> 2 (of 2 - cj 2 ) 



2w. x. ^2_,,,> (6A27) 



cji(a 2 - co 2 ) 



(6.4.28) 



Certainly v <Q when a 2 < 0. But if a 2 < 0, it follows from (6.4.6) that a { < 
in order that co! and co 2 be real. This is exactly the condition that the Hamil- 
tonian is not positive definite. To see this, we note that the Hamiltonian corre- 
sponding to the linear parts of equations (6.4.1) is 

H=%(Pi + ^Xh 2 ) 2 +k(Pi ~ £X«i) 2 +£aiHi +a 3 w 1 w 2 + \a 2 u\ (6.4.29) 

where p x and p 2 are the generalized momenta. Substituting H into Hamilton's 
equations 

3// . 3// , 

"n = r— , P n = - — (6.4.30) 

3p„ 3w„ 

yields the linearized parts of (6.4.1). Equation (6.4.29) can be rewritten as 

//=I( Pl +iX M2 ) 2 +i(p 2 -l\ Wl ) 2 



+ i 



(a 3 \ 2 a x a 2 - oA . , 
"i +— "2) +- L ^ " w? (6.4.31) 



Since aia 2 - a 2 >0 in order that co! and co 2 be real, H is positive definite un- 
less <*i < and hence a 2 < 0. 

Following an analysis similar to that of Section 6.2, we can write the following 
second integral for (6.4.20), (6.4.21), and (6.4.25): 

a 2 a\ cos 7- — a\ =L (6.4.32) 

I 2 

where L is a constant of integration. To determine a single equation for a 2 we let 

a\ = \E\% (6.4.33) 

It follows from (6.4.26) that 

a\ = \E\(±\+i%\ v=-v>0 (6.4.34) 

where the plus and minus signs inside the parentheses correspond to positive and 
negative values of E, respectively. Using (6.4.32) to eliminate 7 from (6.4.21) 



6.4. FREE OSCILLATIONS OF GYROSCOPIC SYSTEMS 401 



UNSTABLE 
EQUILIBRIUM- 




UNSTABLE 
EQUILIBRIUM- 
POINT 




Figure 6-12. Schematic of the motion: (a) E > 0; (b) E < 0. 



and expressing a \ and a\ in terms of £ we obtain 



(i 



fj "•*>- 



G'(t> 



where £ = vi>, 

F=±V|"(f±i) f c = S(f+£) 



T = Ar 2 V^ir 1 , 3 = 



2a 



z = 



li\P 



r 2 V^' 2a\E\ 



(6.4.35) 

(6.4.36) 
(6.4.37) 



The functions F and G are shown schematically in Figure 6-12. Since a 2i and 
hence f, must be real, F 2 > G 2 must hold. The points where G meets F corre- 
spond to the vanishing of both a\ andfl 2 . A curve such as G 2 which meets both 
branches of F 9 or meets one branch at two different points, corresponds to a 
bounded aperiodic motion. In this case f and hence a\ can be expressed in terms 
of Jacobi elliptic functions as in Section 6.2. 

On the other hand, a curve such as G 4 , which meets F at one point only, repre- 
sents an unbounded motion. However the points T^ and P 3 where G x and G 3 
touch F represent equilibrium (periodic motions). A point such as P x corre- 
sponds to a stable periodic motion, whereas a point such asP 3 corresponds to an 
unstable periodic motion. 

When o ~ (i.e., the case of perfect resonance), G = constant and the curve G 
intersects the curve F in one point only. Consequently the nonlinearity causes 
the motion to be unbounded though it is bounded according to the linear theory. 

Since v < when Gi and ot 2 are negative, the system under consideration is 



402 SYSTEMS HAVING FINITE DEGREES OF FREEDOM 

unstable linearly if a 3 = in the absence of the gyroscopic forces. However the 
nonlinearity causes the system to be unstable if the two linear frequencies are 
commensurable. 



6.5. Forced Oscillations of Systems Having Quadratic Nonlinearities 

In this section we consider the forced response of a system having quadratic 
nonlinearities. For simplicity we consider only the case of a single-frequency 
excitation, van Dooren (1971a, b, 1973b) studied the case of a two-frequency 
excitation and obtained results for the cases u) n = 12 2 ± 12 ! , where co n is one of 
the natural frequencies of the system and 12 ! and 12 2 are the frequencies of the 
excitation. Thus we consider 

Hi +CO?Wi =-2£ 1 W 1 + Witt 2 + ^1 COS(12f + Ti) 

(6-5.1) 
u 2 + oolu 2 = -2/i 2 w 2 + a? +F 2 cos(12r + r 2 ) 

with cj 2 being larger than o^. We follow Nayfeh, Mook, and Marshall (1973) 

and seek a first-order uniform expansion by using the method of multiple scales 
in the form 

u x =ew n (r ,r 1 ) + e 2 M 12 (ro,r 1 ) + *** 

(6.5.2) 
u 2 =ew 21 (r ,ri) + e 2 M 22 (7 1 o,r 1 ) + -- ■ 

where e is a small, dimensionless parameter related to the amplitudes and 
T n = e n t. We order the damping coefficients so that the effects of the damping 
and the nonlinearity appear in the same perturbation equations. Thus we let 
Vn ~ € f JL n- As before, we consider two major categories— primary (£1 ^ oj n ) and 
secondary resonances (12 ^ 2co„ , 12 = cj { ± cj 2 , or 12 ^ £gj„). Moreover we con- 
sider a number of cases within each category. Primary resonances were analyzed 
by Mettler and Weidenhammer (1962); Sethna (1965); Tondl (1966); Nayfeh, 
Mook, and Marshall (1973); and Marshall and Morrow (1975). Secondary reso- 
nances were analyzed by Kruschul (1960); Yamamoto (1961a, b); Yamamoto 
and Nakao (1963); Yamamoto and Hayashi (1963, 1964); van Dooren (1971a, 
1973b); Eller (1973); Mook, Marshall, and Nayfeh (1974); Agrawal (1975); and 
Evan-Iwanowski (1976). 

6.5.1. THE CASE OF 12 NEAR co 2 

To analyze primary resonances, we order the forcing term so that it appears in 
the same perturbation equation as the nonlinear terms and the damping. First we 
consider the case in which 12 ^ co 2 . Thus we let F x = ef x and F 2 = e 2 f 2 . Sub- 
stituting (6.5.2) into (6.5.1), recalling that £ = eid n , and equating coefficients of 
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like powers of e, we obtain 
Order e 

Dlu u +CJ?£l n = /\ COS(^r +TJ 

(6.5.3) 

£>0«21 + ^2^21 = 

Order e 2 

Z)gw 12 + cj]h 12 = -2D (D l u n +Mi"ii) + "n"2i 

(6.5.4) 

Z)gw 22 + cj 2 w 22 = -2D Q {D l u 2 \ +M2«2i) + Wii +/ 2 cos(12r + 7 2 ) 

The solutions of (6.5.3) can be expressed in the form 

u n =^i(7 1 i) expO'co^o) + A exp [i(£lT + Tj)] + cc 

(6.5.5) 
"21 =^ 2 (r 1 )exp(zco 2 7 1 o) + ^ 

where ,4 2 and A 2 are arbitrary functions at this level of approximation and 
A=/i/2(co? - £2 2 ). Substituting (6.5.5) into (6.5.4) yields 

Do" 12 +cj]w 12 = -2/cji^i +/i 1 ^ 1 )exp(/a; 1 7 1 o)+^ 2 ^i exp [/(gj 2 + cji)r ] 
+ A 2 A X exp [i(w 2 - coi)T ] + A>1 2 exp [/(H + gj 2 )7 1 + /ti] 
+ AZ 2 exp [/(n - co 2 )r + iti] 
- 2/jLti^A exp [/(^r + ri )] + cc (6.5.6) 

D\u 22 + cj 2 w 22 = -2iu) 2 (A 2 +/i2i4 2 )exp(/cj 2 7 , o) + ^4i exp(2/cji7 , ) 
+ .4,^4, +A 2 + 2A Y A exp [/(cj, + S2)7 , + /ti] 
+ 2JjA exp [/(£2 - cji)r + /tj] + A 2 exp [2/(12 r + n)] 
+ 5/2 exp [i(co 2 r + ai T x + r 2 )] + cc (6.5.7) 

where 

n = co 2 +eoi (6.5.8) 

As in Sections 6.2 and 6.4 we need to distinguish between the case of internal 
resonance cj 2 ^ 2io x and the case of no internal resonance (i.e., co 2 is away 
from coi). In the latter case none of the nonlinear terms produces a secular 
term, and the solvability conditions are 

A't+HiA^Q (6.5.9) 

2ia> 2 {A' 2 + JM2W/2 exp [/(a,^ +r 2 )] (6.5.10) 
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whose solutions are 

A x ^\a x exp(-/ii^i +/0i) (6.5.11) 

A 2 = \a 2 exp(-ju 2 r! + /0 2 )- \if 2 <*h l (^2 + '*o r i)" 1 ex P [i(°iTi +r 2 )] (6.5.12) 

where the a n and 0„ are constants. 
As t -> °°, 7 1 ! -* °° and 

y4 1 ->0,^ 2 ^-^/ 2 cj2 1 (/i 2 + /a 1 )" 1 exp [/(a^ + r 2 )] (6.5.13) 

^ (6.5.13) into (6.5.5) and (6.5.2) and expr 
nal variables, we obtain the following steady 

u x =F!(cj?- ft 2 )" 1 cos(^ + r 1 ) + 0(e 2 ) 



Substituting (6.5.13) into (6.5.5) and (6.5.2) and expressing the result in terms 
of the original variables, we obtain the following steady-state response: 



u 2 = ^- 1 F 2 co 2 1 (ui 2 2 + o\Y xl2 sin (Sit + r 2 - To) + 0(e 2 ) 



(6.5.14) 

where 7 = arctan (ai//i 2 ). Thus when there is no internal resonance, the first 
approximation is not influenced by the nonlinear terms; it is essentially the solu- 
tion of the corresponding linear problem. As we shall see next, when there is an 
internal resonance the solution can differ drastically from (6.5.14). 
When co 2 ^ 2coj , the solvability conditions of (6.5.6) and (6.5.7) are 

-2icj x (A\ +tX\A l )+A 2 A l exp(-/a 2 7,) = 

(6.5.15) 
-2ico 2 (A 2 + tx 2 A 2 )+A\ exp(/a 2 7\) + \f 2 exp \i(a\T x + r 2 )] =0 

where 

u> 2 =2(x> x - ea 2 (6.5.16) 

As before, we introduce polar notation A n = \a n exp (i'0 w ) and obtain 

a[ = -/ii^i + \oj\ l a x a 2 sin y 2 (6.5.17) 

a'l = ~M2^2 " \^2 l a\ sin y 2 + ^00^/2 sin 7i (6.5.18) 

d\0\ = ~^co] 1 a 2 a i cos7 2 (6.5.19) 

#2^2 = ~ i^2 ! 0i cos y 2 - \iol l f 2 cos 71 (6.5.20) 

where ' 

7i =a 1 7 1 - 6 2 +t 2 

(6.5.21) 
y 2 =0 2 - 26 1 - a 2 7! 

For the steady-state response, a^ = y' n - 0. We find two possibilities. The first 
is given by (6.5.13), and it is essentially the solution of the linear problem. The 
second is 

«i=2[-r,±(j/j- riyiiy' 2 (6.5.22) 
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a 2 =a% = 2co, [4ju 2 +( ffl - a,) 2 ] 1 ' 2 (6.5.23) 

where 

T! = 2co 1 co 2 [a 1 (a 2 - a 1 ) + 2/i 1 /i 2 ] 

(6.5.24) 
T 2 = 2co 1 co 2 [2aiMi " ^2(^2 " <*i)] 

We note here, and discuss later, a very interesting feature of the response: a 2 , the 
amplitude of the only mode that is directly excited by the external excitation, is 
independent of f 2 , the amplitude of the excitation. 
It follows from (6.5.5), (6.5.2 1), (6.5.22), and (6.5.23) that 

tii =F l (u>] - a 2 )' 1 cos(12f + Ti) 

+ 2e[-r, ±(i/? - ID 1 ' 2 ] 1 ' 2 cos [£(fif + t, - T i " 7 2 )] +0(e 2 ) (6.5.25) 

« 2 =2eco![4M? +(a t - a 2 ) 2 ] 1/2 cos (ftf + r 2 - Ti) + 0(e 2 ) (6.5.26) 

Thus the nonlinearity produces perfect tuning for the primary (external) reso- 
nance as well as the internal resonance. 

Next we determine when the roots of (6.5.22) and (6.5.23) are real. We begin 
by defining two critical values of/ 2 , namely 

/2=?i=2|r 2 | and / 2 =f 2 =2(r 2 +H) 1 / 2 (6.5.27) 

Clearly f 2 must be greater than f ! . Then there are two possibilities: V Y > and 
V Y < 0. For the former, one real solution exists if 

h > ?2 (6.5.28) 

For the latter, two solutions exist if 

h <Ki (6.5.29) 

and one solution exists if 

h > f 2 (6.5.30) 

Consequently when f 2 < f 1 , the response must be given by (6.5.14). When 
r { < and f 1 <f 2 < f 2 , the response is one of the three possibilities predicted 
by (6.5.14) and (6.5.25) and (6.5.26). And when/ 2 > f 2 , the response is one of 
the two possibilities predicted by (6.5.14) and (6.5.25) and (6.5.26). 

Next we consider the stability of the various steady-state solutions. The 
governing equations for the amplitudes and phases have the form of (3.2.5). 
Thus we want to determine the nature of the various singular (or steady-state) 
points in the state space. Proceeding as in Chapter 3, we expand the right sides 
of (6.5.17) through (6.5.21) about the singular point, obtaining a set of linear 
equations having constant coefficients, which govern the components of the 
disturbance. If the real part of each eigenvalue of the coefficient matrix is not 
positive definite, then the point is stable; otherwise it is unstable. 
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Figure 6-13. Amplitudes of the response as functions of the amplitude of the excitation; 
r Y < 0;ft — u> 2 . 



In order to illustrate the basic character of the possible responses, Nayfeh, 
Mook, and Marshall (1973) arbitrarily chose values for the parameters and 
computed the solutions. Moreover to promote confidence in the method of 
multiple scales, they integrated (6.5.1) numerically and compared these results 
with the approximate, analytic solution. 

In Figures 6-13 and 6-14 a x and a 2 are plotted as functions of / 2 . In Figure 
6-13 there is a small detuning of the external resonance, while the internal 
resonance is perfectly tuned; this combination renders 1^ negative. The values of 
$ Y and f 2 defined in (6.5.27) and a* defined in (6.5.23) are indicated. One can 
clearly see the different solutions in the regions defined by (6.5.28) through 
(6.5.30). For fj <f 2 < f 2 , two of the three solutions are stable according to 
the approximate analysis. The initial conditions determine which of these solu- 
tions gives the response. In the other regions there is only one stable solution. 
These conclusions were verified by the numerical results. In Figure 6-14, both 
resonances are perfectly tuned. This combination renders F Y > 0. 

Returning to (6.5.1) we see that u 2 is essentially a parametric excitation for u x . 
The internal resonance (i.e., co 2 being nearly 2a; j) is also a parametric resonance. 
Such internal resonances are sometimes referred to as autoparametric resonances. 
Typical of parametrically excited linear systems, when the amplitude of the 
excitation (w 2 in this case) exceeds a critical value, the trivial homogeneous solu- 
tion becomes unstable. However atypical of linear systems, the phasing between 
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Figure 6-14. Amplitudes of the response as functions of the amplitude of the excitation; 

o\ = a 2 - 0; £2 — (jl>2- 



the response and excitation begins to change, as shown by (6.5.20). This change 
is significant because it limits the amplitude of the response to a finite value. 

In Figures 6-13 and 6-14 one can clearly see a saturation phenomenon. As f 2 
increases from zero, so does a 2 until it reaches the value a*, while a x is zero. 
This agrees with the solution of the corresponding linear problem. At this point, 
however, a 2 has its maximum value, and further increases in/ 2 will not produce 
further increases in a 2 because the solution given by (6.5.14) is unstable and the 
solution given by (6.5.25) and (6.5.26) is stable. The u 2 mode is saturated. Fur- 
ther increases in f 2 cause a Y to increase, as clearly shown in Figure 6-14 and 
indicated in (6.5.22). 

When there are multiple stable solutions such as the situation illustrated in 
Figure 6-13, there is a jump phenomenon associated with varying the amplitude 
of the excitation. Referring to Figure 6-13, we note that when f 2 increases 
slowly from zero, a 2 follows along the line through O and D and a! is zero. As 
f 2 increases beyond f 2 , a i continues to have the value a 2 (saturation) and a { 
jumps from f 2 to C. For further increases in/ 2 ,a x follows to the right along the 
curve through B, C, and E. When f 2 decreases slowly from a large value well 
beyond f 2 , a 2 has a constant value, following along the line from F through/) 
to A , and a x follows along the curve from E through C to B. When/ 2 decreases 
below f j , a 2 jumps down from A to G and a\ jumps down from B to f 1 . Then 



408 SYSTEMS HAVING FINITE DEGREES OF FREEDOM 



a l- a 2 



STABLE 1 



PERTURBATION 
SOLUTION 



| A, o NUMERICAL INTEGRATION 

\ 



c 2 




\^- — ^-^-^-^ / Ml ^— 

\ ^M2 , I ^~ 

i J <__<, — ^ ^ 



Figure 6-15. Frequency -response curves; a 2 = 0, S7 — u>2- 

both fli and fl 2 follow the linear solution back to the origin as f 2 continues to 
decrease. 

In Figures 6-15 and 6-16, a\ and a 2 are plotted as a function of o 2 for o x = 
and 0\ > 0, respectively. The dotted curves having peaks at o 2 = correspond 
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Figure 6-16. Frequency-response curves; o 2 > 0, il -■ oj 2 . 
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to a i = 0, and they are the solution of the corresponding linear problem. The 
unstable regions for the "linear" solution depend on the values of o x and o 2 - 
Hence at a given value of o 2 , the linear solution may be either a stable or an un- 
stable solution, depending on the value of Oj. The regions in which there are two 
stable solutions correspond to Figure 6-13, while the center regions correspond 
to Figure 6-14. 

In Figures 6-15 and 6-16 the jump phenomenon associated with varying the 
frequency £2 of the excitation is indicated by the arrows. When ft is such that o 2 
is to the left of A, the response is always given by the "linear" solution (6.5.14). 
As o 2 increases slowly, the response follows the linear curves-£ 2 along the solid 
line through N to F and a x along the solid line through ,4 to B. As o 2 increases 
to the right of B, a 2 follows along the curve FGH and a x jumps up from BtoJ 
and then follows along the solid curve through K to I, as given by (6.5.25) and 
(6.5.26). When o 2 increases to the right of D, a 2 jumps down from// to M and 
a x jumps down from L to D. Then both a x and a 2 follow the linear curve as o 2 
continues to increase. 

6.5.2. THE CASE OF ft NEAR coi 

In this case we put 

/M=e 2 /i, F 2 =ef 2 (6.5.31) 

and let 

£2 = to! +eo Y (6.5.32) 

Instead of the first of (6.5.21) we put 

Ti =OiT x - 6 X +r, (6.5.33) 

Using polar notation, we now obtain the following solvability conditions: 

a\ ~ -[i\a x + \oj\ l a x a 2 sin y 2 + yco^/i sin 7! (6.5.34) 

a 2 = ~n 2 a 2 - \co 2 l d\ sin y 2 (6.5.35) 

a x d\ = ~^co~ l 1 a l a 2 cos 7 2 - ^] l fi cos 7, (6.5.36) 

M2 =-ico2 1 fl? cos 7 2 (6.5.37) 

where y 2 , jUi ,id 2 , and o 2 are the same as in Section 6.5.1. 

For the steady-state solution, a n = y' n = and (6.5.34) through (6.5.37) can 
be combined into 

a\ +8to,(a, cos7 2 - \i x sin7 2 )02 + 16co*0i? + o\)a 2 - Toj~ 2 1 f\ =0 (6.5.38) 



*i=2j/-^ (6.5.39) 
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sin7 2 = -M2r, cos7 2 = ~(a 2 +2aj)r 
where 

r=[M?+(a 2 +2a 1 ) 2 ]-^ 
Thus to the first approximation 



f 



"i =2e V ^r cos (nr 



Ti +r,) + 0(e 2 ) 



(6.5.40) 
(6 5.41) 

(6.5.42) 



w 2 =f T ,(cj2 - H 2 )" 1 cos (ft/ 1 + r 2 ) 

+ ea 2 cos (2ft/ + 2^ + y 2 - 27, ) + <9(e 2 ) (6.5.43) 

If there is no internal resonance, the solution is essentially that of the corre- 
sponding linear problem. 

In Figures 6-17 and 6-18, a x and a 2 are plotted as functions of a 2 for o x = 
and a Y > 0, respectively. For some combinations of the parameters, there is a 
region near the center dip of these curves where no stable, steady-state solution 
exists. In these cases u x and u 2 are plotted for very large values of t in Figure 
6-19. This figure shows a continuous exchange of energy back and forth be- 
tween the two modes. 

In Figures 6-17 and 6-18 the jump phenomenon, which is similar to that in 
Figures 6-15 and 6-16, is indicated by the arrows. There is no saturation 
phenomenon in this case. However from (6.5.39) it follows that as/, tends to 
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Figure 6-17. Frequency-response curves; o 2 = 0, il — uj\. 
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Figure 6-18. Frequency-response curves; o 2 > 0, n — cjj. 



zero, a 2 tends to zero faster than a x , and hence this solution also agrees with the 
solution of the linear problem for very small amplitudes of the response. 

The value of an analytic solution is made apparent here. One can easily 
imagine the difficulty in obtaining the dominant characteristics of the solution 
by numerical methods alone. 




Figure 6-19. Nonexistence of periodic motions in a system with quadratic nonlinearities. 
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6.5.3. THE CASE OF NONRESONANT EXCITATIONS 

In this case we put 

F n = ef n (6.5.44) 

Substituting (6.5.2) into (6.5.1), recalling that £„ = eju w , and equating coeffi- 
cients of like powers of e we obtain 

Order c 

DqU u + to]u n - fx cos (£IT + Ti) 
DqU 21 + oj\u 21 =f 2 cos(12r + r 2 ) 
Order c 2 

Dlu u + co]u l2 =-2D (D l u u + Mi"n) + "n"2i 
DqW 22 + a>lw 2 2 =-2D (D l u 2l + /i 2 "2i) + "n 
The solutions of (6.5.45) can be expressed in the form 

^ii = 4 1 (7^ ) exp (/co! T ) + A! exp (/12r ) + cc 
u 2 \ = A 2 (T l )exp(ico 2 T )+A 2 exp (i£lT ) + cc 
where 



(6.5.45) 



(6.5.46) 



(6.5.47) 



A„ = H< w £ - 12 2 )" 1 exp (it,,) (6.5.48) 

Hence (6.5.46) become 

D%u l2 + oo\u l2 = -2icoi(A'i + jui/li) exp (icj l T ) - 2i£Iijl 1 A 1 exp (i£lT ) 
+ A 2 A X exp [/(cji + co 2 )T ] + A 2 A Y exp [i(co 2 +12) T ] 
+ A 2 A X exp [/(co 2 - o;!) r ] +v4 2 A! exp [i(co 2 - £1) T ] 
+ A Y A 2 exp [i(coi + 12) To] + A 2 A 2 exp(2/12r ) 
+ A^ exp [/(12- coi) T ] + A 2 Aj + cc (6.5.49) 

D\u 22 + co 2 w 22 =-2/cj 2 (^2 + l^i A 2 ) exp (iu) 2 T ) - 2i£Iijl 2 A 2 exp(/12r ) 

+ A] exp(2/co,7 , )+ 14, A, exp [/(cjj +12) T ] 

+ 2^j Aj exp [z(co, - 12) r ] + A? exp(2/12r ) 

+ >M, + AiAj + cr (6.5.50) 

Inspecting the inhomogeneous terms in (6.5.49) and (6.5.50), one finds that 
in addition to the terms proportional to exp (±ioj n T ), secular terms result when 
12 ^ 2co!, 12 ^ ^co,, 12 ~ ^co 2 ,12^cj 2 - coi, 12 = co 2 + coi, and o; 2 ^ 2coi.The 
last case is the internal resonance case, while the first six cases correspond to 
secondary resonances (external resonances). 
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In the absence of secondary and internal resonances the solvability conditions 
are 

A\ + \i x A x =0 

(6.5.51) 

A 2 + \i 2 A 2 = 

whose solutions decay with T x . Hence to the first approximation, u x and u 2 are 
approximately the solutions of the linear problem. 

In the absence of secondary resonances and in the presence of internal reso- 
nance (to 2 = 2a>i - ea 2 ), the solvability conditions are the same as (6.2.14) 
when a x = a 2 = 1 . The analysis of the motion in this case is the same as in Sec- 
tion 6.2. 

6.5.4. THE CASE OF 2£2 NEAR co. 

When the system does not possess an internal resonance the two modes are 
uncoupled, and there is a superharmonic resonance for the u x mode alone. 
The analysis, which is carried out in detail in Section 4.2.2, is not repeated here. 

When the system possesses an internal resonance, we introduce two detuning 
parameters as follows: 

co 2 = 2coi - eo 2 and 2£2 = co x + eo x (6.5.52) 

It follows from (6.5.49) and (6.5.50) that secular terms are eliminated from u X2 
and u 22 if 

-2i(jj x {A\ + ii x A x ) + A 2 A X exp (-io 2 T x ) + A t A 2 exp (io x T x ) = 

(6.5.53) 
-2ico 2 (A 2 + ju 2 ,4 2 ) + ,4i exp (io 2 T t ) = 

As before, we introduce polar notation into (6.5.53) and obtain 

a\ = ~ {Ji x a x + \co x ~ 1 a x a 2 sin y 2 + jco^r sin 7! (6.5.54) 

a\ =~ii 2 a 2 - ^co 2 l a\ sin 7 2 (6.5.55) 

#i 0'i = " i (jj\ l a x a 2 cos 7 2 - \ co^ 1 V cos y x (6.5.56) 

#2^2 = " i<^2 lfl i cos 7 2 (6.5.57) 

where 7 2 is defined in (6.5.21) and 

7i = ^i T x - d x + t x + r 2 



(6.5.58) 



Since (6.5.54) through (6.5.58) have the same form as (6.5.33) through 
(6.5.37), the steady-state solution in this case is given by (6.5.38) through 
(6,5.43) if/, is replaced by T and r x is replaced by r x + r 2 . Therefore the 
response curves are qualitatively the same as those appearing in Figures 6-18 and 
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6-17. In particular, for some combinations of the parameters there exists a 
region where steady -state solutions do not exist. 

6.5.5. THE CASE OF £1 NEAR co x + oj 2 

In the case of combination resonance the two modes are coupled irrespective 
of the existence of an internal resonance. Hence we consider both cases and let 

n = <jj 2 + cji + eoi (6.5.59) 

In the absence of an internal resonance the solvability conditions for (6.5.49) 
and (6.5.50) are 

-2iu> l (A\ + ti 1 A l ) + A 2 Ai exp (m 1 r 1 ) = 

(6.5.60) 

-ico 2 (A 2 + ix 2 A 2 ) + A X A X exp(/a 1 T 1 ) = 

Equations (6.5.60) admit a solution of the form 

A x =b t exp(X7\ +/o 1 r, + n x ) and A 2 = b 2 exp (\T X ) (6.5.61) 

provided that 

X 2 + (mi +M 2 +^i)X + ju 2 (mi + iot)- ^cjJ 1 ^ 1 |Ai I 2 =0 (6.5.62) 

Hence, 

X = -i(Mi + V 2 + io x ) ± ±[(v x - v 2 + io x ) 2 + 2u] 1 gj~ 2 1 \A x \ 2 ] l/2 

(6.5.63) 

The real parts of all values of X must be negative for the homogeneous solutions 
to decay. If the real part of any of the X's is positive definite, the homogeneous 
solution grows and is part of the first approximation of the response. This 
situation is similar to the subharmonic resonance for a single degree of freedom 
discussed in Section 4.2.3. The case of £2 ^ oj 2 ~ <*>i can be obtained from the 
above results by simply changing the sign of co x . Combination resonances of the 
summed type £1 ^ gj x + oj 2 were found experimentally by Yamamoto (1960). 

In the presence of internal resonance, co 2 = 20^ - ea 2 , the solvability con- 
ditions of (6.5.49) and (6.5.50) are 

-2ico x (A' x + ii x A x ) + A 2 A X exp (-io 2 T x ) + A 2 A X exp (io x T x ) = 

- (6.5.64) 

-2iu> 2 (A 2 + M2^2) + ^i exp (*"a 2 7*1 ) + 2A x A x exp(io x T x ) = 

Introducing polar notation we rewrite (6.5.64) as 

#i = "Mi^i + 5 oj x 1 a x a 2 sin y 2 + \ oj\ l a 2 \A x | sin y x (6.6.65) 

a 2 = ~fi 2 a 2 - I ujT 2 a\ sin y 2 + u> 2 l a x \A X | sin y x (6.5.66) 
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020'i " " i^i lfl i^2 cos 72 ~ \ ^i l a 2 \A 1 1 cos y x (6.5.67) 

#2^2 = "i^2 J ^i cos7 2 - cj^fli |Ai | cos7j (6.5.68) 

where 

7! =o l T l - 6 2 - 9 X +Ti and 7 2 = - o 2 T x ~ 26 x + 2 (6.5.69) 

For the steady -state response a n = and 7^ = 0. It follows from (6.5.69) that 
0'i = i( a i " a 2) an d ^2 = \(2o x + a 2 ). There are two possibilities: either 
tfi = a 2 = or a , ^ and a 2 ^ 0. In the latter case solving for the circular func- 
tions of 7j and 7 2 from the steady form of (6.5.65) through (6.5.68) yields 

\a x a 2 I Aj I sin 7! = ojiMi# il + u> 2 p. 2 a\ (6.5.70) 

\a\a 2 sin 7 2 = 2(x> x \i x a\ - u> 2 fi 2 a 2 (6.5.71) 

\a x a 2 1 A] I cos7i = \u> x (o x - o 2 )a\ - ^u> 2 (2oi + o 2 )a 2 (6.5.72) 

\a\a 2 cos7 2 = - \(*>\(o x - a 2 )a\ + \ co 2 (2o x + o 2 )a\ (6.5.73) 

Eliminating the y n from (6.5.70) through (6.5.73) yields 

^[Mi + (<Ji ~ o 2 f] a\ +oj 2 ! [ju 2 +(2ai + a 2 ) 2 ] ^ + 2oj 1 g; 2 [miM 2 

- (a! - a 2 )(2a t + a 2 )] a 2 * 2 2 = \a\a\ |A,| 2 (6.5.74) 

4cj?[Mi + (<*i " ^2> 2 ] fli + <^2[M2 +(2aj +a 2 ) 2 ] a% - Au> x u> 2 \ii x \i 2 

+ (Q! - a 2 )(2a 1 +a 2 )] a\a\=&a\a\ (6.5.75) 

Eliminating 02 fr° m (6.5.74) and (6.5.75) yields 

3cj 2 i [ii\ + (a! - o 2 f ] a] - 2u x cj 2 [3^ M2 + (o x ~ o 2 ) (2o x + a 2 )] a 1 

= &a 2 2 a 2 x - ||Ail 2 aI (6.5.76) 

while eliminating a? from the the left-hand sides of (6.5.74) and (6.5.75) yields 

3cj 2 [{jl\ + (2o x + o 2 ) 2 ] a\ +4cj 1 cj 2 [M1M2 " (P\ " Ot)(2o x + a 2 )] 2 

= 9|A 1 | 2 a 2 -^tf? (6.5.77) 

Eliminating a\ from (6.5.76) and (6.5.77), one obtains a quadratic equation in 
a\ whose solution is 

a\=5\A x \ 2 - 16o; 1 a; 2 [ J u 1 M2 " U°i + i^)(ai ~ o 2 )\ ±2\A X \{9\\ X \ 2 

- \6u x u 2 [ii x ii 2 - 2(a, + \o 2 ){o x - o 2 )] -^ UiullvUoi ~ °2) 2 

+ 4/i?(a, + \o 2 ) 2 +4 M iM2(a! + ^2)^1 - a,)]} 1 ' 2 (6.5.78) 
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When a x and a 2 differ from zero, the steady -state response is 

"i = / * , cos^ + n)* ea x cos [i(r2r+Ti - 7! -72)] + 0(e 2 ) 



w 2 



€f 2 



oj\ - 12 : 



(6.5.79) 
-cos(^ + r 2 ) + efl 2 cos [§(^+7! + ^72 " 7i)] + #(e 2 ) 

(6.5.80) 



Consequently a fractional-harmonic pair is produced by the excitation. Such 
fractional-harmonic pairs were observed in a vareity of physical systems by 
Dallos and Linnell (1966a, b). Dallos (1966), Luukkala (1967), Adler and 
Breazeale (1970), and Eller (1973). 
In Figure 6-20, a \ and a 2 are plotted as functions of/! . This figure reveals that 




Figure 6-20. Amplitudes of the response as functions of the amplitude of the excitation; 

cl>2 — 2cjj, £2 — cji + co 2 . 
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fi must increase beyond a minimum value before a x and a 2 can differ from zero. 
Moreover beyond this critical value the solution for which a\ = a 2 = is un- 
stable, and thus the response is given by (6.5.79) and (6.5.80). We note a satura- 
tionlike phenomenon here. After f x exceeds the critical value, a 2 varies only 
slightly, while a x increases rapidly as /\ increases. Finally we note that for large 
values of/! all the steady-state solutions are unstable. 

6.6. Forced Oscillations of Systems Having Cubic Nonlinearities 

We consider the forced oscillations of the system (6.3.1) considered in Section 
6.3. Namely we consider 

Ml + Cl?i «! = - 2JU i U x + OL x u\ + OL 2 u\ U 2 + a 3 WjW2 + ^4^2 + ^1 COS (£2? + Ti) 

(6.6.1) 

u 2 + oj\u 2 = -2}l 2 u 2 + oc 5 u] + oc 6 u]u 2 + a 7 w, u\ + cl%u\ + F 2 cos (£2f + r 2 ) 

(6.6.2) 

Primary resonances of systems having two degrees of freedom were studied 
by Roberson (1952); Pipes (1953); Sethna (1954); Arnold (1955); Huang 
(1955); Rosenberg (1955); Atkinson (1956); Carter and Liu (1961); Plotnikova 
(1963a); Kinney and Rosenberg (1965); Williams (1966); Efstathiades and 
Williams (1967); Janssens, van Dooren, and Melchambre (1969); van Dooren 
(1972a, b, 1973c); and Srirangarajan and Srinivasan (1973). Primary resonances 
of systems having many degrees of freedom were studied by Klotter (1954), 
Hovanessian (1959), Sethna (1960, 1963a), Szulkin (1960), Bogoliubov and 
Mitropolsky (1961, Section 22), Butenin (1965, Section 17), Loud and Sethna 
(1966), Bainov (1966), Mettler (1967), Sethna and Moran (1968), Akulenko 
(1968a), Szemplinska-Stupnicka (1970, 1972), Tondl (1972), Ginsberg (1972a, 
b), Agrawal and Evan-Iwanowski (1973), Mikhlin (1974), Eckhaus (1975), and 
Evan-Iwanowski (1976). 

The methods used to determine the periodic response of a system can be 
divided into two classes (Section 5.1.5). The first class includes the method of 
multiple scales and the method of averaging. With these methods one determines 
a set of time-dependent equations that govern the time variation of the ampli- 
tudes and the phases. These equations are usually transformed into an auton- 
omous system. Then the stationary points of this set correspond to the periodic 
motions and the stability of these stationary points correspond to the stability 
of the periodic motions. The second class includes the method of harmonic 
balance, the Galerkin-Ritz procedure, and the Lindstedt-Poincare technique. 
With these methods one determines directly the periodic motions. To investigate 
the stability of these periodic motions, one usually perturbs them and deter- 
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mines variational equations having periodic coefficients. Thus determination of 
the stability of the periodic motions is transformed into the stability of the 
solutions of a set of equations with periodic coefficients. The latter approach 
is used by Plotnikova (1965) to determine the stability of periodic solutions 
having two degrees of freedom and by Akulenko (1968b), Szemplinska- 
Stupnicka (1973), and Ponzo and Wax (1974) to determine the stability of 
systems having many degrees of freedom. 

Secondary resonances of systems with cubic nonlinearities include subhar- 
monic, superharmonic, and combinational resonances. One or more of these 
resonances might be excited in the presence or absence of internal resonances. 
When a combinational resonance is excited in the presence of an internal res- 
onance, fractional-harmonic pairs might be excited. Secondary resonances were 
studied by Huang (1954); Kruschul (1960); Yamamoto (1961b); Tondl (1963a, 
b, 1964, 1965); Yamamoto and Hayashi (1963); Efstathiades (1968, 1969); 
Szemplinska-Stupnicka (1969, 1972, 1975); Bauer (1970); Asmis and Tso 
(1972); Agrawal and Evan-Iwanowski (1973); Yamamoto and Yasuda (1974, 
1977); Cheshankov (1974b); Stevanovich and Rashkovich (1974); Szemplinska- 
Stupnicka (1974); van Dooren (1975); Sridhar, Mook, and Nayfeh (1975); 
van Dooren and Bouc (1975); Evan-Iwanowski (1976); and Yamamoto, Yasuda, 
and Nagasaka (1977). 

We restrict our attention to the cases of primary resonances, that is cji « £2 
and cj 2 ^ £2. Moreover we assume that co 2 > oji . The cases of secondary reson- 
ances are left for exercises. As in Section 6.3, we seek an asymptotic expansion 
in the form 

w, = eUu(T ,T 2 )+e 3 u l3 (T ,T 2 )+-- 

(6.6.3) 

u 2 =6M 21 (ro,r 2 ) + 6 3 w 23 (r ,r 2 ) + - • * 

As before, we note that the terms 0(e 2 ) and the scale T t are missing from 
(6.6.3) because the effect of the nonlinearity appears at 0(e 3 ). Moreover we set 
ju„ = e 2 n n and F n = e 3 f n so that in the case of primary resonances the effect of 
the damping, nonlinearity, and excitation appear in the same perturbation equa- 
tions. Then substituting (6.6.3) into (6.6.1 ) and (6.6.2) and equating coefficients 
of like powers of e we obtain 

Order € 

Dlu n +cj?w„ =0 

D\u 2 \ + CJ 2 M 2 i = 
Order c 3 
Dlu l3 + u> 2 u l3 = -2D Q (DiU n +Mi^n) + »i"ii + ot 2 u 2 n u 2 i + a 3 w n M 21 

+ 04"2i +/i cos(nr +Ti) (6.6.5) 



(6.6.4) 
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D\u 27t + cj 2 «23 = -2D {D l u 2l + M2«2i) + a 5 u 3 n + a 6 u 2 n u 21 + a 7 « n w 21 

+ a 8 w 21 +/ 2 cos (£27^ + r 2 ) (6.6.6) 

The solutions of (6.6.4) can be expressed in the form 

w ii = Ai(T 2 )exp(iuiT Q )+ cc 

(6.6.7) 
«2i = A 2 (T 2 ) exp (/cj 2 7 ) + cc 

Substituting for w n and u 2 \ in (6.6.5) and (6.6.6) we obtain equations (6.3.7) 
and (6.3.8) except for the addition of the two terms, ^f x exp [i(£lT + r,)] 
and ^f 2 exp [i(£lT Q + r 2 )] , respectively. 

In the absence of internal resonances the steady-state motions are uncoupled, 
and they are treated in detail in Section 4.1. Therefore we restrict our attention 
in this section to the case of internal resonances. Since the nonlinearity is cubic, 
an internal resonance to first order occurs when cj 2 & 3oj, . Hence we introduce 
a detuning parameter o { according to 

cj 2 =3cj, + e 2 Oi (6.6.8) 

Next we consider the cases Ol^ ^ £2 and co 2 & H, in order. 

6.6.1. THE CASE OF D. NEAR cj, 

We introduce a second detuning parameter o 2 according to 

n = cj, +e 2 a 2 (6.6.9) 

With (6.6.8) and (6.6.9) the solvability conditions of the modified equations 
(6.3.7) and (6.3.8) are 

-2iu> x (A\ + Mi^i) + 3ol 1 A\A 1 + 2a 3 A 2 A 2 A x + a 2 A 2 A] exp (ioi T 2 ) 

+ y/i exp [/(a 2 r 2 +ti)] 
-2/cj 2 (^4 2 + jLt 2 ^ 2 )+ a 5 ^i exp (-/a!^) 

+ 3a 8 A 2 A 2 + 2a 6 A l A 1 A 2 = 
Introducing polar notation we rewrite (6.6.10) as 

8cj,(fli + jui^i) = &2Ci\a 2 sin 7i +4/, sin 7 2 (6.6.11) 

8oj 2 (fl 2 + M2^2) = ~ a 5 fl ? sm 7i (6.6.12) 

ScjiaiO'i = -(3c*! #i + 2oc 3 a 2 )a l - a 2 a]a 2 cos 7! - 4/\ cos 7 2 (6.6.13) 

8cj 2 ^2^2 ~ ~(3a 8 2 + 2ot 6 a])a 2 - a 5 a] cos y x (6.6.14) 

where 

yi=o l T 2 +0 2 -30 ly y 2 = a 2 T 2 - 0, + r l (6.6.15) 
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For the steady-state response, a n - y' n = 0. Hence it corresponds to the solu- 
tion of 

Scjifi^i - a 2 a\a 2 sin 7i - 4/\ sin y 2 =0 (6.6.16) 

$u> 2 fi 2 a 2 + <*5#i sin 71 = (6.6.17) 

80^01 o 2 + (3a!fli + 2ct 3 a 2 )ai + a 2 a]a 2 cos yi + 4/i cos ? 2 = 



Scj 2 a 2 (3o 2 - ai) + (3a 8 ffl + 2a 6 a])a 2 + a s a\ cos 7j =0 



(6.6.18) 
(6.6.19) 



Nayfeh, Mook, and Sridhar (1974) derived equations similar to these for the 
problem of primary resonances of a clarnped-hinged beam. They solved these 
equations numerically. 

Figures 6-21 and 6-22 show the variation of a\ and a 2 with o 2 for several 
values of the amplitude of the excitation when £1 ^ Cj o 1 . The results for a x are 
similar to the single -degree -of -freedom case, see Figure 4-1. Equations (6.6.1) 
and (6.6.2) were integrated numerically, and these results are shown by the small 
circles. Although a 2 cannot be zero, it is small compared with a Y , and the 
response is practically described by the first mode. These graphs were obtained 
using coefficients that are typical of beam vibrations. This behavior is typical 




Figure 6-21. Frequency -response curves; cj 2 — 3cji, n — oj 1# 
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Figure 6-22. Frequency -response curves; cj 2 — 3coi, n — cj 1 . 



of the response of systems having many degrees of freedom; that is, an excita- 
tion of the fundamental mode does not produce significant responses in the 
higher modes even though they are coupled to the fundamental mode through 
an internal resonance. On the other hand, it is shown in the next section that the 
excitation of a high mode may produce significant responses in the low modes, 
especially the fundamental mode, if they are coupled with the excited mode 
through an internal resonance. 



6.6.2. THE CASE OF a NEAR oj 2 

Here we introduce a second detuning parameter according to 



(6.6.20) 



Equation (6.6.8) is still used to define G\ . It follows from (6.6.5) and (6.6.6) 
that secular terms are eliminated from u n and w 22 if 

-licjiiA'x + Mi>4 ! ) H- 3ol 1 A]A 1 + 2a 3 AxA 2 A 2 + ol 2 A 2 A\ exp (io l T 2 ) = 

(6.6.21) 

-2ico 2 (A 2 + tx 2 A 2 ) + 3a s A 2 A 2 + 2a 6 A 2 A 1 A l + ol s A\ exp (-io x T 2 ) 

+ \f 2 exp (io 2 T 2 + r 2 ) = (6.6.22) 
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We introduce polar notation into (6.6.21) and (6.6.22), separate the result into 
real and imaginary parts, and obtain 

&ooi(a'i + Mi^i) " <*2#2tfi sin y x = (6.6.23) 

80?^! 0i + 3aia] +2a 3 0i02 + <* 2 tf 2 0i cos 7! =0 (6.6.24) 

Soj 2 (a' 2 + M2#2) + a s"i sin y x - 4/ 2 sin y 2 = (6.6.25) 

8a? 2 2 2 + 3a 8 ff! + 2a 6 a 2 fli + a 5 a? cos 71 + 4/ 2 cos 7 2 = (6.6.26) 

where as before 



7 1 =a 1 r 2 -30 1 + 2 



and now 



72 = o 2 r 2 - 2 + r 2 (6.6.27) 

For the steady-state motion a n - and -y« = 0- In contrast with Section 6.6.1, 
we note that here a x can be zero while a 2 is nonzero or both a x and a 2 are 
nonzero. The results when a x is zero are similar to those for a single degree of 
freedom obtained in Chapter 4. The a n are shown as functions of o 2 in Figures 
6-23 and 6-24. We note that when a x is not zero, it can be much larger than a 2 . 
This means that the internal resonance provides the mechanism for transferring 
energy down from a high to a low mode. 

Figure 6-24 shows how complicated the solution can be when the high mode is 
excited, that is, £2 ^ co 2 . However many portions of these curves (dashed parts) 
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Figure 6-23. Frequency-response curves; cj 2 — 3cj 19 12 — cj 2 . 
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Figure 6-24. Frequency-response curves; cj 2 — 3cji, £1 — co 2 - 



correspond to unstable solutions, and hence they cannot be realized in practice. 
Figure 6-23 shows only the stable portions (i.e., the possible responses) as a 
function of o 2 . We note that although the second mode is excited (i.e., £2 « cj 2 ) 
the amplitude of the fundamental mode can be as much as five times the am- 
plitude of the excited mode, depending on the detuning. However in contrast 
with the case of quadratic nonlinearity, no saturation phenomenon exists in a 
system with a cubic nonlinearity. 

There arises the question of what effect changes in the system parameters 
(e.g., damping, excitation amplitude and frequency, strength of the nonlinearity) 
have on the response. Specifically, can the response of the system be forced 
from one steady-state solution to another by sufficiently large disturbances? 
Thus the problem is one of establishing the region of stability of a solution rela- 
tive to disturbances, that is, the degree of stability of a given solution (Holzer, 
1974). Although the convenience of the phase-plane analysis is lost in the case of 
more than two equations, one can still study the behavior of the integral curves 
by using projections onto suitable two-coordinate planes (e.g., Subramanian and 
Kronauer, 1972, 1973; Blaquiere, 1966). In conservative mechanical systems, 
where the original governing equations are derivable from an integral formula- 
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tion, there exist convention functions such as potential energies (Thompson and 
Hunt, 1973), Lagrangians (Kronauer and Musa, 1966a; Musa and Kronauer, 
1968) and Hamiltonians (Markeev, 1968;Nayfeh and Kamel 1970b; Tsel'man, 
1970, 1971; Nayfeh, 1971b; Dysthe and Gudmestad, 1975; Novosiolov, 1976). 
The inverse problem is a more difficult one, that is, given a system of equations, 
find an integral of the motion. 



6.7. Parametrically Excited Systems 

We consider the following system of equations: 
ii, + co^w, + e[2 cos (Sit) (f\\U { + f\ 2 u 2 ) ~ ( tt i u \ + ot 2 u 2 u\ + ol z u x u\ 

+ 04W?) + 2/i! u x \ =0 (6.7.1) 
u 2 + co 2 u 2 + e[2 cos(Qt)(f 2l Ui + f 22 u 2 ) - (a 5 wf + ot b u\u 2 + a n u x u\ 

+ a8"2) + 2jLt 2 M 2 ] (6.7.2) 

Among other places, equations of this type arise in the study of finite-amplitude 
oscillations of hinged-clamped columns subjected to a harmonic load. The pres- 
ence of the terms proportional to a 2 and a 5 produce an internal resonance when 

C0 2 ~ 3CJ! . 

Tso and Asmis (1974) considered a similar system. However they did not in- 
clude the effects of an internal resonance. Their results, which were obtained 
using the method of averaging, do not apply to this situation. 

Following the familiar procedure, we seek an approximate solution by using 
the method of multiple scales. We assume 

Mi(^€) = M 1 o(ro,r 1 ) + €M„(7 , o,7 , 1 )+--- (6.7.3) 

u 2 (t; e) = u 20 (T , T x ) + eu 2l (T , T x ) + • - - (6.7.4) 

Substituting (6.7.3) and (6.7.4) into (6.7.1) and (6.7.2) leads to 

w 10 =>li(7 , i)exp (/co i T ) + cc (6.7.5) 

"20 = A 2 (T i) exp (ito 2 T ) + cc (6.7.6) 

Dlu n + co i «n = [~2icJi(A\ +/ii^!) + 3a l A 2 l A l 

+ 2a 3 A 2 A 2 A l ] exp(/co! T ) + ot 2 A 2 A 2 l exp [/(co 2 - 2coi)7o] 
- f u Ai exp [/(S2 + co,) 7o] - f u A l exp [i(£2 - co { )T ] 
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-f i2 A 2 exp [i(Q + co 2 ) T ] - f l2 A 2 exp [/(ft - gj 2 ) T ] 
+ cc + NST (6.7.7) 

£>oW 2 i + cj!w 21 = [-2/cj 2 (/1 2 + fi 2 A 2 ) + 3a s AlA 2 +2a 6 A l A l A 2 ] exp(/co 2 7o) 
+ <Mi exp^/o^To)] -/ 2 i^i exp [/(ft + oj,) r ] 

- / 21 J, exp [/(ft - cj,) 7 ] - / 22 ^ 2 exp [/(ft + cj 2 ) T ] 

- /22^ 2 exp [/(ft - gj 2 ) T ] + cc (6.7.8) 
We introduce a detuning parameter for the internal resonance according to 

cj 2 =3cji + ea (6.7.9) 

For the parametric resonance we note that there are three possibilities: (i) ft 
near 2cjj ^ cj 2 - co l9 (ii) ft near 2gj 2 , and (iii) £7 near cj 2 + cj lm Each case is 
considered separately next. 

6.7.1. THE CASE ft NEAR 2gj, 

In this case we introduce a detuning parameter p for the parametric resonance 
according to 

ft = 2oj!+ep (6.7.10) 

Then it follows that secular terms are eliminated from u n if 

8cJi(#i + Mi^i) - <^ 2 d\a 2 sin 7! + Af n a x sin 7 2 = (6.7.11) 

Scoj^i j3i + 3olio\ + 2a 3 aial + OL 2 a\a 2 cos 71 - 4/uflj cos 7 2 = (6.7.12) 

where 

A„ = ^a n (T l )exp[iP n (T l )] (6.7.13) 

7i = a^ + j3 2 - 30, and 7 2 = pT x - 2fi Y (6.7.14) 
Secular terms are eliminated from u 2X if 

8co 2 (*2 +M2^2) + a 5 ^ sin 7! -^4f 2l a l sin (7 2 - 7i) = (6.7.15) 

8cj 2 fl 2 02 + 2a 6 0^2 + 3<* 8 2 + a 5 <»i sin 7! - Af 2X a x cos (7 2 - 7i) = (6.7.16) 

For a steady -state solution, tfj , a 2 , 7i , and 7 2 are constants. Equations 
(6.7.14) can be used to eliminate 7^ and y' 2 . The result is 
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ai[SoJifii - a 2 a x a 2 sin?! +4/ n sin7 2 ] =0 (6.7.17) 

#i [4gj!P + 3(Xia\ +2a 3 al + OL 2 a x a 2 cos 7! - 4/ u cos7 2 ] =0 (6.7.18) 



8gj 2 ju 2 02 + ^5^i sin?! + Af 2i a x sin (? 2 ~ 7i) = 



(6.7.19) 



8cj 2 (| p- a)a 2 + / loi tt a\a 1 + 3a 8 ai + a 5 a\ cos 71 - 4/ 21 a! cos (72 - 7i) = 

(6.7.20) 




Figure 6-25. Amplitudes of the modes versus amplitude of the excitation; lo 2 — 3u?i 
£2^2cji. 



We note that there are two possibilities: either a x and a 2 are zero, or neither 
one is zero. In the case of the latter, these equations can be solved for a x , a 2 , yi , 
and 72 using a Newton-Raphson technique. The characteristics of the various 
singular points (i.e., stable or unstable) can be determined in the usual manner. 

In Figure 6-25 some typical results show a x and a 2 as functions of the ampli- 
tude of the excitation F. For columns, the f nm are proportional to a single 
constant, F. For more details the reader is referred to the paper by Tezak, Mook, 
and Nayfeh (1978). 

We note the multiplicity of possible jumps; jumps are indicated by the arrows. 
We can trace the histories of a x and a 2 as F slowly increases from zero to a large 
value and then slowly returns to zero. Initially both a x and a 2 are zero, and they 
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remain zero until point A is reached. At this point the trivial solution becomes 
unstable. Then either a x jumps up to point E and a 2 jumps up to point B, or a x 
jumps up to point D and a 2 jumps up to point C. In the first instance a x follows 
curve IFEK and a 2 follows curve GBL. Then a x jumps down from point K to 
point Af, and a 2 jumps up from point L to point TV. In the second instance a x 
follows the branch through points D and M, and a 2 follows the branch through 
points C and N. Upon returning, either a x jumps up from point Q to point F 
and a 2 jumps down from point R to point G, or both a x and a 2 jump back to 
zero. If a x jumps up, then a x moves along curve KEFI while a 2 moves along the 
curve LEG until both jump back to zero at point J. 



6.7.2. THE CASE SI NEAR 2cj 2 

In this case we introduce a detuning parameter p for the parametric resonance: 

n = 2co 2 +ep (6.7.21) 

For the steady-state motion we find 

a x (Sco l fjt x - ot 2 a l a 2 sin 7i) = (6.7.22) 

a x [§ co 1 (a+ ^p) + ?>OL\a\ + 2a 3 02 + ot 2 aia 2 cos 7^ = (6.7.23) 

a 2 (Sco 2 ii 2 + 4/22 sin y 2 ) + a 5 Ji sin 71 = (6.7.24) 

a 2 (4co 2 p + 2a 6 ji + 3a 8 a 2 - 4f 22 cos 72) + cc s a] cos 71 = (6.7.25) 

where 

T2=p7*,-2& (6.7.26) 

and as before 

T, = or, - 3/3, + 2 (6.7.27) 

* 

In contrast with the case when Q is near 2^ , it appears that there are two 
possibilities: either a x is zero and a 2 is nonzero, or both a x and a 2 are nonzero. 
For the first instance the problem reduces to one having a single degree of free- 
dom, which was discussed in Section 5.7.3. For the second instance some typical 
results are given in Figure 6-26. We note that over a fairly wide range, a x is 
much larger than a 2 , in spite of the fact that only u 2 is directly excited by 
the parametric excitation. The internal resonance alone is responsible for this 
phenomenon; it follows from (6.7.22) that if a 2 is zero (i.e., no internal res- 
onance), then so must a x be zero. 



9n 1.5 




Figure 6-26. Amplitudes of the modes versus (a) amplitude and (b) frequency of the 

excitation; C02 — 3cjj, 12 — 2cj2« 
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Figure 6-27. Amplitudes of the modes versus (a) amplitude and (b) frequency of the 
excitation; cj 2 — 3cjj, 12 — cjj + u>2- 
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6.7.3. THE CASE 0, NEAR co x + cj 2 
In this case we put 

n = cj 2 + cji + e(p + a) (6.7.28) 

Then steady -state motion corresponds to the solution of 

8cji/ii<ii + 4/ 12 # 2 sin 7 2 " a2*i*2 sin y x = (6.7.29) 

2cjiJ 1 (p + 2a) + 3a!0i + 2a 3 1 a 2 - 4/ 12 2 cos7 2 + oc 2 a 2 x a 2 cosy x =0 

(6.7.30) 

8cj 2 M2^2 + fli(«s^i sin 71 + 4/ 21 sin 72) = (6.7.31) 

a 2 [2cj 2 (3p + 2a) + 2a 6 0? + 3a 8 fll ] + a x (a 5 a 2 x cos 71 - 4/ 21 cos 72 ) = 

(6.7.32) 

where 

72 = (f>+o)T x -fr -& (6.7.33) 

and as before 

7, =a7! +0 2 - 30! (6.7.34) 

Two possibilities exist: either a x and a 2 are zero, or neither one is zero. Typical 
results for the case when neither is zero are shown in Figure 6-27. 

In summary, when £7 is near 2co x or cjj + co 2 , both u x and u 2 are excited. 
However when 12 is near 2gj 2 , there are two possibilities: either u 2 alone is 
excited, or both u x and u 2 are excited. 

Exercises 

6.1. Consider the double pendulum of Figure 5-3 without the springs. 

(a) Show that the governing equations are 

0, + gl~ x l sir\O x + o0 2 cos(0 2 - d x )- ol6\ sin (0 2 - 0i) = O 

6 2 +gl 2 l sin0 2 + / 1 / 2 ' 1 1 cos(0 2 -0i)+/i/2 ! 0? sin ^2 " ^i) = 

where a = m 2 l 2 l\ l (m x + m 2 )~ l . 

(b) Determine the linear natural frequencies and then determine the system 
parameters that yield a three-to-one internal resonance. 

(c) Determine a first-order uniform expansion for small but finite ampli- 
tudes including the cases of internal resonances. 

6.2. A uniform rod of length l 2 and mass m is hanging from a massless 
chord as shown in Figure 6-28. 
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Figure 6-28. Exercise 6.2. 



Figure 6-29. Exercise 6.3. 



(a) Show that the governing equations are 

hdi + 1*2 #2 cos(0 2 - 00- |/ 2 f9l sin (<9 2 - 1 )+gsin0 1 =0 
5/2^2 + 1/1^1 cos«9 2 - 1 ) + ^/ 1 ^sin((9 2 - 1 ) + ^sin0 2 =O 

(b) Determine the linear natural frequencies and then determine all possible 
resonances to first order. 

(c) Can you choose /,//, to produce a three-to-one internal resonance? 

6.3. A mass m is attached to a massless rod which is attached in turn to the 
rim of a wheel which is free to rotate about its center as shown in Figure 6-29. 

(a) Show that the equations of motion are 

(R 2 + p 2 )0j + Rr0 2 cos (0 2 - 60 - Rrd 2 sin (0 2 - d^+gR sin0i = 
r6 2 +/?0! cos(0 2 - O^ + Rd] sin(0 2 - 1 )+£sin0 2 =0 

where / = mp 2 is the moment of inertia of the wheel. 

(b) Determine the linear natural frequencies. What are the conditions for 
modal coupling to first order? 

(c) Choose r, R. and p so that the system possesses a three-to-one internal 
resonance and determine for this case a first-order uniform expansion for small 
but finite-amplitude motions. 

6.4. A particle of mass m x is attached to a light rigid rod of length / which is 
free to rotate in the vertical plane as shown in Figure 6-30. A bead of mass m 2 is 
free to slide along the smooth rod under the action of the spring. 

(a) Show that the governing equations are 

u + 00] u - ud 2 + co|(l - cos 0) = u) 2 u e 

(1 + mu 2 )0 +(1 + mu)oj\ sin0 + 2 rnuud = 
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Figure 6-30. Exercise 6.4. 



Figure 6-31. Exercise 6.5. 



where co\= i klm 2 , ool^g/l, m~ m 2 jm li u-xjl, and u e is the equilibrium 
position. 

(b) Determine the linear natural frequencies y, and y : . 

(c) Determine a first-order uniform expansion when fi, % 2co 2 . 

(d) What other resonances exist to first order? 

6.5. A uniform rod of length / and mass m is hanging from a spring that is 
constrained to move vertically as shown in Figure 6-31 . 

(a) Show that the governing equations of motion are 

w + w?w = £0sin0 + \0 2 cos0 
6 + u\e = §wsin0 

where u - (x - x e )/l y <jj\ = k/m, oj 2 = 3#/2/, and x e is the equilibrium position. 

(b) Determine a first-order uniform expansion for small but finite ampli- 
tudes when CO! « 2cj 2 • 

(c) If one carries out the solution to second order, would the internal reso- 
nance cji « 3co 2 appear? 

6.6. A rigid beam is supported by springs having the constants ki and k 2 , the 
system is constrained to remain in the vertical plane of the figure, and the center 
of gravity G can move only vertically as shown in Figure 6-32. 

(a) Show that the governing equations of motion are 

mx + (k\ + k 2 )x + (k 1 1\ - k 2 h ) sin = - mg 

l6+(k x l x - k 2 l 2 )x cos6 + \(k x l\ + k 2 l\) sin 20 = 

where / is the moment of inertia of the beam and m is its mass. 
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Figure 6-32. Exercise 6.6. 
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(b) Determine the linear natural frequencies and then determine all possible 
resonances. 

(c) Determine a first- order uniform expansion for small but finite ampli- 
tudes including the case of modal coupling. 

6.7. Consider the system of equations 

miU\ + kiu" +a l (u 1 - u 2 ) n = 
m 2 "2 + k 2 u 2 ~ <*i( w i - u 2 ) n = 
where n is an odd integer. 

(a) Show that this system possesses solutions related by u x = cu 2 , where c 
is a constant defined by 

m 2 [k 1 c n +Mc- \) n ] =m 1 c[k 2 - a^c- \) n ] 

(b) Hence show that u 2 is governed by 

"2 + [*2 ~ <*i(c~ \) n ]ml l u t l =0 
Find the exact solution for this equation in quadratures and then find u x . 

6.8. In analyzing the motion of a rotating shaft with a rotor, Yamamoto 
(1957) encountered the following equations: 

u x + lSlu 2 +"i ="2ejUiiii - SI 2 cos Sit 

u 2 - ISlui +u 2 = -2ei± 2 it 2 - eSl 2 u 2 

(a) Determine the linear, undamped natural frequencies to x and cj 2 - 

(b) Determine the equations describing the amplitudes and the phases when 

(i) coi + cj 2 = 2£2 + ea 

(ii) 3coi = SI + eo\ and co 2 = 3SI + eo 2 

(c) Determine the steady-state oscillations and their stability. 

6.9. In analyzing the nonlinear vibrations of a buckled beam under harmonic 
excitation, Mettler and Weidenhammer (1962) and Tseng and Dugundji (1971) 
encountered a system of equations having the form 

u x + 2jUi"i +cjiM, + f coi«i + \oo\u\ +<* 1 gji(w 1 + \)u\ = K cos Sit 

U 2 + 2jU 2 «2 + ^2 M 2 + <*2 W 2 + <*3("l + 2«i )W 2 = 

Determine first-order uniform solutions for small but finite amplitudes when 

(a) SI ^ co 1 and co 2 is away from y coj 

(b) SI « cjj and cj 2 ^ 2CJJ 

(c) 12 ^ ^cji and co 2 ^ 2cjj 

(d) 12 « 2cOi and cj 2 ^ 2cjj 
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Figure 6-33. Exercise 6.10. 
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Figure 6-34. Exercise 6. 1 1 . 



6.10. A uniform rod of length / and mass m is hanging from a cart of negli- 
gible mass whose motion is constrained by the spring as shown in Figure 6-33. 

(a) Show that the governing equations are 

ti + cJiii + ^S cos0- \b 2 sin0 = F(f) 
6 + col sin 6 + | u cos 6 = 

where u =x/l, co] = k/m, and cof = 3g/2/. 

(b) Determine the linear natural frequencies y, and y } . 

(c) When /•'(/) = 0, determine a first-order uniform expansion for small but finite ampli- 
tudes when a), — 3a> : . 

(d) When F{t) = K cos 11/, determine first-order uniform expansions for small-but 
finite-amplitude motions for the following cases in the presence and absence of internal 
resonances: 



(i) Sl&tOx 
l 

3' 



(ii) Sl^icox 



(iii) £2^3oj! 

(e) Are there any other resonances beside those in (d) ? 

6.11. The cylinder rolls without slip on the circular surface as shown in 
Figure 6-34. 

(a) Neglecting the friction between the sliding block and the ground, show 
that the equations of motion are 

u + mO cos 6 - md 2 sin B + co\ u =/(/) 

6 + coj sin 6 + § u cos 6 = 

where u -x/{R - r), co\ =k/(m i + Af), col - f g/(R " r) t m = m x l(m x + Af ), and 
f(t) = F(t)ll(R-r)(m l +M)]. 

(b) Include the viscous effects (assume the friction force has the form -ex) 
and obtain the equations of motion. 

(c) Show that internal resonances occur to first order when co x ^ 3co 2 

(d) If f(t) = £;Ui K n cos (Sl n t + 0„), determine the steady-state oscillations 
and their stability in the presence of viscous effects if the following resonances 
exist only: 
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Figure 6-35. Exercise 6. 1 2. 



(0 

(ii) 

(iii) 

(iv) 

(v) 

(vi) 

(vii) 



• 3cji 

\ CO! 



^! 

£li ^ coi and coi « 3co 2 

^! *» 3co 2 and coi » 3co 2 

J2i « jto 2 and coi ^ 3co 2 

£2i + £2 2 + £2 3 « co! 

(viii) ^i + £2 2 + £2 3 « co 2 and coi ^ 3co 2 

(ix) ^i + £2 2 ^coi +co 2 

(x) S7i + S7 2 ^ CO! + co 2 and coj «=» 3co 2 

(xi) S7i + S7 2 «« 2coi and coi « 3co 2 

(xii) ^2i + £2 2 ^ 2coj , co 2 «* ^ £2 2 , and coj 



3co 2 



6.12 The cylinder rolls without slip on the circular surface as shown in Fig- 
ure 6-35. 

(a) Show that the equations of motion are 

u + tJiii + wi(fl sin 6 +6 2 cosfl) + 2/!M=/(r) 

8 + (col + | ") sin = 

where /! is a dimensionless coefficient, u = (y - y c )/(R - r) 9 m = m\l(mi +M), 
co? =*/(«!+ A/), co? =|W(/?-r) > and/(0 = / r (r)/[(/?-r)(ini + Af)]. 

(b) Show that internal resonances exist to first-order only when coi ^ 3co 2 . 

(c) If /(f) = 2^ =1 K n cos (£2„f + 0„), determine the steady-state oscillations 
and their stability in the presence of viscous effects if the following resonances 
exist only: 

(i) ^! ^COi 

(ii) S7i « 3cOi 

(iii) i^i ^ ^coi 

(iv) £li « co t and coj » 3co 2 

(v) ^! « 3co 2 and coi ^ 3co 2 
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Figure 6-36. Exercise 6.13. 



(vi) S7i « jCJ2 and a?! « 3oj 2 

(vii) £2i + £7 2 + i^3 ^ CO! 

(viii) S7i + Sl 2 + ^3 % <^i and CJi *» 3oo 2 

(ix) £2i + S7 2 ^cji + u>2 

(x) ^! + fi 2 ^ CJl + <^>2 an <* <^1 ^ 3tJ 2 

(xi) £2i + fi 2 ^ 2cj! and CJi & 3cj 2 

(xii) £2j + £7 2 ^ 2oj! , cj 2 ^ 5 ^2 > and CJi ^ 3cj 2 

6.13. The system shown in Figure 6-36 consists of a stretched wire carrying 
two particles of masses m 1 and m 2 that are constrained to move normal to the 
unstretched position. 

(a) Show that the governing equations are 

mjij + Px 1 (l] +*?)" 1/2 +P(xi -x 2 )[ll +(x 2 - Xl ) 2 ]~ 1/2 =0 
m 2 x 2 + Px 2 (l\ +X?)- 1 / 2 +P(jc 2 -*i)[/| + (* 2 -*!) 2 ]" 1 ' 2 =0 

(b) When P = P = constant, determine the linear natural frequencies CJj and 
cj 2 and determine the system parameters that may yield an internal resonance. 

(c) Determine a first- order uniform expansion for small but finite amplitudes 
when P = P = constant including internal resonances. 

(d) When P = P (\ + e cos Sit) and x n = 0(e 1 ^ 2 ), determine first-order uni- 
form expansions for the cases 

(i) £7 ^ 2cj! in the absence of internal resonances 
(ii) £l& oj 2 - oj 1 in the absence of internal resonances 
(iii) £1 « (j0 2 - cjj and io 2 & 3co\ 

6.14. Consider the system shown in Figure 6-2 when the support has the 
motion ly{t) in the vertical direction. 

(a) Show that the equations of motion (6.1.1 2) become 

u +co?u- (1 +u)6 2 +1O2O " cos0)- y cos0 = 
(1 +ii)S + 2ilfl+(cd! +3>')sin0 = O 

where u = jc//, cj 1 = k/m , and cj 2 = g//. 

(b) When>* = 0, show that small- but finite-amplitude motions are given by 

u = ai sin (cjjf + j3j) + • • • 
8 =a 2 sin (oj 2 * -H j3 2 ) 
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where coi & 2co 2 an d 



#i = f <jj\<jJ~\ l a\ cos 7 

#2 = ~f CJ 2 ^1^2 cos 7 

<ar j j3 t =-|o;2^r 2 ^2 sin 7 

#202 =-|cJ 2 flifl2 sin 7 

T = j3i - 2j3 2 +(cji - 2cj 2 )f 

(c) When y = 7eK cos £lt, where £2 = 2oj 2 + €0 and £2 is away from 00 1 , show 
that 

u = eA x exp (/oJiO + cc + 2tf(6J? - £2 2 ) -1 cos £2f + 0(e 2 ) 

= e,4 2 exp(i'cj 2 + cc + O(e 2 ) 

where ^ = and 

2/oj 2 i 2 +eA:(2oj 2 ^- cj 2 + oj? - S7 2 )(co 2 - r2 2 )" 1 J 4 2 exp (ieat) = 

Solve for A 2 and show that the transition curves separating stability from 
instability of the 6 = position are given by 

K(2u 2 Sl- cj! +cj 2 - ^ 2 ) = ±cj 2 (co 2 - ^ 2 )a 

(d) When £2 = cji + ea t and cji = 2cj 2 + eo 2 , let £ = ek and obtain 

u = ea x cosfcjjf + 0O + 0(e 2 ) 

6 = ea 2 cos(to 2 f +j3 2 ) + 0(e 2 ) 

where 

k 
a\ = -Aco 2 a 2 sin7i + sin 72 

a 2 =~^co 2 a 1 a 2 sin 71 

<ar ! /3 1 = -rzco 2 a 2 cos 7! cos 7 2 

^2^2 = %u> 2 a l a 2 cos 7! 

71 =a 2 r, +jSj- 20 2 , 72 =o 1 T l - t 

Determine the steady-state solutions and their stability. Does the saturation 
phenomenon exist in this case? 

6.15. Consider the following equations for the response of a ship that is 
constrained to pitch and roll only to a multifrequency excitation: 

+ tJ 2 0=200- 2/H0 + £ K n cos($2„f + n ) 
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. N 



+1020 = - 2jU 2 + £ M n COS(SV + T n) 



(a) Demonstrate the existence of the saturation phenomenon when J2j ^ 
co 2 and co 2 % 2oji and no other resonances exist. 

(b) Demonstrate the possibility of the nonexistence of steady-state periodic 
motions when Q x ^ C0j and oj 2 ^ 2ojj and no other resonances exist. 

(c) Determine the steady-state response and its stability when the following 
resonances exist only: 

(i) £2, +£l 2 ^tOi 

(ii) 0>i + £2 2 % ^i and oj 2 % 2^ 

(iii) fii ^ cj 2 - cjj and £2 2 ^ 2a?! 

(iv) i^! ^ co 2 - c^! and co 2 ^ 2cj! 

(v) fij ^ 2cOi and co 2 ^ 2cji 

(vi) S7i + £2 2 ^ cjj and S7 3 - £l 2 ^ <^2 

(vii) fij + S7 2 ^ a?! , cj 2 ^ 2cOj , and Q A - u 3 ^ co 2 

Van Dooren (1971a) analyzed combination tones of the summed type in a non- 
linear damped vibratory system with two degrees of freedom. 

6.16. Consider the response of the following system (Rubenfeld, 1977): 

u \ +cj?(t)wi = ea x uiu 2 



u 2 + oj 2 (t)u 2 = €Ol 2 u\ 



where r = et and e « 1 . 



(a) Use the generalized version of the method of multiple scales (Nayfeh 
1973b, Section 6.4.6) and seek a solution in the form 

u\ = "io07i,T) + eM n (i7i,i?2,r) + - • • 

"2 = "2o(*7 2 , r) + ew 2 i (Th , i? 2 , r) + — 

where r\ n = co n . Show that 

u l0 = A x (r) exp (ir\ x ) + cc 

"20 =i4 2 (T)exp(/Th) + cc 

(b) Determine the equations describing u xx and u 2X . When cj 2 » 2cjj , show 
that 

HojiA'x + ico\Ai - a x A 2 A x exp [z'a(r)] = 

2i(jj 2 A 2 +ico' 2 A 2 - <x 2 A\ exp [-ig(t)] = 

where a = cj 2 - 2cji . 

(c) Express ,4„ in the polar form ja n exp (if$ n ) and separate real and imag- 
inary parts. Use the initial conditions u x (0) = 1 , u x (0) = u 2 (0) = u 2 (0) = and 
integrate numerically the equations describing the a n and |3„. 
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6.17. The forced response of a two-degrees-of-freedom system is governed 
by (Plotnikova, 1965a) 

x +jc =-4 cos It +e[fy - (1 - x 2 )x] 
y + i y = 5 cos It + \ e[(l - x 2 )x - y) 

Determine a first-order uniform expansion for e« 1. Determine the steady- 
state motion. 

6.18. Consider the spherical pendulum of Figure 6-1 when its point of sup- 
port has the vertical motion el sin £2f . 

(a) Show that the equations of motion become (Hemp and Sethna, 1964) 

+(- - eil 2 sin Q,t- 2 cos 0] sin =0 

'<j> sin + 200 cos = 

(b) Show that these equations can be combined to give 



^7 ^ i P 2 cosQ 

+ ( - + e^2 2 sin ^2r ) sin r = 

sin 



(t 



(c) When 6-0, determine the equilibrium points. 

(d) Determine the effect of the motion of the support on the stability of these 
equilibrium points. 

6.19. The forced response of a two-degree-of-freedom system is governed by 
(Plotnikova, 1965a) 

x +A* = e[X sin t + a,(l - x 2 )x + ot 2 y] 

y + £.y = e[-£X sin/+a 3 (l " * 2 )* + <*4> 1 ] 

Determine a first-order uniform expansion for e« 1. Determine the steady- 
state motion. 

6.20. The free oscillations of a self-excited system with two degrees of free- 
dom are governed by 

U l + < J j\u l = €(<*! - OL 2 u\)u x + EOLyUj 

u 2 + to 2 u 2 - e(&i ~ ot 2 u\)u 2 + e0i 4 ui 
where cj 2 = co { + eo. 

(a) Show that to the first approximation 

u x = Ai(Tx) exp (iu)\ T ) + cc\ u 2 = A 2 (T l ) exp (/cj 2 T ) + cc 
where 

H(jO\A\ = /coi(ai - a 2 /l i^4 i )/1 1 + ^3^2 exp (/crT'i ) 
2ico 2 A 2 = /co2(oc 1 - a 2 ^2^2 M2 + <*4<4 1 exp (- /or! ) 

(b) Express the /!„ in polar from and determine the steady-state motion. 
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6.21. Consider the forced response of a three- degree- of-freedom system 
governed by 

tij + coltix =-2eju 1 w 1 - a l u 1 u 3 - ^ot 2 u i u 3 + 2K } cos fif 

U 2 + C02 u 2 =~2e/i2"2 " CKl"2 w 3 " y<*2"2"3 

u 3 + CJ3U3 = -2eju 3 w 3 - la { (u] + u\)- ia 2 — ("i"i + u 2 u 2 ) + 2K 3 cos fir 

(if 

where co 2 = lo x , oo 3 = 2cl?! + ea, and £1 = co^ + ea 5 for some 5. 

(a) Show that 



u n = eA^TOtxp (ico n T ) + cc + 0(e 2 ) 



where 



2/cJiUi + /ii^i) + (<*i ~ ycjia 2 )^3^i exp(ia7i)- ki& is expO'aiTO^ 
2/CO2U2 + ^2^2) + (<*i ~ ^<^lot 2 )A 3 A 2 exp OaT, ) = 
2/co 3 04 3 +ju 3 ^3) + (i<*i - cj?a 2 )Ui +.4l)exp(-/ar,)- ^ 3 5 3s 

• exp (io 3 T l ) = 

and £„ = efc„. 

(b) When s = 3, express the ^„ in polar form and determine the steady-state 
motion. Does saturation take place? 

(c) When 5=1, express the A n in polar form and determine the equations 
describing the long-time behavior. Do steady-state stable periodic solutions exist 
for all parameters? 

6.22. The forced response of a system with three degrees of freedom is 
governed by 

u x + io\u x =-2e/ii£ 1 + €u 2 u 3 + 2eki cos £lt 

u 2 + io\u 2 = - 2efi 2 u 2 + eu l u 3 + 2ek 2 cos fir 

u 3 + co 3 u 3 = -2efji 3 u 3 + eu\U 2 + 2ek 3 cos fir 

where cj 3 = <jj x + cj 2 + ea and fi = cj„ + ea„ for some n. 

(a) Show that 

u n = eA n exp (ico n T ) + cc + 0(e 2 ) 
where 

2icJiUi +Mi^i)- ^3^2 expOaT 1 ,)- kid ln expda^Ti) = 
2/CO2U2 +M2^2>- ^3^1 exp(iari)- £ 2 §2« expO^TO = 
2zcj 3 U 3 + m 3 ^ 3 )~ ^2^1 exp (-ioT^)- k 3 d 3n exp (/a 3 rj) = 

(b) When n ~ 3, express the ,4„ in polar form and determine the long-time 
behavior of the motion. Does a 3 saturate? 
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(c) When n = 1, express the A n in polar form and determine the equations 
describing the long-time behavior. Are there stationary solutions for a n that 
are unstable? 

6.23. The problem of the stability of the nodal patterns in disk vibration can 
be reduced to (Williams, 1966) 

u + u + 8e(u 3 +uv 2 ) = 2ek cos ut 

u + v + 8e(u 3 + w 2 u) = 



(a) Show that 



where eo = cj - 1 and 



u =a cos (t + a) + 0(e) 
u = Z> cos (f +0) + 0(e) 



a' = -aZ? 2 sin 7 + & sin v 
aa = 3a 3 + lab 2 + aZ> 2 cos 7 - fc cos p 

b' = tf 2 Z> sin 7 
*>0' = 3£ 3 +2fl 2 Z7+fl 2 Z? cos 7 

7 = 2j3 - 2a, v= oT x - a. 

(b) For the steady-state motion, show that either b = and a =£ or b ¥= 
and a =£ 0. 

(c) When b = 0, show that the frequency-response equation is 

2 A: 
a=3<7 — cos v, ^=0or7r 



Perturb this solution and show that it is unstable for all a>a A = (jk) 1 ^ 3 
when v - and for all a > a^ - (\ k) 1 ^ 3 when v - tt. 
(d) When b =fi 0, show that the steady-state solution is given by 7 = n and 



2 3/: 

a = 4a cos v 

2a 

b 2 = a 2 cos v 

2a 

where v = or it. Perturb this solution and show that it is stable for all a>a A 
when v - and for a E <a <a D = (f|fc) 1/3 when *> = it where ^ «* 0.564A: 1/3 . 

6.24. Consider the spherical pendulum of Figure 6-1 when it is subjected to 
the horizontal force mf(t). 
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(a) Introduce Cartesian coordinates and show that the governing equations 
can be put in the form 

u + cJo" + "(w 2 +£ 2 + uu + vv) + jiolu(u 2 + v 2 )=f(t) 

v + colv + v(u 2 +v 2 +uu + vii) + jCOqv(u 2 + u 2 ) = 

(b) When f(t) = 2K cos £2f , where S7 « cj , use the method of multiple scales 
to determine a first-order uniform expansion for small but finite amplitudes. 

(c) Determine the steady-state motions and follow the procedure in the 
preceding exercise to determine the conditions under which the planar motion 
becomes unstable and gives way to a nonplanar motion. 

6.25. The nonlinear motion of a rolling reentry body with a constant spin 
rate/? is govened by (Murphy, 1968, 1971a, b; Nayfeh and Saric, 1971b) 

I ~ ipk + wo 5 = e& ex P U(pt + 0o)l + 7 IS 2 1 * + e 2 ix x % (1) 

where £ = + z'a is the complex angle of attack. Here oo , O , 7, M«, and \n are 
constants and e « 1. The term proportional to K is a result of asymmetries in 
the body. Similar mathematical problems arise in the analysis of induced nuta- 
tional motions of spinning spacecrafts (Tsuchiya and Saito, 1974; Tsuchiya, 
1975, 1977). 

(a) When e = 0, show that the linear natural frequencies are 

Ui,2=jP±(kp 2 +"o) lf2 

(b) When K =0, show that (Nayfeh and Saric, 1971b) 

§ = etfi(r 2 )exp UuiTo +/0i(r 2 )] + ea 2 (T 2 )exp [iu>2T +i0 2 (T 2 )] 

+ 0(e 3 ) (2) 
where 

a\ = (w, - cj 2 )~ 1 cj 1 jUi«i (3) 

a 2 =-(coi - to 2 )~ 1 to 2 n l a 2 (4) 

(wr cj 2 )(^ 1) -^) = -7(fl?+^,2fl]+^) = (A3,A 4 ) (5) 

Discuss the long-time behavior of the motion. 

(c) When K = e 2 k and p = cjj + e 2 a, show that (Nayfeh and Saric, 1971b), 
to the first approximation, § is given by (2) where 

a\ = Ai + *(oJi - cj 2 ) _1 sin (oT 2 ~ 6\ + 0o) (6) 

(cji - co 2 )S\ = A 3 - taj 1 cos (oT 2 - Q\ + <t>o) (7) 

and a 2 and 2 are given by (4) and (5). Determine the steady-state oscillations 
and their stability. 

(d) When K = 0(\), determine first-order uniform expansions (Nayfeh and 
Saric, 1971b) for the cases 
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(i) p * 

(ii) p « 2cjj - oj 2 . This is the case of subharmonic resonance; it was 

studied also by Murphy (1973) using the method of substitution. 
(iii) nonresonant case 

6.26. The motion of a rolling reentry body descending through the atmo- 
sphere is governed by 

?-f/ je r 1 p| + ^| = e/:exp[/(0 + 0o)] +Tl?l 2 5 + e 2 Mil 

= P 

p = e 2 v Q + e 2 v 2 p + €V X Imag[? exp H0)] 

where /* and / are the longitudinal and transverse moments of inertia, % = j3 + iot 
is the complex angle of attack, and O is a constant. The parameters K, 7, fjL t , 
and v n are functions of the slow time scale T 2 =e 2 f. This system can be con- 
sidered a system with a nonideal source of energy because the excitation de- 
pends on the response, and vice versa. 

(a) When K = e 2 k and p «* coi , seek a uniform expansion in the form (Nayfeh 
and Saric, 1972a) 



S(r; e) = egifoi , t? 2 , T 2 ) + e 3 ? 3 0?i , i? 2 , r 2 ) + • • * 
pi 
where = p and 



p(r ; 6) = /? (r 2 ) + e 2 p 2 (??! , t? 2 , 0, T 2 ) + • • • 



(t?],i? 2 ) = (cji,cj 2 ) = — - ± 






Then show that 

^ =fl 1 (7' 2 )exp[/i7 1 + *0,(r 2 )] +a 2 (r 2 )exp [ir\ 2 +W 2 (T 2 )] 
where 

ai = (cJi - co 2 ) _1 [cJiMi^i + fc sin (0- t?i - 0j +0 O )] 

a 2 =-(00, - cj 2 ) _1 a} 2 jui^2 

0', ="7(cji - co 2 )~ l (a 2 +2a 2 )- *(co! - cj 2 )" 1 a 1 " 1 cos (0 - 17, - 6 X +0 O ) 

<9 2 =7(cj 1 -co 2 )- 1 (2fl?+fl?) 

Po = *>o +^2Po +^1^1 sin 0?! - + 0i) 

Investigate the conditions under which the roll rate p locks onto coj. This 
condition is referred to as roll resonance, 
(b) When K = 0(1), determine first-order uniform expansions for the cases 

(i) Po^O 

(ii) p ^ 2oji - co 2 

(iii) nonresonant case 



CHAPTER 7 

Continuous Systems 



This chapter deals with nonlinear vibrations of continuous systems such as 
beams, strings, plates, membranes, discs, and shells, in contrast with the preced- 
ing five chapters, which deal with discrete systems. Eisley (1966) surveyed the 
nonlinear deformation of elastic beams, rings, and strings; Sathyamoorthy and 
Pandalai surveyed the large-amplitude vibrations of discs, membranes, and rings 
(1972a) and of plates and shells (1973b); and Crandall (1974) discussed the role 
of nonlinearities in structural dynamics. 

For small oscillations the response of a deformable body can be adequately 
described by linear equations and boundary conditions. However as the ampli- 
tude of oscillation increases, nonlinear effects come into play. The source of 
the nonlinearities may be geometric, inertial, or material in nature. The geo- 
metric nonlinearity may be caused by nonlinear stretching or large curvatures. 
Nonlinear stretching of the midplane of a deformable body accompanies its 
transverse vibrations if it is supported in such a way as to restrict movement of 
its ends and/or edges. This stretching leads to a nonlinear relationship between 
the strain and the displacement. If the large-amplitude vibrations are accom- 
panied by large changes in the curvature, it is necessary to employ a nonlinear 
relationship between the curvature and the displacement. Nonlinear inertial 
effects are caused by the presence of concentrated or distributed masses. Material 
nonlinearity occurs whenever the stresses are nonlinear functions of the strains. 

Most of the existing studies deal with nonlinear stretching. However there are a 
number of studies that treat other nonlinearities and other stress-strain laws. Hu 
and Kirmser (1971) analyzed the transverse vibrations of a free-free beam using a 
nonlinear curvature- displacement relationship, Grammel (1953) considered the 
torsional vibrations of nonlinearly elastic circular shafts and the transverse vibra- 
tions of nonlinearly elastic beams, while Bolotin (1964, Section 13) discussed 
the planar motion of beams with nonlinear elasticity. McQueary and Clark 
(1967) analyzed periodic oscillations of a class of nonautonomous nonlinear 
elastic continua. Sinitsyn (1976) analyzed the oscillations of a cylindrical shell 
of nonlinear elastic materials, while Sun and Shafey (1976) assessed the in- 
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fluence of material nonlinearity on the dynamic behavior of composite plates. 
Steele (1967) and Tang and Yen (1970) studied the response of a beam on an 
elastic foundation to a moving load and included the effects of geometric and 
material nonlinearities. Mclvor (1964) investigated the effect of longitudinal 
inertia on the transverse vibrations of beams, Atluri (1973) included nonlinear 
inertia and curvature-displacement relationships in his analysis of the vibrations 
of a hinged beam, and Arya and Lardner (1974) investigated the effect of longi- 
tudinal inertia on the transverse vibrations of a string. Porter and Billet (1965) 
analyzed the forced response of a continuous system having nonlinear con- 
straints, while Dokainish and Elmadany (1978) analyzed the response of a heli- 
cal spring having a nonlinear constraint. Watanabe (1978) treated linear beams 
with nonlinear boundary conditions, while Pasley and Gurtin (1960) studied 
systems resting on nonlinear springs. Viscoelastic structures were treated by 
Eringen (1955); Sethna (1962); Kravchuk, Morgunov, and Troyanovskii (1974); 
and Nambudiripad and Neis (1976); while beams with nonlinear internal fric- 
tion and relaxation were studied by Osinski (1962). 

Since exact solutions are in general not available, recourse has been to approxi- 
mate analyses by using purely numerical techniques, purely analytic techniques 
and numerical-analytic techniques. 

The principal numerical methods available deal with dynamic deformations 
(Tillerson, 1975). They may be divided into (a) finite difference in space and 
time (Witmer, Balmer, Leech, and Pian, 1963; Morino, Leech, and Witmer, 
1971; Bayles, Lowery, and Boyd, 1973), (b) finite-element representation in 
space and finite difference in time (Stricklin, Martinez, Tillerson, Hong, and 
Haisler, 1971; Wu and Witmer, 1971, 1973; Oden, Key, and Fost, 1974), and 
(c) finite-element representation in both space and time (Fried, 1969; Argyris 
and Scharpf, 1969; Zienkiewicz and Parekh, 1970). Application of these purely 
numerical techniques to vibration problems may be costly in terms of computa- 
tion time. In addition, there is the difficulty of obtaining the complicated re- 
sponses, such as those described in Sections 7.4 and 7.6, which may occur for 
even simple structural elements. 

In the purely analytic methods, the spatial as well as the temporal problems 
are solved analytically. The temporal problem is usually solved by using a per- 
turbation method such as the method of harmonic balance, the Lindstedt- 
Poincare technique, the method of averaging, or the method of multiple scales. 
The spatial problem is usually solved by using the method of weighted residuals 
(the Ritz and the Galerkin methods) or the expansion of the solution in terms 
of the normal modes of the linearized problem. These techniques are usually 
suited to simple structures with simple boundaries. Except for slowly varying 
material and geometric properties (e.g., Nayfeh, 1973a), the application of the 
normal-mode expansion has been limited to structures with uniform material 
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and geometric properties. The method of weighted residuals has been used 
to determine the nonlinear frequencies of a number of structures. However the 
results depend somewhat on the assumed spatial variations. 

The numerical-analytic approaches can be divided into three groups. In the 
first group one postulates the dependance of the solution on time in the form 
w(r, t) - i//(7)0(r). Usually \p is assumed to be harmonic. Then one uses the 
method of harmonic balance to obtain a nonlinear boundary-value problem for 
the determination of the spatial variation, 0(r). The solution of the spatial prob- 
lem is usually obtained by using a numerical method in conjunction with an 
iterative procedure. Mei (1972, 1973a, b) used finite elements and iterated on 
the in-plane forces developed in the structure as a result of its large vibrations, 
while Venkateswara Rao, Raju, and Kanaka Raju (1976a), Kanaka Raju and 
Venkateswara Rao (1976a), and Kanaka Raju (1977) used finite elements but 
iterated on a linearized strain-displacement relationship. So far these techniques 
have been applied to the determination of the free-oscillation frequencies. One 
can use finite differences instead of finite elements. In the case of a single spatial 
variable (beams, symmetric vibrations of plates), Huang and Sandman (1971), 
Huang and Meng (1972), Huang (1973), and Huang, Woo, and Walker (1976) 
solved the spatial two-point boundary-value problem, using a forward-integration 
technique and iterating on the initial conditions to satisfy the boundary condi- 
tions (a shooting technique). In this group one needs to know, or assume, the 
temporal functional form i//(0- 

In the second group (Hwang and Pi, 1972) one uses a finite-element technique 
to obtain the following nonlinear matrix equation: 

Mq + Cq + [K +K 1 (q) + K 2 (q 2 ) + • • ■ +^(q«)] q = f 

where M, C, and K n are TV X N matrices and q and f are column vectors with TV 
elements. Then one solves for q, using the method of equivalent linearization. 

In the third group (Busby and Weingarten, 1972; Nayfeh, Mook, and Lobitz, 
1974; Nayfeh, 1976b; Lobitz, Nayfeh, and Mook, 1977), one expresses the 
displacement in the form 

n = \ 

where the 0„ are the linear undamped natural modes of the system. Then one 
uses a finite-element technique to determine the 0„, substitutes for w in the 
governing equations, uses the orthogonality property of the 0„, and obtains a 
system of N coupled second-order ordinary-differential equations for the *//„. 
These equations are solved by using a perturbation technique such as the method 
of averaging or the method of multiple scales. This numerical-perturbation ap- 



7.1. BEAMS 447 

proach has been used to determine the nonlinear response, including the effect 
of internal resonance, of beams with varying properties (Nayfeh, Mook, and 
Lobitz, 1974) and of elliptic plates (Lobitz, Nayfeh, and Mook, 1977). 

To concentrate on the physical mechanisms and effects, we restrict our atten- 
tion here to uniform systems with simple boundary conditions whose linear 
natural modes can be obtained analytically. Then we use the method of multiple 
scales to solve the equations describing the functions ty n (t). Beams are discussed 
in Sections 7.1 through 7.4. Strings are discussed in Section 7.5; their responses 
may be more complicated than those of beams owing to the many possibilities 
of modal interactions (internal resonances) and the likelihood of out-of-plane 
responses. Plates are discussed in Section 7.6. 



7.1. Beams 

7.1.1. GENERAL INTRODUCTION 

As a first example we consider the nonlinear transverse vibrations of uniform 
beams supported in such away as to restrict the movement at the ends and hence 
produce midplane stretching. Nayfeh (1973a) used the generalized version of the 
method of multiple scales to analyze the nonlinear free vibrations of a beam 
with slowly varying properties along its length; Nayfeh, Mook, and Lobitz 

(1974) used a numerical-perturbation technique to determine the forced re- 
sponse of a nonuniform beam; Verma and Murthy (1974) analyzed the nonlinear 
vibrations of nonuniform beams; and Raju, Venkateswara Rao, and Kanaka Raju 
(1976b) used a combination of the Galerkin procedure and the method of har- 
monic balance to determine the nonlinear frequencies of tapered beams. Saito, 
Sato, and Yutani (1976) studied the nonlinear forced response of a beam carry- 
ing a concentrated mass. 

We consider beams that are straight initially. Eisley (1964a), Tseng and 
Dugundji (1971), and Min and Eisley (1972) analyzed the nonlinear vibrations 
of buckled beams; Mettler (1967) examined the stability and the vibrations of a 
sine arch under harmonic excitation; while Rehfield (1974b) and Singh and Ali 

(1975) analyzed the nonlinear flexural vibrations of shallow arches. Nonlinear 
vibrations of circular rings were studied by Federhofer (1959), Shkenev (1960), 
Evensen (1966), and Dowell (1967b), while the nonlinear vibrations of oval rings 
were studied by Sathyamoorthy and Pandalai (1971). Donaldson (1973a) 
treated flat skin-stringer-frame structures. 

Here we simply state the equations of motion. The nonlinear coupling terms 
for beams are essentially the same as those for strings, and later in Section 7.5 
we provide the details of the derivation of the string equations. Assuming that 
plane sections remain plane and assuming a linear stress-strain law, one can 
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Figure 7-1. Element of a beam in the 
deflected and undeflected positions. 



derive the following equations of motion for beams (see Figure 7-1 for the 
notation): 



pAu tt - EAiix 



= \(EA 



N)~ [V 1 



2u x (vl+wl)]+G (7.1.1) 



pAw tt - Nw xx + EI X w x 



{EA-N) — (ew x )+F x 



(7.1.2) 



pAv tt - Nv xx + EI 2 v xxxx = (EA - N) — (ev x ) + F 2 



e = u y 



*x T 2 



l -vl 



+ Wx 



(7.1.3) 
(7.1.4) 



where p is the beam density;^, I\, and I 2 are, respectively, the area and mo- 
ments of inertia of the beam cross section; E is Young's modulus; N is the pre- 
scribed axial load, which may be time-dependent; G is the prescribed axial load; 
and the F n are prescribed transverse loads. The subscripts indicate partial de- 
rivatives. Equations (7.1.1) through (7.1.4) describe the forced response of a 
beam allowing for nonplanar motions, longitudinal inertia, and stretching. For 
these equations to apply, the wavelength of the transverse vibrations must be 
long compared with the radius of gyration of the cross section; otherwise the 
effects of transverse shear and rotary inertia cannot be neglected. Eringen 
(1952), Wrenn and Mayers (1970), Nayfeh (1973a), and Venkateswara Rao, 
Raju, and Kanaka Raju (1976b) included the effects of rotary inertia and trans- 
verse shear in their analysis of the nonlinear free vibrations of beams. Chu 
(1961b) examined the influence of transverse shear on the nonlinear free vibra- 
tions of sandwich beams with honeycomb cores. 

In discussing beams we restrict our attention to nonrotating and to planar 
motions (i.e., v = 0). Nonlinear vibrations of rotating bars were studied by 
Ansari (1974, 1975) and Anderson (1975b), while nonlinear torsional vibrations 
of thin-walled beams of open sections were studied by Rao (1975). Nonplanar 
motions are discussed in connection with strings in Section 7.5. Haight and King 
(1972) investigated the planar harmonic forced excitation of a cantilever beam 
and found both analytically and experimentally that in many instances the 
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response was nonplanar. Haight and King (1971) investigated experimentally 
and analytically the stability of planar motions under parametric excitations. 
Rodgers and Warner (1973) examined the dynamic stability of out-of-plane 
motion of curved elastic rods excited by harmonic end forces applied normal to 
the cross sections. Ho, Scott, and Eisely (1975, 1976) analyzed the nonplanar, 
nonlinear forced and free oscillations of beams. Their results confirm the ex- 
istence of stable nonplanar (ballooning or whirling) motions. 

In (7.1.1) through (7.1.4) damping is ignored. However in any physical situa- 
tion there is always some damping. There are a number of models for damping 
(Lazan, 1968). In this chapter we consider only linear viscous damping. Sethna 
(1962), Davy and Ames (1973), Ivanova, Morgunov, and Troyanovskii (1974), 
Kadyrbekov (1975), and Hyer, Anderson, and Scott (1976) studied nonlinear 
vibrations of viscoelastic beams. Kovac, Anderson, and Scott (1971) studied 
the case of damped sandwich beams. 

In order to obtain (7.1.1) through (7.1.4) one must retain through the cubic 
terms when accounting for the motion-induced stretching. If we want only a 
first correction which accounts for stretching, then 2u x {v x + w x ) should be 
neglected in (7.1.1) and u x should be neglected in (7.1.4). Under some circum- 
stances it is appropriate to consider u to be O(vv); then e is given by 

e = u x (7.1.5) 

Under other circumstances it is appropriate to neglect the out-of-plane motion 
and consider u to be 0(w 2 ); then e is given by 

e = u x + \w 2 x (7.1.6) 

Thus instead of (7.1.4) one may use either (7.1.5) or (7.1.6). The appropriate 
choice, depending on the circumstances, is discussed below. 

At this point it is convenient to introduce dimensionless variables (denoted 
by asterisks): 



r [E 



* . r IE irA NL 2 

t* = — i/— r N* = 



L ' L 2 V P r 2 EA 

w u I r 

Vt;* = — 77* = — /* — — r* = — 

L' L" L 9 L 

where r is the radius of gyration of the cross section, / is the actual length of the 
beam, and L is a characteristic length. An appropriate choice for L is the wave- 
length of the highest mode of the transverse oscillations being considered. 
Substituting these dimensionless quantities into (7.1.1) through (7.1.6), making 
the simplifications discussed above, adding damping and forcing terms, and drop- 



450 CONTINUOUS SYSTEMS 
ping the asterisks, we obtain 

r 2 u tt - u xx = (1 - r 2 N)w x w xx - 2vu t + G(x, (7.1.7) 

r 2 (w tt - Nw xx + w xxxx ) = (1 - r 2 N) — (ew x ) - 2r 2 fJiW t + F(x, t) (7. 1.8) 

Equations (7. 1.5) and (7. 1.6) remain unchanged. 

An exact solution of the problem defined by (7.1.6) through (7.1.8) subject 
to initial and boundary conditions does not yet exist, and recourse has been 
made to approximate methods that can be applied to weakly nonlinear equa- 
tions. The parameter that influences the way the approximation must be made 
is the slenderness ratio r. If we consider r to be small, but not extremely small, 
then in (7.1.7) the longitudinal inertia and the restoring force u xx are the same 
order, and it follows that u = 0(w). If we consider r to be extremely small, then 
in (7.1.7) the longitudinal inertia is small compared with the restoring force, and 
it follows that u = 0(w 2 ). By far, most of the studies of nonlinear beam vibra- 
tions are based on this simplification. Each case is considered separately below. 

7. 1 .2. THE GOVERNING EQUATIONS FOR THE CASE u = 0(w) 
In this case we consider only hinged-hinged beams. Other boundary conditions 
are considered for the case u = 0(w 2 ). For a hinged-hinged beam with immov- 
able ends 

u = at x = and x = I 

(7.1.9) 

w ~ w xx = at x ~ ar, d x ~ I 

Thus we assume expansions for u and w in the form 

nirx 
T?„(0sin 



w = Z T? w (0sin — 
« = 1 l 

(7.1.10) 

~ . , . . rnrx 
"= L £#i(0sin— — 
it - 1 » 



In general it is convenient to assume expansions for the displacements in terms 
of the linear free-oscillation modes. These functions and the natural frequencies 
are intrinsic properties. Moreover infinitesimal motions are well described by 
them. An analysis such as the one used here shows how the linear modes com- 
bine as the amplitude of the motion grows. 

Substituting (7. 1.10) into (7. 1.5), (7. 1.7), and (7. 1.8) leads to 

^ /,-,• ,. m 2 7r 2 . \ . rmtx . ~ ~ , 2 

L [ r $m + 2 »Sm + ~~ p~ M Sin — — = ~7T 3 K £ £ k m7 lmVk 
m = l \ III m _ x k = l 

mux knx 
•cos sin + G(jc, /) (7.1.11) 
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mux 



oo oo 



m = \ l m = l A; = i 

•(■ 



m7rx &7r;t /??7rx knx\ 

k cos — ; — sin + m sin — - — cos — - — J + F(x, t) (7. 1 . 1 2) 



where 



/ 



mn 



nn { m 2 n 2 \ 1/2 \-r 



2 N 
, 3 - (7.1.13) 



Multiplying (7.1.1 1) by sin (nitx/l) leads to 



\r 2 $ m + 2^ m + -^— ?„ J Icos ^ - 

tt 3 k ~ ~ f2 f (m + k-n 

= --y Z S mk Vm'nk cos — 

Z m = l fc=I L ' 



- /?) 7TX (m + rt) 7TJC 
- COS 



- n)nx (m + k + n)irx 

- cos 



(A: - m + «) 7tx (k - m ~ n) ttx 

cos + cos — 



Integrating over the interval [0, /] leads to 



+ 2G(*,/)^L (7.1.14) 



r2> . ^ V . " 27r2 



£„ + 2v n % n + -^— $„ = G n (t) - — X "I 2 !?* 



[|w - «h| m _„, ~ {m + n)r\ m + n } (7.1.15) 



where 



/G„ = 2 f G(jc, 



t) sin ax 



(7.1.16) 



and we assumed modal damping. Equation (7.1.15) can be put in a more con- 
venient form in the following way. The last term in (7.1.15) can also be written 
as follows: 



£ m(m+n) 2 V m Vm + n+ £ ™(n~ mf Wn- 



X m(m- n) 2 r\ n r] m _ n 



(7.1.17) 
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If we use one half the last term in (7. 1 . 1 5) and one half of (7. 1 . 1 7), (7. 1 . 1 5) 
reduces to the following convenient form: 



2 2 3 

n 7T . „ _ mr 



r 2 % n + 2v n $ n + —p- $ n = G n (t)- —k £ m% 



m=\ 



• [\n- m\ n\ n -m\ + (™ + ")Vm+n] (7.1.18) 
In a similar way one can obtain the following equation from (7.1.12): 

% oo 

njr ic 

r 2 (n n + 2ti n ii n + cj 2 n 77 n ) = F„(t) — £ ™$m 

^ m = l 

' [lw-«|T? |OT _„| + (m + /i)i7 m+n ] (7.1.19) 
where 

/F„(0 = 2 / F(jc, sin -^ Jjc (7. 1 .20) 

and again we assumed modal damping. 

We let e be a measure of the amplitude of the motion, which is small but 
finite. Then we put 

% n = e$ n and r\ n = erj n 

r~ 2 »n = & n and V n =Wn (7.1.21) 

r 2 G n -eG n and r 2 F n ~eF n 

and 7T 3 K(4r 2 y l = k. Here, following the usual practice, we ordered the damping 
coefficients so that the nonlinear terms and the damping terms appear at the 
same order. Substituting (7.1.21) into (7.1.18) and (7.1.19) and dropping the 
hats in the results, we obtain 



L m-\ 

Vn + ^lVn^e |~2m„7?„- m £ m% m {pr\ p + qn q ) 



+ C„(0 (7,1.22) 

+ F n (/) (7.1.23) 



where \ n = nn/rl, p = \n- m\ y and q = n + ra. 

Equations (7.1.22) and (7.1.23) are the starting point for the discussion in 
Section 7.2, where solutions valid for small but finite values of e are constructed. 

7.1.3. GOVERNING EQUATION FOR THE CASE u = 0(w 2 ) 
In this case r is taken to be very small, and consequently the longitudinal in- 
ertia is neglected. The longitudinal damping is also neglected. Moreover we con- 
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sider the case for which the longitudinal excitation and the axial force N are 
zero. As a consequence one can integrate (7. 1.7) to obtain 

u x =e(t)-\w 2 x (7.1.24) 

where e{t) is the same function defined by (7. 1.6). A second integration yields 

u = c(t)+xe(t)- {( wldx (7.1.25) 

For the boundary conditions on u we take 

w(0,0 = and u(l,t) = lP(t) (7.1.26) 

where P(t) is a prescribed function. Ray and Bert (1969), Wrenn and Mayers 
(1970), and Nayfeh (1973a) found that a spring support reduces the effect of 
the nonlinearity. Substituting (7. 1 .25) into (7. 1 .26) leads to 

e=P(t)+-^- [ w 2 x dx (7.1.27) 

Then (7.1.8) becomes 

r 2 (w rr + 2Mw f + w Jc ^) = |p(0 + ~rJ w\dx w xx +F(x,t) (7.1.28) 

Equation (7.1.28) is the basis for most of the studies of nonlinear beam 
vibrations. 

Because r is a small, dimensionless parameter, the weakly nonlinear assumption 
demands that w = 0(r k ) y where k> \. Moreover we order the damping and the 
parametric excitation so that they appear at the same order as the nonlinear 
terms. 

Again we express the solution as an expansion in terms of the linear free- 
oscillation modes <t* m (x). That is, 

w(x,t) = r k £ u m (t)<p m (x) (7.1.29) 

m = \ 

The <P m (x) are solutions of the following eigenvalue problem: 

<-c<40 m =O (7.1.30) 

where 

<t> m = €=0 (7.1.31) 

at a hinged end and 

<t> m =<j>' m =Q (7.1.32) 
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at a clamped end. Aravamudan and Murthy (1973) investigated the case of time- 
dependent boundary conditions. The eigenvalues oj m are the natural frequencies. 
The eigen functions are orthogonal. To show this, we consider (7.1.30) for two 
different values of m: 

$ - co? <pi = and 0j> - co? y = (7. 1 .33) 

It follows that 

(co 2 - co 2 ) f 0,0,- dx = f (0,0)" - 0,^) tfx (7.1.34) 

J o Jo 

Integrating by parts leads to 

(co? - co, 2 ) f 0,0,- dx = fo*;' - titf + 0; 0}- 0r*/]o (7-1.35) 
It follows from (7.1.31) and 7.1 .32) that 

J <t>i<t>jdx = Q if/*/ (7.1.36) 

For convenience, we choose the amplitudes of the <p n such that 

f l fl /=/ 

1 / / tfx = 5, 7 - (7.1.37) 

»/ 10 * *7 



Substituting (7.1.29) into (7.1.28), multiplying by 0„, and integrating over the 
length we obtain 

. 00 00 * 

w„ + CO 2 u n = e ( X Pm«" W + E r «mp fl "aw tip u q - 2ix n iin\ + /„ (0 

for n= 1,2,... (7.1.38) 
where e = r 2 ^" 1 ^, the damping is assumed to be modal, and 

r 2+k f n (t) = f F(x, O0„ dx and r* k p nm (t) = pf &*„ dx (7.1.39) 

r n mpq=2l[j *n *«<**)( J <p' p <p' q dxj and Wn = J &<& dx 

(7.1.40) 

As mentioned above, ju and P are ordered so that they appear with the non- 
linearity. For a given r, one can choose the value of k that makes e small. For 
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example, if r = 0.05, then k = f yields e = 0.05. If r = 0.2, then k = 2 yields 
e = 0.04. Integrating by parts we obtain the following from (7. 1 .40): 

rW, =- h [f t'nO'm dx\ \f 4>' p <p' q dx (7.1.41) 

We note that 

* nmpq ~ * mnpq ~ ' mnqp ~ * qpmn \ '• i-^J 

Equation (7.1.38) is the starting point for the discussion in Sections 7.3 and 
7.4, where solutions valid for small values of e are constructed. 



7.2. Coupled Longitudinal and Transverse Oscillations 

In this section we consider primary resonances for the case u = 0{w). 

Hoff (1951) considered a column having an end displaced at a constant rate, 
neglecting the longitudinal inertia. Using a numerical procedure, Sevin (1960) 
obtained the response of a column when the end is displaced at a constant rate, 
including the longitudinal inertia. Mclvor (1964) obtained the response of a 
column to pulsating loads, and Mclvor and Bernard (1973) obtained the re- 
sponse to short-duration axial loads. In this section we formulate the problem 
for both axial and transverse loads. Then we provide some of the details for a 
harmonic axial load acting alone. 

Here we consider the excitation to have the form 

M 

G„(t) = 2eg n cos (SI^-t) and F n (t) = 2 £ f nm cos (n 2m f- B m ) (7.2.1) 

m-\ 

where r, W , g n , and f nm are constants. As discussed in Chapters 4 through 6, 
we need to order the damping coefficients and the amplitudes of the excitation 
in such a way that the effects of damping, nonlinearity, and excitation all appear 
at the same order. This was the reason for ordering the damping as in Section 
7.1.2. 
We seek a solution of (7.1.22) and (7.1.23) in the form 

l« = U(7 , o,7 , i) + cj lll (ro,r I ) + --- 

(7.2.2) 
V n = T? n0 (7o, T i) + erfciOTo, T x ) + • ■ • 

Substituting (7.2.1) and (7.2.2) into (7.1.22) and (7.1.23) and equating coeffi- 
cients of like powers of 6 we obtain 

Order e° 

(7.2.3) 
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Order e 

oc 

- riK y mri mo (pr} po + <Z7^ ) + 2g n cos (^! T - r) (7.2.4) 

£o*?m + <>>lVni = -2D D { Vno " 2m„A)T?«o 

°° M 

- nK Y, m% m0 (pri p0 + ^7? fl0 ) + 2 £ /«* cos (^2fc^o " 0jt) (7.2.5) 



where 



«7r «7r in 2 it 2 \^ 2 



(7.2.7) 



X„ = — , cj n = — I — j— + TV 1 , p=|w-/w|, and? = n + m (7.2.6) 

The solutions of (7.2.3) can be written in the form 

Hno=A n (T l )exp(i\ n T ) + cc 
Vno = Bn(T x ) exp (/co„ r ) + cc 
Substituting (7.2.7) into (7.2.4) and (7.2.5) leads to 
Dl%m + K%m = ~2iX n (D l A n + t>„,4 w ) exp (i\ n T ) 

- nK Y, mB m {pB p exp [/(co m + w p )T Q ] 
m-\ 

+ pB p exp [i(cj m - oj p )T ] + qB q exp [i(cj q + co m )r ] 

+ ^ exp [/(co m - w^To] } +g n exp [/(ft, r - r)] + cc (7.2.8) 

^oT?«i +w^T? nl =-2/a; w (Z) 1 5 M +^5 w )exp(/co w 7 1 o) 

oo 

-«k £ mA m {pB p exp [/(X w +cOp)r ] 

W = 1 

+ p£p exp [/(X m - C3 P )T Q ] +qB q exp [/(X w + a> q )] T ] 

__ M 

+ ^ exp [i(X m - o> q )T ]} + X /„* exp [i<n 2fc r - 0*)] (7.2.9) 

Inspection of (7.2.8) and (7.2.9) shows that there is an internal resonance if 

X„^cj m ±Gj p or \ n ^to m ±aj q (7.2.10) 
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Recalling the definitions, we can rewrite (7.2.10) as follows: 

n (m 2 it 2 \ 1/2 t Un-mfit 2 J 1 ' 2 

or (7.2.11) 

n tm 2 <n 2 W 2 {(r, + m\ 2 iT 2 l 1 / 2 



— ~m [ j2 +N] ±(n + m) 



^v ^ 



Equations (7.2. 1 1) show that r is the parameter that tunes the internal resonance. 
Because the slenderness ratio must be small for beam theory to apply, we re- 
strict our attention to the fundamental longitudinal mode (i.e., n = 1). Moreover 
conditions (7.2.11) are first satisfied for the positive sign. Finally, to gain an 
estimate of the values of Ijr and m which lead to resonance, we put N=0 and 
obtain 

-^(2m 2 +2m+l)7r (7.2.12) 

r 

In Table 7-1 the approximate values of l/r are given for three values of m. The 
column labeled MSR gives the modified slenderness ratio obtained by choosing 
the characteristic length to be the actual length divided by the number of the 
highest transverse mode being considered. The value of 14 for MSR is probably 
at the limit of the region where beam theory applies. When TV^O, the values 
of MSR are higher, though TV has more influence on the frequency when r is very 
small. And when one or both ends are clamped, the values of MSR are slightly 
higher. 
As an example we consider the case when 

Xi = co 2 + ^3 + £<?/, ^i - Xi + eoi 

(7.2.13) 

£l 2 2 = CJ 2 + Ca 2 , ^23 = ^3 + €0 3 

Then secular terms are eliminated from the % nX and ri m if 

2/X 1 (D 1 ^ 1 +v 1 A 1 ) + 6kB 2 B 3 expi-iojTt)- g x exp(/a, 7 1 , ) - (7.2.14) 



TABLE 7-1. Variation of Slenderness Ratios 
with Mode Number 



m 


Ur 


MSR 


1 


16 


8 


2 


41 


14 


3 


79 


20 
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2i\ n (D l A n +v n A n ) = foxn>2 (7.2.15) 

2iu 2 {D x B 2 +v 2 B 2 ) + 6kAiB 3 exp (iojT^ - f 22 exp(m 2 7 1 ) = (7.2.16) 

2ia> 3 (D l B 3 + n 3 B 3 ) + 6kA x B 2 exp (iojT, ) - f 33 exp (io 3 7\ ) = (7.2.17) 

2ico n (D l B n + [x n B n ) = for n ^ 2 or 3 (7.2.18) 

It follows immediately from (7.2.15) and (7.2.18) that 

A n ^0 if n > 1 and B n ^0 ifn=£2or3 (7.2.19) 

as T x (and hence /) -» °°. 
Again we introduce the polar notation 

A n = \a n exp (*<*„) and B n ^\b n exp (zft,) (7.2.20) 

where the a n , b n , a n , and j3„ are real functions of T x . Then for the steady-state 
response we need to solve the following: 

Ai^i #i - kb 2 b 3 sin y f - g x sin y x =0 (7.2.21) 

X i ^z i oc i - &6 2 ^3 cos 7/+^, cos 7! =0 (7.2.22) 

u 2 \x 2 b 2 + ka x b 3 sin 77-/22 sin y 2 =0 (7.2.23) 

^2^2/^2 ~ ka x b 3 cos7/+/ 22 cos 7 2 =0 (7.2.24) 

CJ3JU363 +ka 1 b 2 sin 77-/33 sin 73 =0 (7.2.25) 

CO3M3 - ^1^2 cos7/+/ 33 cos 73 =0 (7.2.26) 



where 



k= Jk 
7/ = a / 7 , 1 +a, - j3 2 - ft, 
7i =a 1 T 1 - a, 

72 =o 2 T l - 2 

7 3 = a 3 T, - 3 



(7.2.27) 



Also for the steady-state response 7 7 , 7,, 7 2 , and 73 are constants. Solutions 
of these equations are discussed next. 

We begin by considering / 22 and / 33 to be zero and leave the other cases as 
exercises. Then it follows that there are two possible solutions: either a x ¥= 
and b 2 -b 3 - 0, or a x , b 2 , and b 3 are all nonzero. In both cases 

a\ = o x (7.2.28) 
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When b 2 = b 3 = 0, the solution is given by 



0i = 



and 



Ji = sin 



Xi("?+a?) 1/2 

i/^llA =cor , (-^-) 



(7.2.29) 



(7.2.30) 



which is essentially the solution of the linearized problem. 
Whenfl?!, b 2 , and b 3 are nonzero, we find that in addition to (7.2.28) 

&+ & = */ + <>! (7-2.31) 

Then (7.2.21) through (7.2.26) can be reduced to 

X, v x a x - kb 2 b 3 sin jj - g x sin 7i = (7.2.32) 

^ x o x a x - /:Z>2^3 cos 7/ + #t cos7i = (7.2.33) 

gj 2 ju 2 Z> 2 + fo*i&3 sin7/ = (7.2.34) 

<^3 ^3^3 + ka x b 2 sin 7/ = (7.2.35) 

a, + a! - ka x ( — — + — — ] cos 7/ = (7.2.36) 

\cj 2 b 2 CO3O3/ 



\co 2 b 2 CO363 
It follows from (7.2.34) and (7.2.35) that 

M 2 C0 2 ^2 = M3<^3&3 

From (7.2.34) and (7.2.36) one can obtain 



(7.2.37) 



/ M^V + r (a / + a)c, 2 co 3 M3 l 2 = ^ 2 
V &3 / L co 3 fti+co 2 6l J 



Substituting (7.2.37) into (7.2.38) leads to 



1 
at = - 



V 2 H 3 u 2 u 3 



1 + 



U2 +/i 3 / j 



1/2 



(7.2.39) 



We note that a x is not a function of g Xy the amplitude of the excitation. There 
is a saturation phenomenon associated with this motion. The saturation phenom- 
enon was discussed in Section 6.5. Here we may expect the beam to exhibit 
behavior which is similar to that of the system discussed in Section 6.5.1. In 
addition to saturation, we may expect that when the excitation is transverse 
rather than longitudinal, no steady-state motion exists for certain values of 
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the parameters in spite of the presence of damping. Instead there is a continual 
exchange of energy back and forth between the longitudinal and transverse 
motions. 

7-3. Hinged-Hinged Beams 

Woinowsky-Krieger (1950) and Burgreen (1951) considered the free oscilla- 
tions of a beam having hinged ends a fixed distance apart. Expressing the solu- 
tion as a product of a function of time and a linear free- oscillation mode, they 
solved the nonlinear equation for the temporal function exactly in terms of 
Jacobi elliptic functions. Burgreen also considered vibrations about the buckled 
configuration and conducted an experimental study which basically supported 
the conclusions of the analysis. These results were also confirmed by the experi- 
ment o( Ray and Bert (1969). The same problem was treated using different 
techniques by Wagner (1965), Srinivasan (1965, 1967), Woodall (1966), Even- 
sen (1968), Reh field (1973, 1975), and Lou and Sikarskie (1975). Wrenn 
and Mayers (1970) determined the influence of an axial restraint on the fre- 
quency of a single mode. Reiss and Matkowsky (1971) and Rubenfeld (1974) 
examined the stability of a compressed simply-supported column. 

McDonald (1955) worked with the same governing equations but did not con- 
sider axial prestressing, as Burgreen did. He improved the analysis by letting the 
deflection curve be represented at any instant by a Fourier expansion in terms of 
the eigenfunctions of the linear problem, that is, the linear, free- oscillation 
modes. McDonald was able to solve the nonlinear equations for the coefficients 
in terms of elliptic functions. He commented that the problem is inherently non- 
linear even for small-amplitude vibrations and there is always dynamic coupling 
of the modes. 

Single-mode forced responses of simply-supported beams were studied by 
Eisley (1964b), Morris (1965), Srinivasan (1966a), Bennett and Rinkel (1972), 
Bert and Fisher (1972), and Rehfield (1974a). Multimodal forced responses of 
simply-supported beams were studied by Eisley and Bennett (1970), Bennett 
and Eisley (1970), and Busby and Weingarten (1972). Mojaddidy, Mook, and 
Nayfeh (1977) analyzed the multimode response of a simply -supported beam to 
multifrequency excitations. 

Here we choose the characteristic length to be the actual length of the beam 
and let p nm =0. Then it follows from (7.1.30) and (7.1.31) that the natural 
frequencies co„ = n 2 n 2 and 

4> n = V2 sin nnx for n - 1, 2, 3, . . . (7.3.1) 

Hence (7.1.38) becomes 

e\2ti n u n + \ii*ri 2 u n £ m 2 u 2 „\ + f n (t) for n = 1, 2, 3, . . . 

(7.3.2) 
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We note that although there are commensurable linear natural frequencies such 
as cj 3 = 2cj 2 + ^1 , where co n = n 2 7r 2 , there are no internal resonances in this case 
because of the vanishing of the coupling coefficients leading to internal resonance. 
This is not the case in the hinged-clamped and clamped-clamped cases. Next we 
consider both primary and secondary resonances. In the case of secondary 
resonances, we discuss superharmonic,subharmonic, and combination resonances. 

7.3.1. PRIMARY RESONANCES 

In this section we consider the primary resonance of the lowest mode. Thus 
we put 

f n (t)=2eir 2 k n cos (Sit) (7.3.3) 

and 

ft=7r 2 +ea (7.3.4) 

Following the method of multiple scales we assume that 

u n (t\ e) = u n0 (T , 7\) + eu n x (T , T x ) + • • ■ (7.3.5) 

Substituting (7.3.3) and (7.3.5) into (7.3.2), expanding the derivatives, and 
equating coefficients of like powers of 6, we obtain 

D 2 u n0 +n«7r 4 u nQ =0 (7.3.6) 

Dlu nx +n*7T 4 u nl = -2D (D x u n0 + v n u n0 ) - ^n 4 n 2 u n0 £ ^ 2 4o 

m=l 

+ 2n 2 k n cos(nT ) for n = 1, 2, 3, . . . (7.3.7) 
Writing the solution of (7.3.6) as 

u nQ =A n (T l )exp(in 2 7r 2 T ) + cc (7.3.8) 

we find that 
D\u nX +n 4 7r 4 u nl = -2in 2 ir 2 (A' n + ii n A n ) exp (in 2 it 2 T ) ~ \n 4 n 2 A n JT m 2 

m = \ 

• {A 2 m exp [i(n 2 + 2m 2 ) it 2 T ] + 2 A m A m exp (in 2 n 2 T ) 

+ A 2 m exp [i(n 2 - 2m 2 ) n 2 T ] } + n 2 k n exp (iQ,T ) + cc (7.3.9) 

Secular terms are eliminated from the u nX if 

2/04 i +ix x A x )\\t{ 1 A\A x + h 2 A x f] m 2 A m A m - k x exp(ioT x )= (7.3.10) 

m=2 

and for n > 2, 

2/(^ + M„)+f« 2 irM2^ n +7r 2 >l n £ m 2 ^l m ^ m =0 (7.3.11) 
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Letting 

^ = itf„(r0expK(7V>] (7-3.12) 

and 

y=oT x -/J, (7.3.13) 

where both a n and j3„ are real, substituting into (7.3.10) and (7.3.11), and 
separating the result into real and imaginary parts, we obtain 

a\ + \x x a x - ki sin y = 
&\i ~ <*\0+ \\it 2 ci\ + \^ 2 d\ X! m2a m - fci cos 7= ^ ' ' * 

and for n> 2, 

^ + A^« = 
aJ n ~±nW n -^a n £ m 2 ^ = < 7 ' 3 - 15 > 

It follows from (7.3.1 5) that 

a n ocexp(-/i„7i) for«>2 (7.3.16) 

and hence that all 0„, except flj, decay. 
The steady-state motion (a\ = and y = 0) is described by 

H x a x - fci sin 7 = 

fli(a- ^7r 2 a\)^ki cos 7 = 

and for n > 2, 

a n = (13 AS) 

Combining (7.3.17) leads to the following frequency-response equation: 

Ik 2 V /2 
o=&tPa\±[-\-tL\\ (7.3.19) 



(7.3.17) 



This equation has the same form as (4.1.19). Thus this system is equivalent to a 
nonlinear hardening spring. The frequency-response curves are similar to those 
shown in Figure 4-1. 
We note that 

cji ro+fr = w 1 r + a7\ -7=(co, + ea) T - y (7.3.20) 

and hence that the first approximation of the steady-state deflection is given by 

w(x,t)=y/2a l cos (tot - 7) sin nx + O(e) (7.3.21) 

where a x and 7 are given by (7.3.17). 
When to is near cj rt , for n > 2, the results can be obtained in a similar fashion. 
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7.3.2. SUPERHARMONIC RESONANCES 

In this section we consider the superharmonic resonance of the lowest mode. 
Bennett (1973) studied ultraharmonic motions of viscously damped beams. 
Thus we put 

f n (t) = 2K n cos (tit) (7.3.22) 

where 

3£2 = 7r 2 +ea (7.3.23) 

Substituting (7.3.5) and (7.3.22) into (7.3.2) and equating coefficients of like 
powers of e we obtain 

Dlu n0 + n*ir*u n0 = 2K n cos £IT (7.3.24) 

Dlu nX +n*Tt*u nl =-2D (D x u n0 + ti n u n0 )- \i?n 2 u nQ JT m 2 u 2 m0 (7.3.25) 

m = i 

The solution of (7.3.24) can be expressed as 

w»o = A n (T x ) exp (in 2 n 2 T ) + A„ exp (iQ,T ) + cc (7.3.26) 

where 

K n _ 9K M 
oil -a 2 (9n*-\)K« 

Then we find that secular terms are eliminated from the u m if 

2i(A\ +n l A l )+lir 2 A l (A l A i +2A\) + n 2 A l £ m 2 (A m A m + A 2 m ) 

m = 2 

+ W A i(ll m 2 A 2 m \exp(ioT,) = (7.3.28) 

and for« > 2, 
li(A' H +n n A n )+%n 2 it 2 A n (A n A n + 2A*) + ii 2 A n £ m 2 (A m A m + A 2 m ) = 

m tn 

(7.3.29) 
Substituting (7.3. 1 2) and (7.3. 13) into (7.3.28) and (7.3.29) leads to 

a\ +jLt 1 fl 1 +/^sin7 = (7.3.30) 

*i(7 " a)+f 7 r 2 ^ 1 (^?+A?)+^ 2 « 1 f) m 2 (K, + A m) + ^cos 7= 

(7.3.30) 



A, =-277* = To- ^rfw4 + 0(0 (7-3.27) 
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and for n > 2, 



m^n 



where 

F=i7r 2 A! 

Again we find that for n > 2 






m'M 



a n <xzxv(-ix n T x ) 

and hence that all a„ , except a u decay. 
The steady-state motion (a\ = and y = 0) is described by 



Mi^i + ^sin 7=0 

3 , 

16' 



fl! (a --//)- ^ 7r 2 a] - Fcos 7 = 



(7.3.32) 



(7.3.33) 



(7.3.34) 



where 



H=±« 2 3A 2 + X ™ 2a » 

V m = 2 

Eliminating 7 from (7.3.34) leads to the following frequency-response equation: 

If 2 \ x f 2 

o = H^^ 2 a\±[^-^ (7.3.35) 

This equation has the same form as (4.1.43). The frequency-response curves are 
similar to those in Figure 4-10. The amplitude and frequency of the excitation 
appear in the coefficient of a x in (7.3.34). Otherwise these equations have the 
same form as (7.3.17). Thus in the case of a superharmonic resonance, increasing 
the amplitude of the excitation while the frequency is held constant can have the 
effect of detuning the resonance and may cause the amplitude of the free- 
oscillation term to decrease. This is illustrated in Figure 4-1 1 . 
The first approximation of the steady-state deflection is given by 



w(x, t) = \fl a x cos (3^2/ - 7) sin nx + 



\[i is 



(cos Sli) 



X K n (9n 4 - \)~ l sin rnrx 
where a x and 7 are given by (7.3.34). 



(7.3.36) 



+ 0(6) 
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73.3. SUBHARMONIC RESONANCES 

In this section we consider the subharmonic resonance of the lowest mode. 
Thus we put 

f n (t) = 2K n cos (Sit) (7.3.37) 

where 

I2 = 37r 2 +ea (73.38) 

Also we note that 

3£2 = 9tt 2 + 3eo = oj 3 + 3ea (7.339) 

Thus there is also a superharmonic resonance involving the third mode. Conse- 
quently in this case subharmonic and superharmonic resonances exist simul- 
taneously. Again we assume the form given by (7.3.5). Hence u n0 and u nl are 
governed by (73.24) and (73.25). The solution of (7.3.24) has the form 
(73.26) but now 

"••jhr-tf^**™ (7 ' 3 - 40) 

We find that secular terms are eliminated from the «„, if 
2/04' 1 +Mn4i)+^%04i^i +2A])+n 2 A i £ m 2 (A m A m + A 2 m ) 

+ §7r 2 A 1 Z?exp(/cr7\) = (73.41) 
2i(A' 3 +v 3 A 3 )+%7i 2 A 3 (A 3 A 3 +2Al) + ii 2 A 3 f) m 2 (A m A m +A 2 n ) 

+ T* 2 A 3 Z m 2 A 2 m exp (3/a7\) = (73.42) 

m = l 

For all n except n = 1 and 3, the A n are governed by (73.29). 
Introducing the polar notation (7.3.12), one finds that 

a\ +K10! + l* 2 Aifl 2 sin7i =0 (7.3.43) 

a 1 y , l a l [a- ^\{a\ + A 2 )] + \n 2 a x £ m 2 (±a 2 m +A 2 m ) 

m = 2 

+ |?T 2 A 1 al cos 7i =0 (73.44) 
and 

Ii3+/i3ii3+^sin73=0 (73.45) 
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a 3 y' 3 -3a 3 [o- %n 7 (±al+A 2 3 )]+±n 2 a 3 £ m 2 (i^+ A^) + Fcos T3 = 

(7.3.46) 
where 

7i = oT x - 3ft, 73 = 3oT t - 3 (7.3.47) 

and 

F=£* 2 A 3 £ m 2 A^ (7.3.48) 

m = \ 

It follows from (7.3.31) that for the steady-state response, all a n except a x and 
a 3 must be zero. Thus the steady-state response is governed by 

*i(Mi + h 2 A ^i sin 70=0 (7.3.49) 

a i [- cr+ ^ 7r2 «i +f ^3 + #i + f^A^! COS7O =0 (7.3.50) 



and 



where 



H z a 3 +Fsiny 3 =0 (7.3.51) 



a 3 [-3a + H 7rV 3 + H 3 + |7r 2 a 2 ] + Fcos 73 = (7.3.52) 



H x = §tt 2 A 2 +|tt 2 X w ' A m and // 3 = f tt 2 \\ + £ t: 2 £ m 2 A 2 m 

m=2 m¥^3 

(7.3.53) 

Two solutions are possible: either a x = and a 3 =£ 0, or a x =£ and a 3 ¥= 0. 
For the former the solution is essentially given in Section 7.3.2. The remainder 
of the discussion applies to the latter. 

Because 7! and 7 3 are constants, 

03=90', =3a (7.3.54) 

Thus the deflection has the following form: 
w(x, t)-\Jl [ai cos (\£lt- ^70 sin wc + a 3 cos(3£lt- y 3 ) sin 3nx] 

+ 2 ^ L (cos nt) \ £ K n (n 4 - 9)" 1 sin nwc\ + O(e) (7.3.55) 

71 [n = \ J 

where a u a 3 , y u and 73 are obtained from (7.3.49) through (7.3.52). 
As an example let us suppose that the force having magnitude B is applied at 
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the midpoint of the beam. Then 

/(jc, = BS(x - \) cos nt (7.3.56) 

where 5 is the delta function, and it follows that 

fn(*)= I ffin dx = y/2 B sin (±nir) cos Sit and 2K n =y/l B sin (±mt) 



\[2B sin (\mi) 
2(n 4 - 9)tt 4 



A W = \ /4 nx4 ( 7J - 5? ) 



7.3.4. COMBINATION RESONANCES 
In this section we put 

f n {t) = 2K n cos Sit (7.3.58) 

where 

2£l = co! + co 2 + €0 = 5tt 2 + eo (7.3.59) 

Again we assume the form given by (7.3.5). Hence u n0 and u nl are governed by 
(7.3.24) and (7.3.25), respectively. The solution of (7.3.24) has the form given 
by (7.3.26); but now 

We find that secular terms are eliminated from the u nl if 

2/04', + Mi^i) + \^AMiM + 2A?) + t?A x £ m 2 (A m A m + A*,) 

W =2 

+ 47r 2 A 1 A 2 I 2 exp(/a7 1 ) = (7.3.61) 
2i(A 2 +ix 2 A 2 ) + 6n 2 A 2 (A 2 A 2 +2A 2 2 ) + 7T 2 A 2 £ m 2 (A m A m +A 2 m ) 

+ 7r 2 A!A2^i exp(/a7' 1 ) = (7.3.62) 

The remaining^ are governed by (7.3.29). 
Introducing the polar notation (7.3.12) we find that 

a\ + jUi^i + AFa 2 sin 7 = (7.3.63) 

tf'2 + ^ 2 tf 2 + ^1 sin 7 = (7.3.64) 

-a x $\+^Ti 2 a\+^-a, Z w 2 ^ +//i«i +4Fa 2 cos T = (7.3.65) 

° m = 2 
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-a 2 f5' 2 +|7r 2 02 + \ir 2 a 2 X m2(l m +H 2 a 2 + Fa x cos 7 = (7.3.66) 

7=07", -0,-fo (7.3.67) 

where 

F= ^^Ai, //, = i7r 2 (3A? + ± m 2 Al) , 

\ W=2 / 

// 2 =7r 2 /6A 2 2 + i Z ™ 2 A^ (7.3.68) 

\ m*2 / 

The remaining a n decay as T x (and hence increases. Thus it follows that there 
are two possibilities for the steady -state response: either all the a n are zero, or 
all thea n except a x anda 2 are zero. 

When a x and a 2 are nonzero, (7.3.65) through (7.3.67) can be combined, and 
we find that the steady-state response is governed by 

/i, a x + AFa 2 sin 7 = (7.3.69) 

\x 2 a 2 + Fa x sin 7 = (7.3.70) 

5n 2 ? Sir 2 /4a 2 a x \ , 

o-—a\- — a\ -F — + — COS7-//1 -7/ 2 =0 (7.3.71) 
16 4 \a x a 2 ) 

One can solve (7.3.69) through (7.3.71) for a lt a 2 , and 7 and then calculate the 
constants j3'i and j3 2 from (7.3.65) and (7.3.66). The deflection is given by 

w(jc, t) = >/2a l cos [(u>i + ep\)t- 5J sin nx +\[2a 2 cos [to 2 + ej3' 2 )f- 5 2 ] 
• sin 2ttjc + 8V2?r" 4 cos (£2f) £ K n [{An 2 - 25)" 1 sin mix] + 0(c) (7.3.72) 



where b x and 5 2 are constants to be determined from the initial conditions. We 
note that 

(co x +e0i)f- 5i +(co 2 +cpi)f- 5 2 = 2I2r- 7 (7.3.73) 

A mode is said to be directly excited if its frequency is involved with the fre- 
quency of the excitation in a resonant combination. As we have just seen, for 
hinged-hinged beams only directly excited modes appear in the first approxima- 
tion of the deflection because of the vanishing of the coupling due to internal 
resonance. Next we consider an example in which a mode that is not directly 
excited can appear in the first approximation due to internal resonance. It fre- 
quently turns out that such a mode dominates the deflection. 
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7.4. Hinged-Clamped Beams 

As in the case of hinged-hinged beams, most of the earlier studies on the non- 
linear vibrations of hinged-clamped beams were limited to the study of un- 
damped, free vibrations. Special consideration was given to the determination of 
the nonlinear frequency -amplitude relationship of single modes (Evensen, 1968; 
Mei, 1972, 1973a; Nayfeh, 1973a). For hinged-clamped uniform beams, the 
second natural frequency is approximately three times the first natural fre- 
quency. Since the coupling coefficients do not vanish, an internal resonance 
exists. The influence of this internal resonance on the nonlinear forced response 
to a single-frequency excitation was examined by Nayfeh, Mook, and Sridhar 
(1974); Nayfeh, Mook, and Lobitz (1974); and Sridhar, Nayfeh, and Mook 
(1975). Although the frequency of the excitation may be near the frequency of 
the second mode, the response most likely will be dominated by the first mode 
as a result of the internal resonance. In the next two sections we discuss primary 
resonances, in Section 7.4.3 we discuss superharmonic resonances, and in Sec- 
tion 7.4.4 we discuss combination resonances. 

Here we choose the characteristic length to be one half the actual length of 
the beam. Then it follows from (7.1 .30) through (7.1 .32) that for a beam hinged 
at jc = and clamped at x ~ 2, 

<t> n = C n [sin (ri n x) sinh {r\ n l) - sin (r\ n l) sinh (r\ n x)] (7.4.1) 

where the C n are chosen to make the <j> n orthonormal, cj„ = 77^, and the r\ n are 
the roots of 

tan (2r} n ) - tanh {2r\ n ) = (7.4.2) 

The five lowest natural frequencies co„ are 

coj = 3.8545, co 2 = 12.491, co 3 = 26.062, co 4 = 44.568, co 5 = 68.007 

(7.4.3) 

We note that t^ and gj 2 are nearly in the ratio of 1 to 3. Thus there is an in- 
ternal resonance because the coefficients of the coupling terms do not vanish in 
this case. The significance of this will become apparent as the analysis proceeds. 
To express the nearness of 3oj t to co 2 quantitatively, we introduce a detuning 
parameter a according to 

co 2 = 3co, + ea, (7.4.4) 

where eo x = 0.9275. 
Next we consider primary and secondary resonances. 
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7.4.1. PRIMARY RESONANCES, THE CASE OF 12 NEAR c^ 

In this case we put 

/„ = 2ek n cos Sit (7.4.5) 

where 

£2 = (jO x + eo 2 (7.4.6) 

Again we assume 

"„('; €) = u n0 (T , 7\) + eu m (T Qi r0 + • • • (7.4.7) 

Substituting (7.4.7) into (7.1.38) and equating coefficients of like powers of 6, 
we obtain 

D 2 u n0 + tS n u nQ = (7.4.8) 

£o"m + ">*u nl =-2/} Z)iM w o- 2 M*A>"ho 

+ Z r nmpqUm0 u P u q0 + 2fc n COS H^o (7.4.9) 
m,p,<jr 

We note that (7.4.9) does not have the simple form of (7.3.7). 
We write the solution of (7.4.8) as follows: 

"no = A n (T x ) exp (fo n T ) + cc (7.4.10) 

Then (7.4.9) becomes 

Dlu nl + co^i =-2icj n (A' n + /i,^,,) exp (/co„r ) + £ T„ mp<7 

* i A mA p A q exp [z(co m + co p + co^) r ] 
+ A m A p A q exp [i(w p + co^ - co w )r ] 

+ A m A p A q exp [/(co m + co^ - to p ) T Q ] + A m A p A q 

• exp [/(co m + co p - u> q ) T ] } + *„ exp (i£lT ) + cc (7.4. 1 1 ) 
It follows that secular terms are eliminated from the u nX if 

-2i(A)i(A\ +/iii4!) + i4i £ <XijA f A j + Q l A 2 1 A 2 exp (/(Ji 7*0 

+ t 1 exp(/a 2 r 1 )=0 (7.4.12) 

oo 

-2/co 2 (^2 + ju 2 ,4 2 ) + A 2 £ <*2jAjAj + g 2 A? exp (-/a x 7\) = (7.4.13) 
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and forw > 3 

-2iu> n (A' n + v n A n ) + A„Z ctnjAjA; = (7.4.14) 



/=» 



where 



and 



Q x = 3r 1112 = -2.31 1, Q 2 = r 2111 = £& = -0.7703 (7.4.15) 



= f2(2r w/n/ + r Mw// ) for if ^/ 



(7.4.16) 



It follows from (7.4.14) that all the A n , except^ and A 2 , decay. Though the 
second mode is not directly excited (i.e., co 2 is not involved in a resonant com- 
bination with £2), it does not follow that A 2 decays. The equation governing 
A 2 contains the term Q 2 A\ exp (~io { 7*i), which is a consequence of the internal 
resonance. As a rule all modes except those which are directly excited and those 
which are involved with a directly excited mode through an internal resonance 
decay. 

For the steady -state motions only the following a,-,- are needed: 

<*n =3r,„ 1 = -6.21, a 22 = 3r 2222 =-86.26, 

"33 = 3r 333 3 = - 414.45, a 12 = 2(r 1122 + 2r 1212 ) = a 21 = - 16.58, 

an = 2(r 1133 + 2r 1313 ) = a 3 i = -34.73, 

"23 = 2(r 2233 + 2r 2323 ) = a 32 = - 129.9 

We let 

><«=k(ri)exp[W,)] (7.4.17) 

71=^7-! -3/Ji+fe, 72=^7-! -/J, (7.4.18) 

Then for steady-state motions {a\ =a 2 =0 and 7i - y 2 =0), (7.4.12) and 
(7.4.13) become 

-coi/ijfli + \Q\a 2 l a 2 sin y t + /^ sin 7 2 = (7.4.19) 

cjia 2 a, + |(a n tf? + ^12^2)^1 + \Qi a 1^2 cos 7] +/r, cos 7 2 = (7.4.20) 

Lo 2 \x 2 a 2 + |(? 2 tf^ sin ji - (7.4.21) 

co 2 (3a 2 - a^ + |(of 21 ^f + a 22 a\)a 2 + £(? 2 <r] cos 7, = (7.4.22) 

We note that the terms containing a] in (7.4.21) and (7.4.22), which are a re- 
sult of the internal resonance, are similar to the forcing terms in a superharmonic 
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resonance. Hence neither a x nor a 2 can be zero. Moreover it follows from 
(7.4.18) that the nonlinearity adjusts the frequencies of the first and second 
modes so that they are precisely in the ratio of 1 to 3 and the frequency of the 
first mode equals the frequency of the excitation. This can be shown as follows: 

oj x T +0! =GJ 1 r +cr 2 7 , 1 - 72 =(w, +eo 2 )t~y 2 = Sit - y 2 (7.4.23) 

<^2 T + fo = co 2 T + (3a 2 - o x ) 7\ + 7i ~ 3y 2 = [(to 2 - ea^ + 3ea 2 ] t 

+ 7i - 37 2 =3(cox + ea 2 )f + 7i - 37 2 =3^ + Tl - 3y 2 (7.4.24) 

In Figure 7-2 the amplitudes are plotted as functions of the frequency of the 
excitation for several values of ek x . Though a 2 cannot be zero, it is small com- 
pared with a x and the response is dominated by the first mode. Equations 
(7.4.12) and (7.4.13) were integrated numerically when A n = for n > 3. These 
results are shown by the small circles. 

In Figure 7-3 the variation of a x with ek x is shown. The log-log plot in Figure 
l-3b compares qualitatively with the plot of the experimental data of Jacobson 
and van der Heyde (1972), though they experimented with honeycomb panels. 

Finally we note that in the first approximation the deflection is given by 

w(x, t)-a x cos(^r- y 2 )<t> x (x) + a 2 cos(3fir + y x - 37 2 ) 2 (jc) + 0(e) 

(7.4.25) 
where a x ,a 2 , y u and 7 2 are obtained from (7.4.19) through (7.4.22). 

7.4.2. PRIMARY RESONANCES, THE CASE OF n NEAR co 2 
In this case we put 

n = co 2 + eo 2 (7.4.26) 

Instead of (7.4.18) through (7.4.22), we obtain 

-cjj/i^x + \Q x a\a 2 sin 7, = (7.4.27) 

wi(ai + o 2 )a x + \(oi n a\ + a x2 a\)a x + \Q x a\a 2 cos y x = (7.4.28) 

-<x> 2 \x 2 a 2 " i(?20i sin 7, + k 2 sin 7 2 = (7.4.29) 

co 2 a 2 tf 2 + {(a 2x a 2 x +a 22 al)a 2 + \Q 2 a\ cos y x + k 2 cos7 2 = (7.4.30) 

where 

71 =a 1 7 , 1 -30! + j3 2 and y 2 =o 2 T l - 2 (7.4.31) 

We note that a 2 cannot be zero, as in Section 7.4.1 . But in contrast with Section 
7.4.1, a x = is a possible solution. The terms proportional to a\a 2 in (7.4.27) 
and (7.4.28), which are a result of the internal resonance, are similar to the 
forcing terms in a subharmonic resonance. Thus there are two possibilities: 
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Figure 7-2. Frequency-response curves for a hinged-clamped beam for the case of a pri- 
mary resonance of the fundamental mode: (a) first mode; (b) second mode. 
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Figure 7-3. Variation of the amplitude of the first mode with the amplitude of the excita- 
tion: (a) linear scale; (b) logarithmic scale. 
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(1) tfj = and a 2 =£ 0, and (2) a x =£ and a 2 =£ 0. When a x = 0, the solution 
closely resembles the single-mode solutions discussed in Section 7.3. However, 
when a x =£ 0, the results can differ surprisingly from any expectations based on 
a linear analysis or a single-mode solution. 

The variation of a x and a 2 with the frequency of the excitation is shown in 
Figure 7-4a for the case when a x =£0 and in Figure 7-46 for the case when 
a x = 0. For comparison the stable portions of Figure 7-4a are repeated in Figure 
7-46. The variation of a x and a 2 with the amplitude of the excitation is shown 
in Figure 7-5. For the case when a x =£0, only the stable portions are shown. 
Also shown in Figure 7-5 are results obtained by numerical integration. We note 
that the amplitude of the excitation must exceed a critical value before the first 
mode can be excited. Moreover it is interesting to note that when a x =£ 0, it can 
be much larger than a 2 . Thus the response can be dominated by the first mode in 
spite of the fact that the frequency of the excitation is near the second natural 
frequency. 

It follows from (7.4.3 1) that 

«i T + 0, = [w, + £e(a, + o 2 )] t - ±( 7l + 72)] = £(«/ - 7i " I2) (7.4.32) 
and 

w 2 Fo + 02 = (w 2 + eo 2 ) t - 7 2 = Sit - T2 (7.4.33) 

Thus the nonlinearity adjusts the frequencies of the first and second modes so 
that the frequency of the first is exactly one third that of the second and the 
frequency of the second is equal to that of the excitation. 
In the first approximation the deflection is given by 

w(x y t) = a 2 cos (£2/ - 72) 02 00 + 0(e) (7.4.34) 

when #! = and by 

w(x t t) = a x cos [^(Slt ~ 71 - 7 2 )] 0i 00 + #2 cos (fi* " 72) 02 00 + 0(e) 

(7.4.35) 

where a x ,a 2 ,y x , and y 2 are obtained from (7.4.27) through (7.4.30). 

For values of the amplitude and frequency of the excitation considered in 
Figures 7-4 and 7-5, we used (7.4.34) and (7.4.35) to construct deflection curves 
at various times. These are shown in Figure 7-6. In Figure l-6a,a x - 0; while in 
Figure 7-66, a x 9^0. Figure l-6b shows how closely the actual response re- 
sembles the first mode, further illustrating the far-reaching effects of the internal 
resonance. In Figure l-6a nearly one cycle is completed when t = 0.45, while in 
Figure 7-66 approximately one half of a cycle is completed when t = 0.75. The 
deflection and the length are not plotted to the same scale. 

The initial conditions determine whether (7.4.34) or (7.4.35) describes the 
actual deflections. 
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Figure 7-4. Frequency-response curves for a hinged-clamped beam for the case of a pri- 
mary resonance of the second mode: (a) entire solution; (b) stable portion of the solution 
only. 
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(7.4.36) 

(7.4.37) 
(7.4.38) 
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7.4.3. SUPERHARMONIC RESONANCES 

In this section we consider the secondary resonance case of 3S2 ^ coi and put 

f n = 2K n cos Sit 

where 

3Sl~ <x>i + eo 2 

Using the method of multiple scales we obtain 

Dlu n0 + co 2 n u n0 = K n exp (iSlT ) + cc 

D\u nx + to 2 n u nl = -2D Q D x u nQ - 2n n D u n0 + £ r nmpq^mo^po^ q o (7.4.39) 

m,p,q 

We write the solution of (7.4.38) as follows: 

u n0 = A n (T x ) exp (iw n r ) + A„ exp (/£2r ) + «: 
where 

Substituting (7.4.40) into (7.4.39) leads to 

Dlu nl + cj*h„, = -2io>„(A'„ + fi„/t„) exp (ia> n T ) - 2/S2m„A„ exp (iSlT ) 

+ L r TO [£.!>,• exp (/A/To)] (7.4.42) 

where the Sj and Ay are listed in Table 7-2. 
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(7.4.41) 



TABLE 7-2. Coefficients for Equation (7.4.42) 
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It follows from (7.4.42) and Table 7-2 that secular terms will be eliminated 
from the u nl if 

oo 

-2koiC4'i +jU 1 y! 1 ) + 2// n ,4 1 + Ai £ a^AjAj + Q X A\A 2 expQoxT^ 

+ Fi exp(/a 2 7 , 1 )=0 (7.4.43) 

oo 

-2ico 2 (A' 2 + A/2^2) + 2// 22 >l 2 + ^ 2 Z a 2j A i A j + (Mi exp (-/ai TO = 

/=» 

(7.4.44) 
and forw > 3 

-2ico n (A' n +n n A n ) + 2H nn A n +A n £ 0^/^ = (7.4.45) 

7=1 

where d, <2 2 , and the a n j are defined as before in (7.4.15) and (7.4.16), and 

Fn= Z r nmp q ^m^ q (7-4.46) 

m,P,q 

Hnk = Z ( r nkmf + 21^*,) A m A, (7.4.47) 

m,/ 

As before all A n except A x and A 2 decay. Writing Ai and A 2 in the polar 
form (7.4.17), we find the following equations which govern the steady -state 
motion: 

-coiMitf 1 + ^Qi^\^2 sm Ti + ^1 s i n I2 ~ (7.4.48) 

{oo\0 2 + H n )a x + ^(ttn^i + a 12 tf 2 )a 1 + ^Q\a\a 2 cos 7i + F x cos 7 2 = 

(7.4.49) 

u> 2 IJL 2 a 2 + |<2 2 tfi sin 71 = (7.4.50) 

[co 2 (3a 2 - o x ) + H 22 \ tf 2 + i(«2i^i +0:22^2)^2 + i&tfi cos 71 = 

(7.4.51) 

where y x = o x T x ~ 3j3i +j3 2 and 7 2 = a 2 T x - $ x . 

We note that the nonlinearity adjusts the frequencies of the first and second 
modes so that they are exactly in the ratio of 1 to 3 and the frequency of the 
first mode equals three times that of the excitation. 

As an example we consider a uniformly distributed load acting along the entire 
length of the beam. Thus 

2K n = B f 4> n (x)dx (7.4.52) 
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Figure 7-7. Frequency-response curves: w 2 - 3<*>i; 3fi ^ uj. 

Then for 5 = 300, it follows from (7.4.41), (7.4.46), and (7.4.47) that 

f\ =-9459, // n =-1710, // 22 =-2264 (7.4.53) 

For some arbitrary values of the amplitude of the excitation B and the damp- 
ing coefficients, the variation of a x and a 2 with the frequency of the excitation 
is shown in Figure 7-7. Only the stable portions of the solution are shown. We 
note that a x is always greater than a 2 . 

In the first approximation the deflection is given by 

w(x, t) = a x cos (312/ - y 2 ) <t>i(x) + a 2 cos (912/ 1 - 37 2 + 7i) 2 (x) 

+ 2 cos 12/ X K n (uZ - 12 2 )" 1 <t> n (x) + Q(e) (7.4.54) 



7.4.4. COMBINATION RESONANCES 

In this section we consider the combination resonance case of 212 «* co 2 + oj 3 
and put 



where 



/„ = 2K n cos 12/ 



212 = co 2 + co 3 + ea 2 



(7.4.55) 
(7.4.56) 
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Referring to Table 7-2, we find that secular terms will be eliminated from the 
u nl if 

oo 

-2iaj l (A\ +n l A l ) + 2H n A l +A Y £ "ijAjAj + Q X A\A 2 exp(io i T l ) = 



(7.4.57) 



-2zto 2 (,4 2 + 7*2^2) + 2H22A2 +i4 2 ^ a 2jAjAj 



+ G 2 ^i expC-za^O + ^^s exp (/a 2 7\ ) = (7.4.58) 

00 
-2ia> 3 (A' 3 +jU 3 ^3) + 2// 3 3^3 +^3 £ *3jAiAj + H 32 A 2 exp (*a 2 7\ ) = 

7=1 

(7.4.59) 
and for « > 4 

00 
-2iu n (A' n + jti„i4 n ) + 2// W i4 n + i4„ £ a«,^/ = (7.4.60) 

7=1 

where the H nk are defined by (7.4.47). 

Here we find that all the^ w , except A u A 2y and A 3 , decay. Ignoring all A n for 
7? > 4 and using the polar form (7.4.17), we find the following equations which 
govern the amplitudes and phases of the first three modes: 

-co, (a\ +Mi^i) + iGi^i^2 sin 7, =0 (7.4.61) 

coxdifi'i + H u a x + \Q\a 2 x a 2 cos 71 + \a x (a u a\ + a X2 a\ + a 13 # 3 ) = (7.4.62) 

-co 2 (a' 2 +ti 2 a 2 )- \Q 2 a\ sin 7, + ^// 23 a 3 sin y 2 =0 (7.4.63) 

to 2 a 2 ($ 2 + H 22 a 2 + \Q 2 a\ cos 7! + ^a 2 {cL 2X a\ + a 22 a\ +a 23 fl 3 ) 

+ ^// 23 a 3 cos 72=0 (7.4.64) 

-003(03 + M3^3) + i^32^2 sin 7 2 =0 (7.4.65) 

co 3 ^ 3 |8 3 +// 33 a 3 +^ 3 (a 31 ^ +a 32 ^ + a 33 3 ! ) + 1^32*2 cos 7 2 =0 (7.4.66) 

where 

71 = ^ T x - 30, + j3 2 , 72 = a 2 7 1 , - fo - j3 3 (7.4.67) 

For the steady-state motion, a u a 2 and,a 3 as well as 7, and 7 2 are constants. 
Thus (7.4.61) through (7.4.67) reduce to 

fli(wiMi " \Q\a x a 2 sin 70 = (7.4.68) 
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ai [coij3i + H n +| (Q\a x a 2 cos 7j + a u a\ + a X2 a\ + a l3 a 3 )] = 

(7.4.69) 
u> 2 fi 2 a 2 +\Q 2 a\ sin 7! - \H 23 a 3 sin y 2 =0 (7.4.70) 

co 2 tf 2 j3 2 +H 22 a 2 + ^Q 2 a\ cos 7! +^ 2 («2i^i + o^l +^23^3) 

+ \H 23 a 3 cos 72 =0 (7.4.71) 

^3/^3 - 1^32^2 sin 7 2 = (7.4.72) 

co 3 a 3 j33 +// 33 ^3 + i^(«3i^i +a 3 2^2 + ^33^3) + i#32tf2 cos 7 2 =0 (7.4.73) 

ai -3/3; + j3 2 =0, a 2 -j3 2 -0 3 =O (7.4.74) 

We note that there are three possibilities: (1) a x =£ 0, a 2 ^ 0, and # 3 ^ 0; 
(2) ^! = 0, a 2 * 0, and a 3 * 0; and (3) a x = 0, fl 2 = 0, and a 3 = 0. 

When Ai ^0,tf 2 ^0anda 3 =£0, one can combine (7.4.69), (7.4.71), (7.4.73), 
and (7.4.74) to obtain 

jBon _^ 2+ i^il _^j^i/^ii _o^y 2 

3// n H 22 H 23 a 3 1 (3Q l Q 2 a\\ _ 

cos 72 + R ^?i^2 cos7i =0 (7.4.75) 

CO! co 2 2co 2 a 2 \ coi oo 2 a 2 J 



a l + 8 , 

\ Gl?! OJ 2 



7^23 | 0=33 \ 
^^2 <^3/ 



and 

^ 1 /<*21 _,_ «3l\ 2xl /«22 x «32\ 2 . 1 / "23 . "33 \ 2 

+ ^l + ^i + _^L COSTl + l(^3^ + ^f 1 > ) COS72=0 (7A76) 

co 2 co 3 Scj 2 a 2 z \oj 2 a 2 co 3 a 3 / 

One can solve (7.4.68), (7.4.70), (7.4.72), (7.4.75), and (7.4.76) for a u a 2y a 3i 
7i, and y 2 . Then one can obtain 0j, j3 2 , and 3 from (7.4.69), (7.4.71), and 
(7.4.73). However one can only determine J5 U 2 , and j8 3 to within constants 
that depend on the initial conditions. 

When a, = 0, a 2 ± 0, and a 3 ^ 0, one can solve (7.4.70), (7.4.72), (7.4.75), 
and (7.4.76) for a 2 , a 3 , y u and 7 2 . Then 2 and j3 3 can be obtained from 
(7.4.71) and (7.4.73). Again one can only determine j3 2 and j3 3 to within con- 
stants that depend on the initial conditions. 

It follows from (7.4.74) that the nonlinearity adjusts the frequencies of the 
second and third modes so that the resonant frequency combination is satisfied 
exactly: 

co 2 + e02 + <^3 + e03 - co 2 + co 3 + eo 2 = 2^2 
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Also the nonlinearity adjusts the frequencies of the first and second modes so 
that they are exactly in the ratio of 1 to 3. 
For the first approximation, when a x - a 2 = a 3 = 0, 



w(x, t) = 2 cos Sit £ K n (co„ - SI 2 ) l 0„(x) 



(7.4.77) 



Otherwise 



W(*> = £ Q n C0S [(<*>* + €fi' n )t + V n \ 0„(*) 

n=N 



+ 2 cos sit £ K n (oj 2 n - si 2 y l 0„(x) 
«=i 

where the v n are arbitrary constants depending on the initial conditions and 
N = 1 or 2. 

As an example we use the same loading as in Section 7.4.3 and select some 
arbitrary values for B. We find that for B = 5000, 

H n =-819.1, H 22 =-1914, /J* =-9921, H 23 =H 32 =-\054 

(7.4.78) 

In Figure 7-8, a 2 and a 3 are plotted as functions of the frequency of the excita- 
tion (eo 2 ) when a x = 0. And in Figure 7-9, a u a 2y and a 3 are plotted as functions 
of eo 2 . We note that eo 2 must be greater than 0.3 approximately if only the 
second and third modes are to be strongly excited. Otherwise either all three 
modes are strongly excited or none is (recall that a trivial solution is possible). 




-0.8 -0.4 



0.4 0.8 1.2 1.6 2.0 



Figure 7-8. Variation of second- and third-mode amplitudes as functions of the detuning 
of the excitation when a x = 0; u> 2 = 3wi, n ~ u> 2 + 0J3. 
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Figure 7-9. Variation of first-, second- and third-amplitudes as functions of the detuning 
of the excitation; lj 2 — 3gjj, fi ^ gj 2 + <^3- 

Only the stable portions of these frequency-response curves are plotted. When 
a 1 3= 0, there is a region where two stable solutions exist. In this region the 
initial conditions determine which solution represents the response. In Figures 
7-10 and 7-11 the corresponding plots of the modal amplitudes as functions of 
the amplitudes of the excitation are shown. 

We note that when only the second and third modes are strongly excited, a 2 is 
larger than a$. And when all three modes are strongly excited, a x is generally 
much larger than either a 2 or a 3 . Thus the internal resonance provides the means 




Figure 7-10. Variation of second- and third-mode amplitudes as functions of the ampli- 
tude of the excitation when a\ = 0; cj 2 - 3cjj, n = cj 2 + cj 3 . 
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Figure 7-11. Variation of first-, second-, and third-mode amplitudes as functions of the 
amplitude of the excitation, cj 2 - 3^, n ~ cj 2 + cj 3 . 

for passing energy from the excitation through the directly excited modes down 
to the fundamental mode, which is not directly excited. 
For all the graphs above, we took Mi = M2 = M3 = /*. 



7.5. Strings 

In an experiment intended for classroom demonstration, J, K. Hunton, as 
reported by Harrison (1948), excited a metallic wire (string) by placing it in a 
magnetic field and passing an alternating current through it. He observed that 
though the forcing function is planar, conditions exist under which the planar 
motion becomes unstable and the wire begins to whirl like a jump rope. This 
nonplanar (out-of-plane) motion is also referred to as ballooning, or tubular 
motion. Lee (1957) ran an experiment using essentially the apparatus described 
by Harrison. No mention was made of the nonplanar motion, but all the ex- 
pected spontaneous jump phenomena were observed. He attempted a compari- 
son with theory and found some disagreement which he attributed to sub- 
harmonic resonances; it is most likely due to the presence of a nonplanar 
motion. Murthy and Ramakrishna (1965) conducted an experiment in which 
they excited a string in a plane and observed the occurrence of the nonplanar 
motion and the expected jump phenomena. Kohut and Mathews (1971) experi- 
mentally studied the motion of a bowed violin string. Eller (1972) also con- 
ducted an experiment to determine the conditions under which transverse 
oscillations of a horizontal string driven in the vertical plane become unstable. 
He also observed the expected jump phenomena. 

A summary of the experimental observations is as follows. The response of a 
string to a plane excitation is planar provided the response amplitude (which 
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is a function of the amplitude and frequency of the excitation and the phase 
difference between the response and the excitation) is smaller than a certain 
critical value. Above this critical value the planar motion becomes unstable and 
gives way to a nonplanar, whirling motion. As the excitation frequency is varied 
from a value far below to a value far above the linear natural frequency, the 
response of the string is at first confined to the plane of the driving force; but 
as soon as the amplitude of the response exceeds a critical value, the planar 
motion becomes unstable and the string acquires an out-of-plane motion. As 
the frequency is increased further, the amplitudes of both the in-plane and the 
out-of-plane motions increase until a critical frequency is reached at which the 
out-of-plane motion disappears and the amplitude of the in-plane motion spon- 
taneously becomes much smaller. On the other hand, if the frequency of the 
excitation is decreased from a value far above resonance, the response is first 
confined to the plane of the excitation until a critical frequency is reached at 
which the response amplitude spontaneously becomes much larger and the string 
acquires an out-of-plane motion. As the frequency of the excitation is decreased 
further, the response amplitude decreases, and when it goes below the critical 
value, the out-of-plane component disappears. The frequency at which the up- 
ward jump occurs is below that at which the downward jump occurs, indicating 
a hardening of the string due to the nonlinearity. These experiments show that 
it is not trivial to drive a string so that it will vibrate in a plane, and perhaps this 
is the reason why Oplinger (1960) constrained his string to vibrate in a slot. 

Carrier (1945, 1949) examined free, undamped planar and nonplanar motions. 
The planar motion was studied also by Lee (1957) and Oplinger (1960). Za- 
busky (1962) and Kruskal and Zabusky (1964) solved model equations de- 
scribing the nonlinear planar motion of strings. Rosen (1965) and Mackie (1968) 
showed the equivalence of the planar nonlinear string problem and that of one- 
dimensional gas flow. 

Murthy and Ramakrishna (1965) studied the forced undamped response of a 
string to interpret their experimental data, but they did not study the stability 
of the various solutions. Miles (1965) used the method of harmonic balance to 
examine the stability of the various in-plane and out-of-plane motions for un- 
damped forced motions. Since the undamped solutions cannot predict the 
amplitude and frequency for the downward jump, Anand (1966) and Shih 
(1971) reexamined the nonplanar problem by including the effect of linear 
viscous damping. However it may be more appropriate to model the damping 
by a nonlinear (quadratic) term as Hsu (1975b) did in his analysis of the para- 
metric excitation of a string hanging in fluid. The analysis of nonplanar motions 
was further extended by Narashimha (1968) and Anand (1969a, b, 1973). Lee 
and Ames (1973) obtained a class of general solutions to the nonlinear dynamic 
equations of elastic strings. Roderman, Longcope, and Shampine (1976) deter- 
mined the response of a string to an accelerating mass. 
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In this section we concentrate on the nonplanar motion in order to explain 
the experimentally observed whirling motions. The existence of the whirling 
phenomenon was also observed in the nonlinear motion of beams as discussed 
in Section 7.1. As mentioned in Section 7.1, here we provide the details of the 
derivation of the governing equations, including longitudinal inertia, in Sec- 
tion 7.5.1. In Section 7.5.2 we use the method of multiple scales to deter- 
mine a uniform first-order nonplanar solution, neglecting longitudinal inertia; 
and in Section 7.5.3 we analyze the stability of the various possible motions. 

7.5.1. GOVERNING EQUATIONS 

Referring to Figure 7-1, we label the ends of an infinitesimal length of string 
by F and G in the undeformed position and F' and G' in the deformed position. 
The displacement of F is given by 

A F = w(jc, t)\ + v(x, t)\ + w(jc, t)k (7.5.1) 

and the displacement of G is given by 

A G = (w + u x dx)\ + + v x dx)} + (w + w x dx)k (7.5.2) 

It follows from Figure 7-1 that 

A F +A F ' G ' =A G +dxi (7.5.3) 

where A/r' G ' is the vector giving the position of G' relative toF'. The length of 
the deformed segment is given by 

\1 F > G >\ =ds = [(1 + u x f + vl + w 2 x ] ^ dx (7.5.4) 

and the unit vector parallel to the deformed segment is given by 

A f' r' dx 

r £ ^i = « = [0 + Oi + ^J + ^kl— (7.5.5) 

IAf'g'I * 

The string has the tension N initially. During the motion the length of the 
string changes and hence the tension in the string changes. The instantaneous 
value of the tension is given by 

EAids- dx) 

N = N + ^ L (7.5.6) 

dx 

where E is Young's modulus and A is the cross-sectional area in the rest position. 

The momentum equation for the string is given by 

*} 

— (NS) = pA(u n i + ^ j + w n k) (7.5.7) 

dx 

where p is the density and A is the cross-sectional area of the string in the rest 
position. (Conservation of mass requires pA ds to be constant during the motion; 
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here p and A are the instantaneous values of density and area, respectively.) 
Using (7.5.5) and (7.5.6) to eliminate 8 from (7.5.7) gives 

3 



dx 



(N - EA)^-+EA 
as 



"*)i + ^J + H'xkH 



[(1 + u x )\ + v x ] + w x k] \ = pA(u n \ + v n ] + w n k) 



(7.5.8) 

Using (7.5.4) to eliminate dxjds from (7.5.8), expanding for small u, u, and u>, 
and keeping up to cubic terms, we obtain 

dx 



«« " *?*** = (d - d) - [(i - u x )(vl + wj)] (7.5.9) 



"* - clu^ = (c? - cl)—[v x (u x - u 2 x + \ v$ + ±wl)] (7.5.10) 

Wtt - cl w xx = (c? - c\)— [w x (u x - u 2 x + \v 2 x + i w*)] (7.5.1 1) 

where <?i and c 2 are the longitudinal and transverse speeds of sound defined by 

c?=- and <3= — (7.5.12) 

P pA 

For a string with fixed ends the boundary conditions are 

u = v = w = atje^Oand/ (7.5.13) 

Hence the solutions of the linearized equations (7.5.9) through (7.5.1 1) subject 
to the boundary conditions (7.5.13) are 

~ jrmc x t \ nnx 

u = 2l a m cos I — — + p ln J sin — (7.5.14) 

~ (nirc 2 t n \ mrx 

v=2L a 2n cos I — — + /3 2n I sin — (7.5. 1 5) 

~ /mrc 2 t n \ mix 

L a 3n cost — — + ^) sin— (7.5.16) 



w = 



Carrying out a multiple-scale analysis for small- but finite-amplitude motions 
shows that an rath longitudinal mode of oscillation interacts with an nth trans- 
verse mode of oscillation to first order if the linear frequency of the longitudinal 
mode is approximately twice the linear frequency of the transverse mode (in- 
ternal resonance), that is, if mc x ^ 2nc 2 . Using (7.5.12) we rewrite this condi- 
tion as n = ^m(EAlN o y^ 2 . For metal strings typical values of(EA/N )^ 2 lie in 
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the range of 20 to 32. Hence there can be an interaction between the 10th 
through 16th transverse modes and the fundamental longitudinal mode. For non- 
metallic strings a lower-order transverse mode can interact with the fundamental 
longitudinal mode. Arya and Lardner (1974) used the method of averaging to 
analyze the interaction between a longitudinal mode and a planar transverse 
mode. 

If we restrict our attention to metallic strings and consider the lower-order 
transverse modes, no interaction will occur between these transverse modes 
and the longitudinal modes, and the longitudinal inertia u tt can be neglected 
as a consequence. Moreover since c\\c\ = 0(400-1000), c\ is negligible com- 
pared with c\ in (7.5.9) through (7.5.1 1). In this case (7.5.9) can be integrated 
once to give 

u x =e{t)~ \ [vl + w 2 x - 2u x (v 2 x + wl)] (7.5.17) 

where e(t) is an arbitrary function. Equation (7.5.17) shows that u x = 0(e) = 
0(v 2 x ) = 0(w 2 x ). Hence, to 0(v 3 , u> 3 ), 

u x =e{t)-\(vl + wl) (7.5.18) 

To allow for parametric excitations we now take the boundary conditions on 
u in the form 

w = atx = and u = lP(t) atjc = / (7.5.19) 

Integrating (7.5.18) and using these boundary conditions, we have 






u = xe(t) - \ I (v 2 x + w x ) dx (7.5.20) 



where 



hl> 



e(t) = P(t) + - / (v} + w*)dx (7.5.21) 



Consequently 



Using (7.5.22) in (7.5.10) and (7.5.11), neglecting c\ compared with c\, and 
keeping terms through cubic in v and w, we obtain 



c 2 f' 



Vtt - c\v xx = c\Pv xx + — v xx j (v x + wl) dx (7.5.23) 
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r 2 



™tt - C\W XX = C\PW XX +Yl W - 






)dx (7.5.24) 



Adding linear damping forces and external excitations we rewrite (7.5.23) and 
(7.5.24) in the form 



Vtt'clv xx + 2/iu f = c 2 Pv xx + 



Yl v xx J (v. 



2 4. „,2 



+ wl)dx+g(x,t) 



(7.5.25) 



c ] r l 

Wtt - c\w xx + 2juw f = c]Pw xx + — w xx J (v 2 + u> 2 ) dx +/(*, 

(7.5.26) 

We seek a solution of (7,5.25) and (7.5.26), subject to the boundary condi- 
tions (7.5.1 3), in the form of an expansion in terms of the linear modes. That is, 
we let 

v = lZ e 1/2 U0 sin — w = / £ e^ 2 n n {t) sin — (7.5.27) 

where e 1 ^ 2 is a small dimensionless quantity the order of the amplitudes of the 
motion. Substituting (7.5.27) into (7.5.25) and (7.5.26) and using the orthog- 
onality of the linear modes, we obtain 



L +^«f* =-e 



Vn +CO„T?„ =-6 



w = l 



2/X„??„ +/I 2 PT? W + rn 2 V n X ^ 2 (fm + Vm) 



where 



nucy 



77 4 C 2 



co M = — — , T = — r^-, ep = 



4/ 2 ' 



7T 2 P 

I 2 



+ gn(t) 

(7.5.28) 

+ /»(') 

(7.5.29) 
(7.5.30) 



V^i = 72 A^.Osin— -dx,Veg n =— I g(x, f) sin -^- dx (7.5.31) 
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In (7.5.28) and (7.5.29) the damping is assumed to be modal. Moreover the 
damping and the parametric excitation were ordered so that they are the same 
order as the nonlinearity. Next we obtain a first-order nonplanar approximation 
of the response of the string to a planar primary resonant excitation. 

7.5.2. PRIMARY RESONANCES 

In this section we consider the case of a primary resonant planar excitation. 
That is, we let 

g n (t) = 2ek n cosftr, /„=0, p = (7.5.32) 

where 

£l = u s + eo (7.5.33) 

for fixed s. Using the method of multiple scales we assume that 

f«a;e) = U(5 r o,r 1 ) + e^ 1 (r ,r 1 ) + --- 

r\ n {t\ e) = n n0 (T , T x ) + ev nl (T , T x ) + * • • 



(7.5.34) 



Substituting (7.5.32) and (7.5.34) into (7.5.28) and (7.5.29) and equating 
coefficients of like powers of e, we obtain 

Order €° 

ogr»o + w2f»o =o 

(7.5.35) 
Order € 
DlSni +<>>teni =-2D D t S n0 - 2m„D U - r« 2 U E w 2 (fco + 1&0) 

m = i 

+ 2k n cos ft To (7.5.36) 

DoVni ^^nVni = ~2D D x ri n0 - 2ix n D t] n0 - Fn 2 v n o Z ™ 2 (?mo +t?^o) 

(7.5.37) 
The solutions of (7.5.35) can be written in the following convenient forms: 

f w0 = A n {T x ) exp (*gj„ r ) + cc 

(7.5.38) 
*?«o = B n (T t ) exp (/co„ r ) + cc 
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Then (7.5.36) and (7.5.37) become 

D 2 o$n\ + <*>*?„! =~2ico n (A' n +ti n A n )exy(iG> n T ) 

-Vn 2 A n exip(iu n T ) £ m 2 [(A 2 m + B 2 m ) exp (2ico m T ) 

m=\ 

+ 2A m A m +2B m B m +(A 2 n +B 2 m )exp(-2iu m T )] 
+ k n exp (i£lT ) + cc (7.5.39) 

DoVni + ufani = -2/co„(5^ + //„#„) exp (ico n T ) 

- Tn 2 B n exp (ico n T ) f] m 2 [(^ + flj,) exp (2/o; m r ) 

W = l 

+ 2A m A m + 2B m B m + (A 2 m +B 2 m )exp (-2iu m T )] +cc 

(7.5.40) 
Using (7.5.33) one finds that secular terms are eliminated from the f nl and r\ nX if 

oo 

-2iu„(A'„ +H„A„)- 2rn 2 A„ £ rn\A m A m +B m B m ) 

m = i 

- rn 4 A n (A 2 n + B 2 ) + d ns k s exp (for,) = (7.5.41) 

oo 

-2icj n (B' n +^ n B„)-2rn 2 B„ £ m 2 (A m A m + B m B m ) 

m = \ 

-m 4 B n (A 2 n +B 2 ) = (7.5.42) 

It is convenient to introduce the polar form 

(A n9 B n )=±(a n ,b n )exp [i(a n J n )] (7.5.43) 

Substituting (7.5.43) into (7.5.41) and (7.5.42) and separating real and imag- 
inary parts, we obtain 

^n(fl« + Wn) + i rn*a n b 2 n sin 7„ - b ns k s sin i; = (7.5.44) 

UnWn - I rn * a n ~ i ^rt 2 ^ £ "^fam + b m) 

m=\ 

- | Vn 4 a n b 2 cos 7„ + 5,^ cos v = (7.5.45) 
">„(£« + Mn&n) ~ | ^a 2 n b n sin 7„ = (7.5.46) 
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w»*«U» " I T« 4 ^ - | Tn 2 i„ £ /w 2 02, + ft*,) - \ Yrfalb n cos T „ = 

m=i 

(7.5.47) 
where 

T „ = 203„-aJ, i^ar,-**, (7.5.48) 

For steady-state solutions a n , b ny y n , and v are constants. Thus (7.5.44) and 
(7.5.46) reduce to 

a n [cj n ii n + \ Tn*b 2 n sin y n ] - 8 ns k s sin i/ = (7.5.49) 

b n \<*>nVn " I I>z 4 a 2 sin 7 J = (7.5.50) 

When n =£ s, it follows from (7.5.49) and (7.5.50) that a n =b n = 0. To show this, 
we note that if a n and b n differ from zero, (7.5.49) and (7.5.50) demand that 

^nVn + i r« 4 Z?S sin t m = 

8 (7.5.51) 

<*>„/*„- |rVfl 2 sin7 rt =0 

Eliminating siny,, from (7.5.51) yields a„ + b 2 n - 0, which demands that a n - 
b n = 0. This conclusion is also valid if the damping coefficients in two perpen- 
dicular planes are different. If the damping coefficient in the first of equations 
(7.5.5 1) is £„, then ju„a 2 + [i n b\ - 0, which also demands that a n ~b n - 0. 
When n = s, (7.5.44) through (7.5.48) can be rewritten as 

a + im + ab 2 sin 7 - k sin v = (7.5.52) 

a - v - 3a 2 - 26 2 - £ 2 cos y + tor 1 cos v = (7.5.53) 

b' + fxb- a 2 bsiny = (7.5.54) 

b[o + \y' - v - 3b 2 -2a 2 -a 2 cos 7] =0 (7.5.55) 

where (a, b) = ($ 4 r/8cj,) l > 2 (fl„ 6,), * = (rs 4 /8G; 3 ) 1/2 *„ ju = ju„ and 7 = 7,- 

There are two possible steady-state solutions in this case: (1) & = and a =£ 0, 

and the motion is planar; and (2) a =£ and b ^0, and the motion is nonplanar. 

For steady-state planar motions (7.5.52) and (7.5.53) can be combined into 

k \xa 

o = 3a cos i>, %mv- — (7.5.56) 

a k 



or 



iM" 



a=3a 2 ±[— - n 2 ) (7.5.57) 
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which has the same form as (4.1.19). Thus this system is equivalent to a 
hardening spring-mass system. The frequency-response curves are similar to 
those shown in Figure 4-1. However the planar response becomes unstable when 
the response amplitude exceeds a critical value, as shown in the next section, and 
the response becomes nonplanar (i.e., a and b differ from zero). 

For steady-state nonplanar motions (7.5.53) and (7.5.55) can be combined 
into 

3k 

o = (5 + cos y)a 2 - — cos v (7.5.58) 

a(\ - cos 7) 

k 

b 2 =a 2 - — cos v (7.5.59) 

a{\ - cos 7) 

Moreover it follows from (7.5.52) and (7.5.54) that 

V . li(a 2 + b 2 ) 

— , sin^ = — 

a 1 ka 



sin 7 = —, sini; = (7.5.60) 



For a given ju and k, one can solve (7.5.58) through (7.5.60) numerically to 
determine a and b as functions of a. 

If the damping is assumed to be so small that it can be completely neglected, 
the general character of the motion, which is still predicted by the analysis, can 
be readily obtained without an undue amount of algebra. Thus when /! = 0, it 
follows from (7.5.60) that 7 = or n and v = or n. The case 7 = must be 
ruled out because it corresponds to k = according to (7.5.59). With 7 = 77, 
(7.5.58) and (7.5.59) simplify to 

„ 3k 

o = 4a 2 cos*> (7.5.61) 

2a 

k 

b 2 =a 2 cosi> (7.5.62) 

2a J 

Moreover the planar response in the absence of damping is given by (7.5.56) 
where v = or n. There are two branches for both the planar and nonplanar 
motions corresponding to the two values and n of v. These are discussed next. 

When v = it follows from (7.5.56) that -°o<a< oo for0<a<°o But from 
(7.5.62) we find that in order for b to be real, a>a A - (k/2) l/3 . Then it follows 
from (7.5.61) that o>o A = (k/2) 2f3 . We note that (o A , a A ) is also a solution of 
(7.5.56); thus the point A is a bifurcation point. 

When v = n it follows from (7.5.56) that in the case of planar motion, 
o> o c = 9(k/6) 2 ! 3 corresponding toa = a c = (fc/6) 1 ' 3 . For nonplanar motion it 
follows from (7.5.61) that o > o D ~ 12(3fc/16) 2 ' 3 corresponding to a = a D = 
(3&/16) 1 / 3 and b D = (Ml3) l l 2 a D . The frequency-response curves are shown in 
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Figure 7-12. Frequency -response curves for the string. 



Figure 7-12. The broken lines represent the unstable solutions, while the solid 
lines represent the stable solutions. (The stability of the various solutions is 
discussed below.) 

7.5.3. STABILITY OF POSSIBLE SOLUTIONS 

To determine which of the various possible solutions are stable, we slightly 
perturb the steady-state solutions. That is, we let 



a = a +a 1 (7 1 1 ), b = b +b l (T l ) 
7 = 7o +7i<Ti), *> = Vq + *>i(7 , i) 



(7.5.63) 
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where the subscript indicates the steady-state values and the subscript 1 indi- 
cates the perturbation values. Substituting (7.5.63) into (7.5.52) through 
(7.5.55) and keeping linear terms in the perturbations, we obtain 

a\ + (// + b\ sin 7 )^i + 2a b bi sin y +fl ^oTi cos 7 - kv x cos v = 

(7.5.64) 

, / &cosp \ ^, , ,^ ^ , -> k v \ 

v x + [6a + = 0i + 2b b l (2 + cos7 )- Z?oTi sin To + sin ^o ~ 

\ flo / flo 

(7.5.65) 

b\ - 2a o b ai sin 7 + (ji - a\ sin 7 )Z>i _ ^o^oTi cos 7 = (7.5.66) 

\l\ ~ v\ ~ 2fl o 0i(2 + cos7o)- 6b b Y +flo7i sin 7 =0 (7.5.67) 

Equations (7.5.64) through (7.5.67) are a set of coupled linear ordinary -differen- 
tial equations with constant coefficients. Thus the perturbations have an ex- 
ponential form. That is, 

(a' u b' u 7i, *'i) = Ha u b u y u v x ) (7.5.68) 

Substituting (7.5.68) into (7.5.64) through (7.5.67) leads to a system of four 
linear algebraic homogeneous equations. For a nontrivial solution the determi- 
nant of the coefficient matrix must be zero. This leads to a fourth-order equa- 
tion for X. If none of the roots of this equation has a positive definite real part, 
the motion is stable; otherwise it is unstable. The various possibilities are dis- 
cussed when ii = 0. 

When b Q = 0, substituting (7.5.68) into (7.5.64) through (7.5.67) and using 
(7.5.56), we obtain 

Xfl! - kv x cos *> = (7.5.69) 

\v x +(6fl + — cos^qLi =0 (7.5.70) 

(X-^sin7 )/) 1 =0 (7.5.71) 

[a - al(2 + cos 7o)] b x = (7.5.72) 

We note that the equations uncouple in such a way that the exponents for a x 
and v x can differ from those of b Y . From (7.5.54) and (7.5.55) we see that 7 is 
indeterminate when b = 0; however any small perturbation in b fixes the value of 
7 as (7.5.71) and (7.5.72) indicate. Here, therefore, we must treat 7 as an 
unknown. 
It follows from (7.5.69) and (7.5.70) that 

X 2 = -k cos v (6a + ka^ 2 cos p Q ) (7.5.73) 
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and hence that X is pure imaginary for all a Q when v - and for all a<ac when 
v Q = 7T, where a c = (fc/6) 1/3 . It follows from (7.5.71) and (7.5.72) that 

al cos 7o = o - 2al and X = aoSin7 (7.5.74) 

Eliminating y from (7.5.74) and using (7.5.56) to eliminate a, we obtain 

X 2 =a 4 - (a- 2al) 2 = fc cos v (2a - ka^ 2 cos v ) (7.5.75) 

Thus we find that the exponent of b x is pure imaginary for all a when v = n. 

Summarizing the stability of the planar motion, we find that when v = the 
predicted motion is stable for all o<o A and unstable for all o> o A . For v = 7r 
we find that the motion is stable for all a<a c and unstable for all a > a c . 

When b =£ and ju = 0, (7.5.64) through (7.5.68) give 

^i ~ flo^oTi " kv x cos v = (7.5.76) 

(6fl + too 2 cos v )a x + 26 £i + Xu, = (7.5.77) 

X*i +^o^oTi =0 (7.5.78) 

-2fl o 0i " 6Z> 6i +£X7i " X*>i =0 (7.5.79) 

For a nontrivial solution the determinant of the coefficient matrix of (7.5.76) 
through (7.5.79) must vanish. That is, 

X 4 + \6al\ 2 + Akal cos v Q (\6a% - 5k cos v - \k 2 a~ *) = (7.5.80) 

Hence 

X 2 = Sal + [64ag + Akal cos *> (| * W + 5fc cos *> - l&*o)l 1/2 

(7.5.81) 

The motion is unstable if X 2 is positive definite or complex. Thus for stability 

cos i> (f A: 2 flo 3 + 5* cos ^ - I6al) < (7.5.82) 

64flg + Akal cos i/ (f A; 2 0o 3 + 5A: cos i/ - 16aj>) > (7.5.83) 

When i; = we find that (7.5.82) and (7.5.83) are satisfied if a > a A = 
(/t/2) 1/3 . When v = tt, (7.5.82) is satisfied for all a <a D = (3/C/16) 1 ' 3 , while 
(7.5.83) is satisfied for all a > a E « 0.564(£) 1/3 . Thus a D - a E * 0.008(A;) 1/3 
and 0£> and #£■ are very close. 

The results of the stability analysis are shown in Figure 7-12. Summarizing the 
stability of the nonplanar motion, we find that when v = the predicted 
motion is stable for all a > a A and no real value for b exists for all a < a A . Thus 
a stable out-of-plane motion develops when a is greater than a A . Recalling that 
a\ is proportional to k, we note that this result is in agreement with the experi- 
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Figure 7-13. Frequency-response curves for a string under the action of linear damping. 



ments of Murthy and Ramakrishna (1965). When v Q = n the nonplanar motion is 
stable only in the small interval a K <a <a D . 

We are now in a position to describe the predicted motion as the frequency of 
the excitation is varied very slowly back and forth through resonance, while the 
amplitude of the excitation is held constant. Since damping, no matter how 
small, causes the branches of the frequency-response curves to terminate or 
close for some finite value of positive a, we calculated the frequency-response 
curves using (7.5.52) through (7.5.55) for k = 1 and ji = 0.25. The stable por- 
tions of these curves are shown in Figure 7-13. The following discussion refers to 
this figure. 

Starting with a negative value of a, we expect to initiate planar motion. Then 
as o increases, the amplitudes of the two components of the motion move from 
F toward A and from F' toward A'. When o = o A the amplitude of the out-of- 
plane component begins to grow, and as o increases further the two amplitudes 
increase through / and J' and coalesce. At point G, where the two amplitudes 
are equal, the motion becomes unstable. Any further increase in a causes the 
amplitudes to jump spontaneously down to H and //'. During this jump tran- 
sients develop and eventually decay (see Section 4.4), and the motion changes 
from nonplanar back to planar. 

Reversing the procedure, we start with a large value of a. Again we expect to 
initiate planar motion. As o decreases the amplitudes of the two components 
move from / through H toward C and from /' through //' toward C'. When 
o = o c any further decrease in o causes the amplitudes to jump spontaneously 
up to J and /'. During this jump transients develop and eventually decay, and 
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the motion changes from planar to nonplanar. As o decreases further both ampli- 
tudes decrease. When o = o A the amplitude of the out-of-plane component is 
zero, and the motion is planar again. The motion remains planar as o continues 
to decrease. 

We note that the jump occurs at different values of a for the two processes. 
For increasing a the motion first smoothly changes from planar to nonplanar 
and then jumps from nonplanar back to planar. For decreasing o the motion first 
jumps from planar to nonplanar and then smoothly changes back to planar. The 
jump produces a 180-degree change in the phase between response and excita- 
tion when there is no damping. 

When o is either less than o A or greater than its value at the downward jump 
G G , the motion must be planar. When o is greater than o A and less than o c , the 
motion must be nonplanar. And when o is greater than o c and less than o Gi the 
motion can be either planar or nonplanar. A finite disturbance is required to 
make the motion jump when o is between o c and Oq, 

Next we describe the predicted motion as the amplitude of the excitation is 
varied very slowly up and down when o is slightly above the resonant value. 
Referring to Figure 7-14 we note that as k increases from zero, initially only 




Figure 7-14. Response curves for a string under the action of linear damping. 
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planar motion is possible. The amplitude of the in-plane component increases 
linearly with k initially (in agreement with the linear theory) through H toward 
J. When k = kj the in-plane motion becomes unstable and any further increase 
in k causes the amplitudes to jump spontaneously from J up to K and from /' 
up to A''. During the jump the motion changes from planar to nonplanar. As k 
continues to increase the amplitude of the in-plane component increases from 
K toward L, while the amplitude of the out-of-plane component decreases from 
K' toward /,'. If/: is increased substantially the out-of-plane component vanishes 
smoothly and the motion becomes planar again. [This can be seen for the un- 
damped case by considering (7.5.61) and (7.5.62); for o = 8,Z> = when a = >/8 
and k = 2(8) 3 ' 2 .] Reversing this procedure, we find that, as k decreases from a 
large value, the in-plane component of the motion decreases from L through K 
toward M, while the out-of-plane component increases from l! through K' 
toward M. At point M, where the two amplitudes are equal, the nonplanar 
motion becomes unstable. Any further decrease in k causes the amplitudes to 
jump spontaneously from M to H and //', and the motion becomes planar again. 

Again the jumps produce a 180-degree change in the phase between the excita- 
tion and the response in the undamped case. In the region between the jumps 
the motion can be either planar or nonplanar, and a finite disturbance is required 
to make the motion change from one branch to the other. 

We note that, had we run this experiment when o is negative, no out-of-plane 
component would have developed in the predicted motion for any value of k. 

For steady-state nonplanar undamped motions it follows from (7.5.48) and 
the fact that y = n that 

a = oT x ~v and $=oT x +--v (7.5.84) 

where v is either zero or it. Thus the displacement of a point on the string can be 
written in the following dimensionless form: 

S7TX 

A= [a cos (£"2; - v)\- b sin (fir - v)k] sin — (7.5.85) 

It follows that the trajectory of a point is ah ellipse having a semimajor axis 
a sin (stix/I) along the x-axis. As the trajectory becomes circular the motion 
becomes unstable and spontaneously reverts to planar motion. 

7.6. Plates 

In this section we consider the nonlinear vibrations of plates neglecting trans- 
verse shear deformations and rotary inertia. These effects were included in the 
studies of Wu and Vinson (1969a, b); Singh, Das, and Sundararajan (1971); 
Kanaka Raju and Venkateswara Rao (1976a); Kozhemyakina and Morgaevskii 
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(1976); and Sathyamoorthy (1977). Yu and Lai (1966) determined the influ- 
ence of transverse shear on the nonlinear vibrations of sandwich plates. Thick- 
ness-shear flexibility was included in the analyses of Ambartsumyan (1976); 
Wu and Vinson (1971); and Singh, Sundararajan, and Das (1974). For sim- 
plicity we consider only homogeneous plates. Nonuniform plates were analyzed 
by Huang and Meng (1972); Huang (1974); Ramachandran (1975); Ramachan- 
dran and Reddy (1975); Huang, Woo, and Walker (1976); and Kanaka Raju 
(1977). 

7.6.1. GOVERNING EQUATIONS 

We consider the nonlinear vibrations of a plate that is initially flat. A compre- 
hensive treatment of the linear problem is given in the monograph of Leissa 
(1969). We introduce a Cartesian coordinate system xyz, with the x- and y -axes 
lying in the undisturbed position of the middle surface of the plate, and let w, i>, 
and w denote the displacements of the middle surface in the x-,y- y and z-direc- 
tions, respectively. Then the equations of motion are 

(7.6.1) 
(7.6.2) 
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where / is the transverse load and p and h are the density and thickness of the 
plate, respectively. Here N x , N 2 , and N l2 are the forces per unit of length, 
characteristic of the state of stress in the plane of the plate; M } and Af 2 are the 
bending moments parallel to the jc- and >>-axes; and M n is the twisting moment. 
Here we consider isotropic linear elastic materials. Studies dealing with non- 
linear elastic materials are mentioned in the introduction to this chapter. Eringen 
(1955) examined the nonlinear oscillations of viscoelastic plates with hereditary 
damping included in the stress-strain relations. A number of investigators ana- 
lyzed the nonlinear oscillations of anisotropic plates. Yu (1962), Yu and Lai 
(1966), and Shahin (1974) studied the nonlinear vibrations of sandwich plates, 
while Alwar and Adimurthy (1975) studied the response of sandwich panels to 
pulse and shock excitations. Yu (1963) investigated the nonlinear vibration of 
layered plates and shells. Hassert and Nowinski (1962), Wu and Vinson (1969b), 
Sathyamoorthy and Pandalai (1970), and Ramachandran (1974c) treated a 
rectangular plate with special rectangular orthotropy. Nowinski (1963b) and 
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Pal (1973) analyzed orthotopic circular plates; Nowinski and Ismail (1965), 
Vendhan and Dhoopar (1973), and Karmakar (1975) analyzed orthotropic tri- 
angular plates; while Sathyamoorthy and Pandalai (1973c) analyzed rectilinearly 
orthotropic skew plates. Huang (1972a, 1973) and Huang and Woo (1973) used 
a Ritz-Kantorovich method to analyze cylindrically anisotropic circular and 
annular plates, while Venkateswara Rao, Kanaka Raju, and Raju (1976) used a 
finite-element method to analyze orthotropic circular plates. Mayberry and Bert 
(1969) experimentally investigated the free vibrations of various laminated 
anisotropic rectangular plates and compared their result with an orthotropic 
plate analysis. Wu and Vinson (1971) extended this analysis by including thick- 
ness-shear flexibility. Bennett (1971) and Chandra and Basava Raju (1975b) 
investigated, respectively, the forced and free vibrations of angle ply-laminated 
rectangular plates, while Chandra and Basava Raju (1975a) and Chandra (1976) 
investigated the free vibrations of cross ply -laminated rectangular plates. Bennett 
(1972), Bert (1973), and Schmidt (1973) investigated the nonlinear oscillations 
of an arbitrarily laminated rectangular plate. 

For a Hookean isotropic material the load-displacement equations are (Timo- 
shenko, 1940) 

Ni =Eh(l- v 2 Y l fe + ^wJ + ^ + lw^ + ivS (7.6.4) 

N 2 = Eh(\ - v 2 y x (v y + \w 2 y + vu x + \ vw%) +M° (7.6.5) 

N l2 = Gh(u y + v x + w x w y ) + N$ (7.6.6) 

M^-Diw^ + vWyy) (7.6.7) 

M 2 = ~D(w yy + uw xx ) (7.6.8) 

M 12 =-D(l-p)w xy (7.6.9) 

where E is Young's modulus, G is the shear modulus, v is Poisson's ratio, D = 
Y2Eh 3 (\ - v 2 )' 1 is the flexural rigidity, and the terms with superscript i 
stand for the in -plane applied edge loads. The nonlinear terms in (7.6.4) through 
(7.6.6) are due to the fact that an element of the plate is not only sheared and 
elongated but also rotated about the ;c- and 7 -axes. Substituting (7.6.4) through 
(7.6.9) into (7.6.1) through (7.6.3) leads to the following equations (Chu and 
Herrmann, 1956): 

U xx + W x Wxx + v(Pxy + WyWxy) + T ~ *0 ("yy + v xy + ™x™yy 

+ WyWxy) = C?U tt (7.6.10) 

Vyy + WyWyy + V (it X y + W x W xy ) + \ (1 - i;) (U X y + XX + W X W X y 

+ WyWxx) = C~p 2 Vtt (7.6.11) 



7.6. PLATES 503 
±h 2 V 4 w -N[ w xx - 2N$w xy -Ni l) w yy - u x w xx - \w 2 x w xx 

~ VyWyy ~ \ W^W y y " V (VyW^ + £ W ]j W^ + M* Wy y + |w|W y>> ) 

" (1 ~ *0 (W^VV^ + l^W^ + W x W y W xy ) = Cp 2 (w*lf ff + W^tf 

+ **)+/ (7.6.12) 

where c£ = E/[p(\ - v 2 )}. Equations (7.6.10) through (7.6.12) are usually 
called the dynamic analog of the von Karman equations because they reduce to 
von Karman's equations (1910) in the absence of the time derivatives. 

Equations (7.6.10) through (7.6.12) can be derived alternatively by using a 
variational principle. The normal and shearing strains of the middle surface are 
related to the displacements by 

€i =u x +\w 2 x , e 2 =v y + ^w 2 y 

(7.6.13) 
ei2 = u y + v x + w x w y 

The first and second invariants of the middle surface are defined by 

ei=ei+e 2 , e 2 =€ic 2 - \e\ 2 (7.6.14) 

Then the sum of the membrane and bending energies in a linear Hookean elastic 
plate may be written in the form 

V=$D JJ \(V 2 w) 2 +£e 2 - 2(1- v) P^+w^w^-wdJ dxdy 



(7.6.15) 



The kinetic energy of the plate is 



T=\ph \\(u 2 +v 2 +w 2 )dxdy (7.6.16) 



2> 

A 



and the Lagrangian is given by 

L = T- V (7.6.17) 

According to Hamilton's principle 

5 J Ldt = S I 2 (T- V)dt = (7.6.18) 

where 5 indicates the variation of the integral. Substituting (7.6.15) and (7.6.16) 
into (7.6.18) and performing the variations, we obtain (7.6.10) through (7.6.12) 
as the Euler-Lagrange equations of this variational problem. 
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To determine an approximation to the static counterparts of (7 .6.10) through 
(7.6.12), Berger (1955) neglected the second invariant e 2 in (7.6.15) and ob- 
tained the so-called Berger's equations from the variational problem. Nash and 
Modeer (1959) followed Berger and neglected e 2 in (7.6.15) for the dynamic 
problem and obtained the following equations from the variational problem: 

e x = c~pU tt and e y - c' p 2 v tt (7.6.19) 

DV 4 w - phc 2 p — (ew x ) + — (ew y )\ + phw tt = (7.6.20) 

These equations are usually referred to as the dynamic analog of Berger's equa- 
tions. Although no complete explanation of this approximation is offered, the 
static stresses and deflections obtained by Berger (1955) for both rectangular 
and circular plates agree well with those obtained by using (7.6.10) through 
(7.6.12). Neglecting the in-plane inertia, Nash and Modeer (1959) and Wah 
(1963a) showed that application of (7.6.19) and (7.6.20) to simply -supported 
plates leads to results that are in excellent agreement with those obtained from 
(7.6.10) through (7.6.12). 

Lee, Blotter, and Yen (1971) found that the errors introduced by applying the 
Berger hypothesis to a clamped circular plate depend on Poisson's ratio and the 
ratio of the radius to the thickness of the plate. Moreover they found that the 
error is minimized when v increases. Comparing (7.6.19) and (7.6.20) with 
(7.6.10) through (7.6.12), we find that the former set of equations can be 
obtained from the latter by letting v -» 1 while keeping D and c p fixed. Using 
the simplified equations, Wah (1963a) found that the ratio of the nonlinear 
and linear fundamental frequencies of simply-supported rectangular plates does 
not depend on the aspect ratio AR of the plate, in contrast with the results ob- 
tained by Chu and Herrmann (1956) from the von Karman equations. A com- 
parison of the solutions of Wah (1963a) and Chu and Herrmann (1956) shows 
that the error introduced by the Berger approximation is minimized for AR ^ 
0.5 for all a/h, where a is the amplitude of the motion. The error increases as 
AR deviates from 0.5 and as a/h -> 1. Nowinski and Ohnabe (1972) pointed out 
that the Berger hypothesis may lead to grave inaccuracies and even meaningless 
results for plates without the in -plane restraint. Huang and Al-Khattat (1977) 
showed that for radially restrained circular plates, solutions based on the Berger 
hypothesis are accurate at low amplitudes of vibration but that the accuracy 
decreases as the amplitude increases. Moreover they found that the Berger 
hypothesis is entirely unsuitable for plates with movable edges. 

As shown in Sections 7.1, 7.2, and 7.5 for beams and strings, the in-plane 
inertia can be neglected if the transverse modes under consideration are widely 
separated from the fundamental in-plane mode. In this case one can neglect 
u tt and v tt in (7.6.10) through (7.6.12) and in (7.6.19) and (7.6.20). In the 
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case of the von Karman equations, investigators followed two alternatives: 
a small group used (7.6.10) through (7.6.12), while the other group worked 
with (7.6.1) through (7.6.3) and (7.6.7) through (7.6.9) rewritten as follows. 
When u tt = v tt = 0, (7.6.1) and (7.6.2) are satisfied exactly if we introduce 
the stress function F defined by 

Nx =N\ i) +F yy , N 2 =N ( 2 i) +F xx , N l2 =N^-F xy (7.6.21) 

Crawford and Atluri (1975) examined the effect of initial stresses on the non- 
linear vibration of simply-supported rectangular plates. Substituting (7.6.21) 
into (7.6.3) and using (7.6.7) through (7.6.9) to eliminate M { ,M 2 , and Af 12 , 
we obtain 

DV 4 w + phw tt = (F yy + N[°) w xx +(F xx + 7V<°) w yy 

-2(F xy +N$)w xy +f (7.6.22) 

The compatibility equations for the in-plane strains provides 

S]«F=Eh(w 2 xy - w xx w yy ) (7.6.23) 

Equations (7.6.22) and (7.6.23) govern the nonlinear transverse motion of the 
plate if the in-plane inertia is negligible. 

One can obtain the equations governing the nonlinear vibration of membranes 
from (7.6.22) and (7.6.23) by setting D ~ 0. Eringen (1951) analyzed the non- 
linear axisymmetric vibrations of circular membranes using the initial membrane 
strain as a perturbation parameter. Yen and Lee (1975) used the Lindstedt- 
Poincare technique to determine the nonlinear vibrations of a circular mem- 
brane including the effects of the longitudinal inertia. They found that their 
solution is invalid when the linear fundamental in-plane frequency is twice the 
fundamental transverse frequency; this occurs when the initial strain is about 
0.4882. Then they obtained an expansion valid for this internal resonance case; 
however they did not indicate what material these results can be applied to. 
We note that for most metals the initial strain cannot be made to exceed about 
0.05. Chobotov and Binder (1964) used a combination of a Ritz-Gal^rkin pro- 
cedure and a perturbation technique to determine the effect of sinusoidal 
excitations on the nonlinear response of circular membranes. 

A number of investigators studied the dynamics of spinning disks because of 
their use as sawblades and turbine wheels. The importance of flexural waves in 
causing spinning-disk failures was recognized a long time ago by Richards 
(1872, p. 135). Such waves have been observed in practice and studied experi- 
mentally (Campbell, 1924; von Freudenreich, 1925; Tobias and Arnold, 1957; 
Tobias, 1958; Williams and Tobias, 1963; Krauter and Bulkeley, 1970) either as 
free or forced motions in disks that have been spun in air. Nowinski (1964) and 
Nowinski and Woodall (1964) studied the nonlinear transverse vibrations of spin- 
ning disks. 
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Tobias (1957) and Efstathiades (1971) studied the nonlinear vibration of im- 
perfect spinning disks, and Schaeffer and McElman (1965) analyzed the non- 
linear dynamic response of a membrane in a freestream. Advani (1967a, b) 
found exact solutions for the motion of free-spinning membranes in the form of 
forward and backward waves traveling circumferentially around the membrane 
and found the latter waves that travel as fast as the membrane spins forward (sta- 
tionary). Advani and Bulkeley (1969) obtained an exact nonlinear vibration 
mode in addition to the above-mentioned traveling waves. Advani and Bhat- 
tacharjie (1969) found an uncoupled representation of the equations governing 
the nonlinear axisymmetric motion of free-spinning membranes. Bulkeley 
(1973) examined the stability of the aforementioned exact solutions. 

Chu (1961a) derived the counterpart of (7.6.22) and (7.6.23) for circular 
cylindrical shells. In the body of this chapter we do not discuss the nonlinear 
vibration of shells. Cylindrical shells were studied experimentally by Olson 
(1965) and Matsuzaki and Kobayashi (1969b) and theoretically by Chu (1961a), 
Evensen (1963); Nowinski (1963a); Goodier and Mclvor (1964); Mclvor (1966); 
Bieniek, Fan, and Lackman (1966); Evensen and Fulton (1967); Mayers and 
Wrenn (1967); Mclvor and Lovell (1968); Dowell and Ventres (1968); Lovell 
and Mclvor (1969); Matsuzaki and Kobayashi (1969a); Atluri (1972); Mente 
(1973); Ginsberg (1974); Ahmad and Lee (1975), Chen and Babcock (1975); 
Nguyen (1975); and Radwan and Genin (1976). Spherical shells were studied by 
Mclvor and Sonstegard (1966) and Grossman, Koplik, and Yu (1969); hemi- 
spherical shells were studied by Jordan (1973). Conical shells were studied by 
Sun and Lu (1968); square shells were studied by Chauhan and Ashwell (1969); 
and axisymmetric shells and solids were studied by Nagarajan and Popov (1975a, 
b). Shells of revolution were studied by Stricklin, Martinez, Tillerson, Hong, and 
Haisler (1971); Lehner and Batterman (1974); Belytschko and Hsieh (1974); 
and Kanaka Raju and Venkateswara Rao (1976b). Shallow shells were studied 
by Alekseeva (1969); Leissa and Kadi (1971); El-Zaouk and Dym (1973); and 
Singh, Sundararajan, and Das (1974). Curved panels were studied by Hayes and 
Miles (1956); Greenspon (1960); Cummings (1964); and Rehfield, Girl, and 
Sparrow (1974). Homogeneous and layered plates and shells were studied by 
Yu (1963). Cylindrical panels were studied by Wu and Witmer (1975), Vol'mir 
and Kulterbaev (1975), and Ramachandran and Murthy (1976). Shahinpoor 
(1973) analyzed the combined radial-axial large-amplitude oscillations of hyper- 
elastic cylindrical tubes, while Thurman and Mote (1969) analyzed the nonlinear 
oscillation of a cylinder containing flowing fluid. The postbuckling of thin 
elastic shells was examined by Lange and Newell (1971). 

Neglecting the in-plane inertia in (7.6.19) gives 

e = u x + v y + \ w 2 x + \ w 2 y = e(t) (7.6.24) 
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according to (7.6.13) and (7.6.14). Integrating (7.6.24) over the area A of the 
plate we have 

Ae(t)= jj(u x + v y )dxdy+± jj(w 2 x + w 2 y )dxdy (7.6.25) 

A A 

If we impose the condition that u and v vanish at the boundaries, we have 

Ae(t) = ^Jj(w 2 x + w 2 y ) dx dy (7.6.26) 

A 

When the edges are either simply supported or clamped, integrating (7.6.26) by 
parts leads to 

Ae = -\ J J wV 2 w dx dy (7.6.27) 

A 

Since e = e(t), (7.6.20) can be rewritten as 

£>V 4 w - phec 2 p (w xx + w yy ) + phw tt = (7.6.28) 

where e is given by (7.6.26) or (7.6.27), depending on the boundary conditions. 
It is clear that the Berger hypothesis led to a great simplification in the gov- 
erning equations from two coupled fourth-order equations to a single fourth- 
order equation. Besides Nash and Modeer (1959), Wah (1963a), Lee, Blotter, 
and Yen (1971) and Huang and Al-Khattat (1977), a number of investigators 
used Berger's hypothesis in their analyses of the nonlinear vibration of plates. 
Wah (1963b), Srinivasan (1965), Pal (1970), and Ramachandran (1977) ana- 
lyzed circular plates, while Chiang and Chen (1972) analyzed circular plates with 
concentric rigid masses. Wu and Vinson (1969a), Singh, Das, and Sundararajan 
(1971), and Mei (1973b) treated rectangular plates, while Ramachandran and 
Reddy (1972) treated rectangular plates with cutouts. Sathyamoorthy (1977) 
treated skew plates, while Gajendar (1967), Mack and McQueary (1967), Kishor 
and Rao (1974), and Sircar (1974) treated plates resting on elastic foundations; 
and Ramachandran (1974b) treated restrained circular plates. Wu and Vinson 
(1969b, 1971) and Mayberry and Bert (1969) studied rectangular orthotropic 
skew plates, and Bert (1973) studied arbitrarily laminated rectangular plates. 

7.6.2. FORCED SYMMETRIC RESPONSE OF CIRCULAR PLATES 

In the remainder of this section we discuss the nonlinear forced symmetric 
response of circular plates. We use the dynamic analog of the von Karman equa- 
tions because the simplified Burger equation may be inaccurate and it is similar 
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to that of beams which is discussed in detail in Sections 7.3 and 7.4. Besides 
Chu and Herrmann (1956), a number of investigators used the von Karman 
equations in their analyses of the nonlinear vibrations of plates. Rectangular 
plates were analyzed by Smith, Malme, and Gogos (1961); Yamaki (1961); 
Eisley (1964b); Murthy and Sherbourne (1972); Bayles, Lowery, and Boyd 
(1973); Donaldson (1973b); Vendhan (1975a); Crawford and Atluri (1975); 
and Venkateswara Rao, Raju, and Kanaka Raju (1976a). Rectangular sandwich 
plates were analyzed by Yu (1962), and rectangular anisotropic plates were an- 
alyzed by Sathyamoorthy and Pandalai (1970), Bennett (1971), Chandra and 
Basava Raju (1975a, b), and Chandra (1976). Circular plates were treated by 
Yamaki (1961), Nowinski (1962), Bulkeley (1963); Crose and Ang (1969); 
Farnsworth and Evan-Iwanowski (1970); Huang and Sandman (1971); Huang 
(1972a, b, 1973, 1974); Kung and Pao (1972); Ramachandran (1974a); and 
Sridhar, Mook, and Nayfeh (1975, 1978); annular plates were treated by Sand- 
man and Huang (1971); Huang and Woo (1973); Goldberg and Koening (1975); 
and Huang, Woo, and Walker (1976); and ring sector plates were treated by 
Chisyaki and Takahashi (1972). Triangular plates were treated by Vendhan and 
Dhoopar (1973), Vendhan and Das (1975), and Vendhan (1975b); elliptic plates 
were treated by Lobitz, Nayfeh, and Mook (1977); and skew plates were treated 
by Sathyamoorthy and Pandalai (1972b, 1973a, c, d). 

In the present discussion we employ (7.6.22) and (7.6.23), where f = f(r, t) is 
a known function of time— an external excitation. Parametric excitations of 
plates, beams, and shells are discussed in Section 5.4.4 in connection with the 
effect of follower forces on the lateral vibration of columns. In some problems 
/may be a function of w; such is the case for plates on elastic foundations and 
plates interacting with an airstream (flutter problem). In the latter case as the 
plate deforms, it modifies the airflow which in turn exerts pressure and shear 
perturbations on the plate. These pressure and shear perturbations are functions 
of the plate displacement as well as the airstream velocity, density, and viscosity. 
When the dynamic pressure (\pfVj) of the flow is low, the response of the 
plate is random, with dominant frequency components near the lower natural 
frequencies. When the dynamic pressure reaches a critical value, the linear 
response of the plate grows exponentially with time and the motion is termed 
unstable. If the linear frequency of the combined air/plate system corresponding 
to the unstable mode is zero, this (static) instability is called divergence', and if 
the linear frequency of the system corresponding to the unstable mode is differ- 
ent from zero, this dynamic instability is called flutter. For more details on 
flutter we refer the reader to the book of Dowell (1975). 

As the critical dynamic pressure is exceeded, the linear theory indicates that 
the plate's motion grows exponentially with time. However as the deflection 
increases, nonlinear effects (midplane stretching) come into play and generally 
restrain the motion to a bounded limit cycle, especially for supersonic airflows. 
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Besides the book of Dowell (1975), a number of investigators treated nonlinear 
flutter problems. Dimantha and Roorda (1969) examined the domain of asymp- 
totic stability of nonlinear conservative systems. Flat plates were examined by 
Kobayashi (1962a, b); Bolotin (1963); Librescu (1965); Dugundji (1966); 
Dowell (1966, 1967a, 1973), Morino (1969); Ventres and Doweil (1970); 
Eastep and Mcintosh (1971); and Kuo, Morino, and Dugundji (1972). Curved 
plates were examined by Dowell (1969, 1970b). Cylindrical shells were studied 
by Olson and Fung (1966) and Gordon and Atluri (1974), while shallow shells 
were studied by Gajl (1974). Kirchman and Greenspon (1957) and Lin (1962) 
studied the response of a panel to periodic and randomly varying loads. Interac- 
tion of panel flutter with external excitations was analyzed by Dowell (1970a); 
and Kuo, Morino, and Dugundji (1973). Ginsberg (1975) and Nayfeh and Kelly 
(1978) analyzed the nonlinear interaction of an acoustic fluid and a flat plate 
under-harmonic excitation. 

The symmetric responses of uniform circular plates can be obtained by re- 
writing (7.6.22) and (7.6.23) in the absence of applied in-plane loads in the 
following polar form: 

1 ^ 
phw tt + Z?V 4 w = - - (F r w r ) - 2tiw t + f(r, t) (7.6.29) 

r or 

V 4 F= _^Li (w 2 ) (7630) 

2r or 
where \x is the damping coefficient and 



The relationships among F, the radial displacement u, and the deflection w are 
given by 

Eh(u r + \ wj) = -F r - vF rr (7.6.32) 

and 

Eh- = F rr -~ F r (7.6.33) 

r r 

It is convenient to rewrite (7.6.29) through (7.6.33) in terms of dimensionless 
variables. These variables are defined as follows: 

r = R r * i r = R 2 ]/— t*, w = — w* 
YD R 
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A 4 * 24(1 -f 2 ) 



w = -jw*, /i= -^ \/ph s Dii* 



Dh 2 Fh s 

/=^-/*, and F = |L F * 

where ^ is the radius of the plate. Substituting these definitions into (7.6.29) 
through (7.6.33) and dropping the asterisks we obtain 



w tt + V 4 w = e 



*] 



^CvO^mhvI+Z (7.6.34) 



W=-~(m*) (7.6.35) 

2r 3r 

w r + ^ w? = - F r - vF rr (7.6.36) 

u v 

- = F rr --F r (7.6.37) 

r r 

where e= 12(1 - v 2 )h 2 \R 2 . All the dimensionless variables are 0{\) as e-*0. 
The boundary conditions for clamped edges are 

w = 0, u = 0, andw, = atr=l (7.6.38) 

Equations (7.6.36) and (7.6.37) can be combined to yield the following equa- 
tion for F: 



i „,2 - 



1 



jw 2 r =-F r -F„-rF r „ (7.6.39) 

which is a first integral of (7.6.35). Then it follows from (7.6.37) and (7.6.38) 
that the boundary condition for F is 

F„- vF r = atr=l (7.6.40) 

In addition, w and F are required to be finite at r = 0. 

We seek approximate solutions which are uniformly valid for small e. As in the 
case of beams, we use the method of multiple scales. We assume 

oo 

w(r,r,e)= £ iMf;e)0 m (r) (7.6.41) 

where the m are the linear, free -oscillation modes. Thus the m are the solu- 
tions of the following eigenvalue problem: 

V 4 cp m ~oj 2 m ct> m =0 (7.6.42) 
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<MO = 0, 0^(1) = 0, and0 m (O)<~ (7.6.43) 

The eignevalues co m are the natural frequencies of the plate. 

Following the procedure used in Section 7.1, one can show that the m are 
orthogonal with respect to the weighting function r. The amplitude of each 
mode is chosen such that 



r 



r4> n <t> m dr=h nm (7.6.44) 



Next we obtain the solution of the eigenvalue problem defined above. We re- 
write (7.6.42) in the following convenient form: 

\d_ \ttf__ \^d_ 

dr 2 r dr~ °* m [dr 2 * r dr 



3T + T^-^ Lzi- + TZ +C0 « *m=0 (7.6.45) 



2 +---co m 0„,=O (7.6.46) 



Thus we can obtain the four linearly independent solutions of (7.6.45) from the 
following two equations: 

(— + !- 

\dr 2 r dr 

Id 2 \ d \ 

W*7dr*" m ) <l>m=0 {1£A1) 

From (7.6.46) we obtain 

<P^ l ) =E l I (K m r)^E 2 K (K m r) (7.6.48) 

and from (7.6.47) we obtain 

0#> = E 3 J (K m r) + E 4 Y (K m r) (7.6.49) 

where the E m are constants of integration and K 2 m = co m . The complete solution 
is 

*m=<t>$ + <t>™ (7-6-50) 

The condition that m (0) be bounded demands that E 2 = E 4 = because both 
K and Y have logarithmic singularities at the origin. Thus it follows from 
(7.6.43) that 

<Pm =C m [J (f< m r)Io(K m )- J (ti m )I (K m r)] (7.6.51) 

where the n m are the roots of 

/o(k) /oOO " JoW 'oOO = (7.6.52) 

and the C m are obtained from (7.6.44). 
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The first five natural frequencies obtained from (7.6.52) are cjx = 10.2158, 
cj 2 = 39.7710, cj 3 = 89.1040, co 4 = 158.1830, and cj 5 = 247.0050. We note 
that 

cj! + 2co 2 = 89.7578 ** co 3 (7.6.53) 

and introduce a detuning parameter o\ according to 

cji + 2co 2 = c«J3+ eoi (7.6.54) 

Hence there is an internal resonance involving three modes. 

Equations (7.6.39) and (7.6.40) suggest that it may be more convenient to 
solve for F r instead of F. Thus we put 

G = /> (7.6.55) 

Substituting (7.6.55) into (7.6.40) we obtain the following boundary condition 
forG: 

G r -vG = atr=l (7.6.56) 

Substituting (7.6.55) and (7.6.41) into (7.6.39) we obtain 

r 2 G rr + rG r -G = -\r(± ^fa) (7.6.57) 

The function G can be represented by an expansion in terms of a complete set 
of orthogonal eigenfunctions. Because 

[ r2 ^ + r d~r~ 1 ) / t&" r ) = -&' 3/ '&» r > 

it is convenient to express G as follows: 

G(r,t)= £ n m (t)Ji<X m r) (7.6.58) 

m = l 

where the f m are chosen such that (7.6.56) is satisfied. That is, the f m are the 
roots of 

?/o(f)-(l+^/i(f) = (7.6.59) 

For v = 5 , the first 1 2 roots of (7.6.59) are 

f, = 1.545, f 2 = 5.266, f 3 = 9.497, f 4 = 1 1 -68 

fs- 14.84, f 6 = 18.00, f, =21.15, f 8 = 24.30 

f 9 = 30.59, f, = 33.74, f n =36.88, f„ =40.03 
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To obtain the functions 7? m (/% we substitute (7.6.58) into (7.6.57), multiply 
by r"Vi (f „r), and integrate from r = to r = 1 . The result is 

r?„(0 =ZZ V« *« (0 ^p (0 ( 7 -6.60) 

where 

S w = [(ft - 1 + i' 2 )/?C- w )] _1 f *' P <l>' q JS n r)dr (7.6.61) 
Using (7.6.60) we can now rewrite (7.6.58) in the following form: 



oo oo oo 



G(r, t) = Z EI S mnp +„ (t) * _ (r) /, (f w r) (7.6.62) 



>mnpVn\ l ) v p\ 
m-l «-i p=l 



To obtain the equations governing the i//„, we substitute (7.6.62) and (7.6.41) 
into (7.6.34), multiply by r<£„ , and integrate from r = to r - 1 . The result is 

Lm = l p=l (/-I J 



(7.6.63) 



where 



/«(') = I r<t> n f(r,t)dr and /i n = f jur^ dr (7.6.64) 

To obtain the expression for the V nmpq , we consider 

Jr 1 3 ! r 1 

r-(Cw r )0„rfr = Cw r n | - Gw r <f>' n dr (7.6.65) 

o ° r ^0 

The first term vanishes as a result of the boundary conditions and the symmetry 
of the deflection. Substituting (7.6.41) and (7.6.62) into (7.6.65) leads to 

J ~(Gw r )<l> n dr = 

~ £ t t\t S kpq f MS k r)<t>' H 4>' K 

m-l p=l q=l lk = l ^0 



m dr 



^m^p^q 
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Using (7.6.61) leads to 



Jo Jo 



k=\ 



J o 



/>2 _ i „. „2\ r2ry \ (7.6.66) 



Equations (7.6.63) and (7.1.38) have precisely the same form. Though the 
definitions of r nmpq in (7.1.41) and (7.6.66) are different, (7.1.38) also applies 
to plates. Finally we note that the internal resonance for plates involves three 
modes, while internal resonances for beams involve either two or four modes. 
Next we consider several cases of primary resonances. Bauer (1968) considered 
the nonlinear response of a plate to a pulse excitation. 

In this case we put 

f n (t) = 2ek n cos (Sit) (7.6.67) 

where 

ft = co s +ea 2 (7.6.68) 

Following the method of multiple scales we let 

M';<0 = *no(T Q , r,)+ €* nl (T , 7\)+ • • • (7.6.69) 

in (7.6.63), equate coefficients of like powers of e, and obtain the equations 
describing the \j/ nQ and \p nl . The solution of the equations governing the \p n0 
can be written as 

^m =A n (T l )exp(ico n T Q ) + cc (7.6.70) 

Using (7.6.70) we find that secular terms are eliminated from the \jj nl if 

-2ito l (A\ + jUi^i) + ^is^i exp(io 2 Tx) + Q\A\A 3 exp {~io x T Y ) 

+ ^i £ <* ln A n A n =0 (7.6.71) 

-2iu> 2 (A 2 + M2^2) + 5 2S ^2 exp(io 2 T l ) + Q 2 A l A 2 A 3 exp(-iaiTi) 

+ A 2 £ oc 2n A n A n =0 (7.6.72) 

n = 1 

-2/cj 3 (i43 + jJL 3 A 3 ) + b 2s k 3 exp(/a 2 7 , i)+Q 3 i4 1 i42 expOa,^) 

+ ^3 £ <* 3n A n A n =0 (7.6.73) 



7.6. PLATES 515 
and for m > 3 

oo 

-2ico m (A' m +lx m A m ) + b ms k m ex? (io 2 T x ) + A m £ a mn A n A n =0 

n = \ 

(7.6.74) 
where 

\2(2T njn ^T nnJi ) for/i#/ 

<*nj = «jn = \ (7-6.75) 

Qi=Q* = 2r 1223 + T 1322 and Q 2 = 2Q, (7.6.76) 

Henceforth we let 

Q> =8(2 (7.6.77) 

It is convenient to introduce the polar notation 

A n = ±a n exp(ip n ) (7.6.78) 

Substituting (7.6.78) into (7.6.71) through (7.6.74) and separating the result 
into real and imaginary parts, we obtain 

^i(#'i + A*i#i) + Qa\a z sin y x - d ls k } sin y 2 = (7.6.79) 

oo 

<^>i0i0i + 2^2 ^3 cos 7i + ^0! £ a,„^ + S^i cos 7 2 =0 (7.6.80) 

n = 1 

oj 2 (a 2 + M2^) + 2Qaia 2 a 3 sin 7! - 5 25 & 2 sin 7 2 = (7.6.81) 

oo 

co 2 a 2 fi 2 + 2Qa 1 a 2 a 3 cos 71 + |tf 2 ^ o^n^ri + 5 2< s^2 cos 7 2 = (7.6.82) 
co 3 (tf 3 + ^3^3) " G^i^2 sin 7, - d 3s k 3 sin 7 2 = (7.6.83) 

oo 

^3^303 + Qa\a\ cos 7! + |a 3 £ a 3 „^ + 5 3(S /: 3 cos 7 2 = (7.6.84) 

n = l 

<*>m(*m + M w «m)- S ms k m sin 7 2 =0 (7.6.85) 

oo 

^m<lmPm + S^m X a /fin«S + &ms k m cos 72 = (7.6.86) 

n = 1 

where 

7i =a 1 7' 1 + 0, + 2j3 2 -fo and ? 2 = a 2 7^ - & (7.6.87) 
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There are four cases of interest: s = 1, 2, 3, and any number greater than 3. 
These cases are discussed separately. 

Case I, s> 4. It follows from (7.6.85) that for all m, except m = 1 , 2, 3, and 
s, 

Thus the amplitudes decay. We can also establish that the first three modes 
decay. To do this, we consider the steady-state solutions and suppose that a 2 
and a 3 are not zero. Then from (7.6.81) and (7.6.83) it follows that 

4=-^^ (7.6.88) 

a% \x 2 co 2 

This is an impossible relationship; thus we conclude that a 2 and a 3 must be zero. 
Then it follows immediately from (7.6.79) that a x = 0. 

Thus only the sth mode is excited and the solution is the same as that for the 
Duffing equation for a hardening spring, which is discussed in Section 4.1 . In the 
steady state the deflection has the form 

w(r, f) = a s cos (Sit - y 2 ) (p s (r) + 0(e) (7.6.89) 

Case II, s = 1. In this case we find immediately that the a m for m > 4 decay. 
We can also establish that the second and third modes decay. To do this, we con- 
sider the steady-state solutions and suppose that a 2 and a 3 are not zero. Again 
we obtain (7.6.88); thus we conclude that a 2 and a 3 are zero. Only the first 
mode is excited, and the solution is the same as that for the Duffing equation for 
a hardening spring. In the steady state the deflection has the form 

w(r, O = 0i cos (Sit - 72 ) 0i (r) + 0(e) (7.6.90) 

Case II, s = 2. Proceeding in a similar way we find that only the second mode 
is excited. Thus in the steady state 

w(r,t) = a 2 cos (Sit- -y 2 )<l> 2 (r)+ 0(e) (7.6.91) 

Case IV, s = 3, In this case we find that the a m for m > 4 decay. Now, how- 
ever, if we try to establish that a x and a 2 decay, we find that 

at \ 2 M2^2 

= T^" (7.6.92) 

a 2 ) 2\jl x lq x 

In contrast with (7.6.88), this relationship is possible. Thus there are two possi- 
bilities: either a x and a 2 are zero or neither one is zero. These possibilities are 
discussed next. 
When a x and a 2 are zero, only the third mode is excited. This case is the same 
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as those discussed above, and the steady -state deflection has the form 

w(r, t) = a 3 cos (at - y 2 ) * 3 (r) + 0(e) (7.6.93) 

When a i and a 2 differ from zero, we must solve (7.6.79) through (7.6.84) 
numerically. For the steady-state solution y\ and y 2 are zero, and it follows 
from (7.6.87) that 



03 = o 2 and 0i + 202 = o 2 - o x 
Then from (7.6.80), (7.6.82), and (7.6.84) we obtain 



(7.6.94) 



G 2 - O x + 



U>1 <j0 2 



a{ + I — + 



iOt 



co 2 



a\ + 



/<*13 

Ui 



, 2Qf 23 j 2 
+ «3 

to 2 



+ G 



Aa i 



— ^~ + — )a 3 cos7! =0 (7.6.95) 

COi^fj CJ 2 



^3<*203 + i«3(«31«l + «32«2 +0:3303)+ Q^l«2 COS 7, + k 3 COS J 2 =0 



and from (7.6.79), (7.6.81), and (7.6.83) we obtain 

^iMi^i + Qffl*3 sin 7, =0 

<jo 2 ii 2 a 2 + 2Qaia 2 a 3 sin 7i = 

CJ3/I303 " G^i^l sin 7i - & 3 sin 7 2 = 



(7.6.96) 

(7.6.97) 
(7.6.98) 
(7.6.99) 



We can solve (7.6.95) through (7.6.99) for tf i , tf 2 , tf 3 , 7i , and 7 2 . Then we can 
solve (7.6.80) and (7.6.82) for 0i and j3 2 , but j3j and 2 can only be determined to 



TABLE 7-3. Variations of the Coefficients Appearing in Equations (7.6.95) 
through (7.6.99) with the Number of Terms in Equation (7.6.66) 







Values 




Coefficients 


2 terms 


10 terms 


1 1 terms 


<*n =3r„„ 


-162.22 


-162.22 


-162.22 


<*i2 = 2(2r 121 2 + r 11 22) = a2i 


-848.34 


-883.80 


-883.80 


«i3 =2(2r 131 3+r 113 3) = a3i 


-1428.6 


-1644.8 


-1644.8 


tt 2 2 - 3T 2 2 2 2 


-4991.2 


-5552.1 


-5552.1 


a 23 = 2(2r 32 32 + T 2 233 ) = a 32 


-10333 


-14220 


-14220 


#33 ~ 3r 333 3 


-27914 


-34401 


-34401 


Q\ = 2T 1223 + r 1322 = Q 3 


-331.04 


-566.77 


-566.77 


Qi = 2fii 


-662.08 


-1113.5 


-1113.5 



12 



10 



2 - 




6 - 



-1 1 






STABLE 

UNSTABLE 




a 3 (a, *0, a 2 * 0) 



100 



200 300 



400 500 
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Figure 7-15. Amplitudes of the modes for a circular plate as a function of (a) the fre- 
quency and (b) the amplitude of the excitation; SI ^ uj 2 - 
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within arbitrary constants, r x and r 2 , which depend on the initial conditions. 
Equation (7.6.87) yields jS 3 . 

The phases for the first and second modes (given here by the constants r x and 
r 2 ) depend on the initial conditions. Had there been a two-frequency excitation, 
each near one of the natural frequencies, then r x and r 2 could have been de- 
termined, as in the cases when only one mode is excited. And if there had been a 
three-term excitation, each near a different natural frequency, then in general 
no steady-state solution could have been found. 

The nonlinearity adjusts the frequencies of the three strongly excited modes so 
that the third mode is tuned exactly to the frequency of the excitation and the 
frequencies of the first three modes satisfy the condition of commensurability 
exactly. To see this, we consider the following: 

co x + ej3i + 2(cj 2 + e0 2 ) = coj + 2co 2 + e(a 2 - o x ) = co 3 + ea 2 = cj 3 + e/3 3 = £1 

(7.6.100) 

The steady -state deflection is 

w(r, t) = a x cos [(co x + ejSi) f + t x ] 0i(r) + a 2 cos [(co 2 + e0 2 ) f + r 2 ] <t> 2 (r) 

+ a 3 cos (£2/ - 7 2 ) 03 (r) + 0(e) (7.6.101) 

The coefficients needed to solve (7.6.95) through (7.6.99) are given in Table 
7-3. The number of terms refers to the summation of the series in (7.6.66), and 
the three values show the convergence of this series. 

The amplitudes a x ,a 2 , and a 3 are plotted as functions of the frequency of the 
excitation in Figure 7-1 Sa and as functions of the amplitude of the excitation in 
Figure l-\5b. As before, we note that when a x and a 2 are not zero, there is a 
wide range of the parameters of the excitation for which a x is larger than a 2 and 
for which a 2 is considerably larger than a 3 . Moreover we note that when the 
amplitude of the excitation is small, the three-mode solution is impossible. Thus 
these results reduce to the familiar solution of the linearized problem as the 
amplitude of the excitation decreases. 

Exercises 

7.1. Nonlinear longitudinal forced vibrations in a nonuniform bar in the 
presence of viscous damping are given by 



P(*M(*)TT = — IMx)o]- 2jLt — + F(jc,0 



l u 3 du 

3?T = -U(,)a,-2M- 

where 



o = E(x)e[\ +E x (x)e +E 2 (x)e 2 +■•■], e = -^ 

ox 
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For fixed ends, 

u(0,f) = "(1,0 = 

(a) Eliminate a from these equations and obtain 

d 2 u 3 [ , du 

f)(x)A(x) -y = — E(x)A(x) — 

br dx I dx 

+ ^\e(x)A(x)E 1 (x)I^\ + E(x)A(x)E 2 (x)(-£j 

du 

- 2m — + F(x,0 

3r 

(b) Show that the linear undamped mode shapes and frequencies of this 
system are given by the eigenvalue problem 



— \e{x)A(x)-Z\ 
dx I dx] 



+ cj 2 p(x)^U)0 = O 



0(0) = 0(1) = 

where is the mode shape corresponding to the frequency co. 

(c) Show that the eigenfrequencies are real. 

(d) If <t> n (x) and <j> m (x) are the eigenmodes corresponding respectively to the 
eigenfrequencies co n and co m , show that they are orthogonal and can be made 
orthonormal so that 

I p(x)A(x)(t) n (x)<t> m (x) dx = 8 mn 
Jo 

(e) Seek a solution to the nonlinear, damped, forced system in the form 

oo 

u= £ <M0M*) 

w = l 

Substitute into the governing equation, use the orthornormality condition, and 
obtain 

$n + ^l^n = " 1Vn$n + N n (4/ l , ^ 2 , . . . , if m , . . . ) +/„(0 

where the damping is assumed to be modal, 






F(x, t)<t> n (x)dx 
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t-> c x d r d< t>p <^i ^ , , , 

p,4 Jo «■* L dx dx J p,^,,- 

r 1 rf r d $p Wq d *r] A 

J ^^L ^ ^ ^ J 

(f) Let 

f n (t) = K n cos Sit 

and determine the response of the system to this excitation. Bojadziev and 
Lardner (1973) analyzed the response of a nonlinear elastic rod to a mono- 
frequency excitation. 

(g) Let 

f n (t) = K ln cos 12j f + K 2n cos (0,2* +t m) 

and determine the response of the system to this excitation. 

7.2. Consider the response of a nonlinear elastic rod to an external excitation. 
The problem is governed by 



d 2 u do du 

o = Ee{\ + £\e + E 2 e 2 + •• •), e = — 

ox 

3w(l,r) 
u(0,f) = 0, 11(1,0 + A ' = 

ox 



(a) Eliminate a to obtain 



3 2 w ~ d 2 u bub 2 u - fdu\ 2 d 2 u du 

(b) Show that the linear, undamped eigenmodes and eigen frequencies are 
sin k n x, where co n = ck n and the k n are the roots of 

tan k = ~hk 

Determine the lowest five eigenvalues for the case h = 1 . 

(c) Let 

TV 

w = y2 ^ ^«(0 sin k n x 
n=l 
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in the governing equation, use orthogonality of eigenmodes, and obtain 

where the damping is assumed to be modal and 

FV*p<7 = "4 \2 E x kpkg I sin fc„x sin fc^jc cos k p x dx 

r npqr = - \2E 2 k p kqk r I sin £„jc sin fc^x cos A; p x cos k r x dx 

f n (t) = y/l I F(x, t) sin k n x dx 
Jo 

(d) Determine the steady-state response of the system when f n (t) = K n cos £2r. 

(e) Determine the long time response of the system when 

/„(?) = K ln cos ^l l t + K 2n cos(!2 2 r + r n ). 

7.3. Consider the preceding exercise with the new boundary conditions 

u(0, t)~ h x -^(0, f) = 0, w(l, r) + /2 2 -^(1,0 = 

OX 0JC 

(a) Show that the undamped, linear eigenmodes and eigenfrequencies are 

<t>m =c m Uink m x + h x k m cosk m x], co m = ck m 
where the k n are the solutions of 

(1 - h 1 h 2 k 2 ) tan k + (h 2 +h l )k = 

and the c w are chosen so that the 0's are orthonormal. 

(b) Show that there are no values for h\ and h 2 such that one frequency is 
twice another frequency. 

(c) Show that the second frequency is approximately three times the first 
frequency when h x = 1 and h 2 = 1.51883 (Bojadziev and Lardner, 1974; 
Bojadziev, 1976). 

(d) If f n (t) = K n cos£2f, determine an approximate solution for the case in 
part (c) when (i) 12 ~ co l and (ii) £2 » cj 2 . 

7.4. The nonlinear forced planar transverse vibrations of a fixed wire are 
governed by 



w tt ~ Co™ XX 



— w xx J w 2 x dx- 2H — + F(x, t) 
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w(0,t) = w(l y r) = 
where /i is a damping coefficient and F(x, t) is an external excitation. 

(a) Show that the natural frequencies and corresponding mode shapes are 

MTCq r— mtx 

<jj n = — — , n = V2 sin — 

(b) Seek a solution in the form 

nnx 



w(x 9 r) = V2 2^ ^(Osin — 



assume modal damping, and obtain the following coupled equations for the \p n : 

(c) When f n (t) = &m K i cos £2f, show that i//„ -» as f -> °° f or all /i > 2. 
Then determine the steady-state response when 

(i) £2^ GO! 

(ii) £l^3to l 
(iii) n^^coj 

(d) When/ 1 (r) = ^ 1 cos £2f,/ 3 (f) = tf 3 cos (£2f + r), and all other /„ are zero, 
determine the steady-state response and its stability when £2 « 3^ . 

(e) When f n (t) ~ K n cos {tit + r„), do you think that all the free-oscillation 
modes are excited when 12 is approximately near one of the oj n l 

7.5. Consider the problem of Exercise 7.4 but subject to different boundary 
conditions. Thus consider the response of the system 



■ = a w "J. 



.-/»?«, = — «, I w l dx- 2ju — + F(jc, t) 

, ar 



w(0, f)- /i 1 w JC (0,r) = 0, w(l, t) + h 2 w x (\, f) = 

(a) Show that the linear undamped natural frequencies and modes are 
<jO n ~c k n , <j> n - 8 n [sin k n x + h\k n cosfc„;c), where 8 n is a normalizing con- 
stant and the k n are the roots of 

(1 - h l h 2 k 2 ) tmk + (h 2 +h l )k = Q 

(b) Show that co 2 « 3co! if /ij = 1 and fc 2 = 1.52. 

(c) Determine the response of the system when FO, = F(x) cos £2f and 
£2 ^ coj or co 2 . 
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7.6. When the tension in the string of Exercise 7.4 is T [ 1 + p(t)], its non- 
linear transverse vibrations are governed by 



Ti Wxx L 



w rr - c%[\ + p(t)]w xx = -7 w xx I wldx-2jlw t 



w(0) = w(/) = 

where C 2 , = 7" /p, c 2 = EA/p, p is the density per unit length, E is the modulus of 
elasticity, A is the cross-sectional area of the string, and p is a damping 
coefficient. 

(a) Assume modal damping, seek a solution in the form 

r— ^ nirx 
w=V2 2^ u n (t) sin 

n=\ ' 

and obtain 



u n +col[\ +p(t)]u n = ~2p n u n - an 2 u n X ™ 2 u 2 m 

m = l 

where oj„ = rmc /l and a = c 2 7T 4 /2/ 4 . 

(b) When p(r) = 2e cos £lt, where £2 = 2co x + ea, seek an asymptotic expan- 
sion in the form 

u n = e l/2 A„(T x ) exp (ico„7 ) + cc + 0(e 3 ' 2 ) 

where 

Mn = e/i„ 

2/cjjMi + /i 1 /4 1 ) + co 2 J 1 exp (ioTi ) + 3olA 2 x A x + 2aA x £ m 2 /t m ^ m = 



2ito n (A' n +p n A n ) + 2an 2 A n £ /w 2 /^"*, + 3cm 4 A 2 n A n = 

(c) As 7j -» °°, show that /!„ -> for a? > 2 and hence 

2/cOjMi +Mi^i) + co?J 1 exp (/aT^ ) + 3<x,4 2 J, =0 

Express ^! in the polar form \a x expO'/^) and determine the frequency- 
response equation. Plot a t asa function of o. 

(d) When a ~ 0, solve for /4 x and determine the condition for unbounded 
motions. This solution explains the observation of Melde (1859). 

(e) When p(t) = 2e[p x cos (^ f + X ) + p 2 cos (£2 2 7 + 2 )], where 12,= 
2cJi + eai and £2 2 = 2co 2 + ^2 > show that 

u n = e l/2 A n (T x ) exp (ico n T ) + cc + 0(e 3/2 ) 
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where 
2ico l (A' l + n 1 A l ) + oo 2 p l A l exp(ia l T 1 + 16^ 

oo 

+ 3aA*A x + 2aA x £ "^m^m = 
2ito 2 (A 2 +fi 2 A 2 ) + Lolp 2 A 2 Qxp(io 2 T l +id 2 ) 

oo 

+ 48aAlA 2 +8aA 2 £ m2A mA m =0 

mi= 2 

oo 

2iu> m (A' m +ix m A m ) + 30Ln*A 2 n A n +2an 2 A n ]T m 2 A m A m =0 

m ±n 

(f) As T, ->«>, show that ,4„ -> for h > 3. Express /4 ! and^ 2 in polar form 
and determine the steady-state amplitudes and their stability. 

7.7. Consider the forced excitation of a hinged-hinged beam (Section 7.3). 

(a) Let j\ = 2ek n cos£2,r, f 2 = 2ek 2l cos (£l 2 t + 0), and P n = for n > 3. 
When Q, l - n 2 + e*^ and £l 2 = An 2 + ea 2 , show that 

«„ = A n (T x ) exp (m 2 7T 2 T ) + cc + 0(e) 

oo 

2i7r 2 04', +/i 1 >4 1 )+ \i?A\A l +ti*A x £ ™ 2 ^™ ^m " *n exp (io l T x ) = 



Sin 2 (A' 2 + }i 2 A 2 ) + 24ti 4 AlA 2 +4ir 4 A 2 £ m 2 /4 w /4 m 

- A; 21 exp(z'a 2 7 1 + /0) = O 
and 

oo 

2in 2 (A' n +}i n A n ) + jn 4 ir 2 A 2 n A n +n 2 <n 2 A n £ m 2 A m A m = 

for rt > 3 . 

(b) As T\ -> °°, show that y4 M -► for n > 3 and that the response consists of 
the lowest two modes. 

(c) Express A x and A 2 in polar form and determine the equations describing 
the steady-state solution. Must the detunings be related for a steady-state solu- 
tion? Plot a\ and a 2 as functions of the detunings. 

7.8. Consider the forced response of hinged-hinged beam (Section 7.3). When 
/„ = 2K n cos (£lt + dn)> where £2 = 27T 2 + eo. Note that cj 2 ~ 2co l ^ 12 in this 
case. 

(a) Show that 

"n =A n (T 1 )exp(in 2 iT 2 T ) + A n exp [i(ft7 +0 W )1 + cc + 0(e) 
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where 



A„ = 



n it - \l 

oo 

7i(A\ + /Mi) + f n 2 A x {A x A x + 2A 2 ) + ?r 2 ,4 1 £ w 2 U m J m +A^) 

+ 4tt 2 A 2 A 1 A 2 exp [-i(ar, + 2 )1 =0 

oo 

Si7r 2 (A 2 +ii 2 A 2 ) + 24n 4 A 2 (A 2 A 2 +2A 2 ) + 4n*A 2 X ™ 2 C4m^m + A 2 *) 

m# 2 

+ 2?: 4 /l?A 2 exp [/(a^ +0 2 )] = 

and 

2i« a U^ +//«^«) + \n*Tt 2 A n (A n A n + 2A 2 ) 

oo 

+ « 2 7T 2 /4 rt X m 2 (A m A m +A 2 „) = 

for « > 3. 

(b) As Tj -» °°, show that A n -*• for « > 3. Thus the free-oscillation part of 
any mode that is not involved in a resonance with the forced excitation decays 
with time. Then express A n in polar form and determine the equations describing 
the steady-state solution. Plot a x and a 2 as functions of a„ Are there any jumps? 

7.9. Consider the forced response of a hinged-hinged beam (Section 7.3) when 

/„ =2K nl cos (fijf + d nX ) + 2K n2 cos(Sl 2 t + O n2 ) 

where 

3£2 1 =7r 2 +ea 1 and £l 2 = 3tt 2 + eo 2 

Note that u)i ^ 312 a ^ ^^l 2 and cj 3 ^ 3£2 2 in this case. 

(a) Show that 

u n - A n Qxp(in 2 7T 2 T ) + A Ml exp (i£l x T +W nl ) 

+ A„ 2 exp (*£2 2 7 + i0 n2 ) + cc + 0(e) 

where 

A = ^ 

'Vim 4 4 o2 

2iir 2 (A\ +ii l A x ) + l?*A l (A l A l + 2A 2 t +2A 2 2 ) 

oo 

+ n 4 A l £ m 2 (A m l m + A*,, + A£, 2 ) 
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+ y7r 4 A n f] m 2 K 2 mX expUio.T, +2d ml + U )] 



+ |?: 4 ^A 12 exp 1/(02 7! +0 12 )] = O 
18/7T 2 U3 +M3^3) + ^7r 4 ^3(/4 3 J3 + 2A31 + 2Af 2 ) 

00 

00 

+ §7r 4 A 32 X w 2 A^2 ex P [iOo 2 T l +2d m2 + 31 )] =0 
m = i 

2i« 2 77 2 M; + /v4„) + \n***A n {A n A n + 2A 2 , + 2A 2 2 ) 

+ n 2 7r 4 A n £ m 2 U m Z m +A 2 „ 1 + A*, 2 )«0 

for n =£ 1 and 3. 

(b) As 7i -* °°, show that A n -* for n =£ 1 and 3. Then express /4 Y and /1 3 in 
polar form and determine the steady-state motions and their stability. 

7.10. Consider the forced response of a hinged-hinged beam (Section 7.3) 
when 

3 

4=2 X Knm cos(n m t + 6 nm ) 
m-l 
where 

£2 t + £2 2 + £2 3 =7r 2 + ea. 
(a) Show that 

3 

u n =A n (T 1 ) Q xp(in 2 7T 2 T )^ X A nm exp (ifl, w 7 , ) + cc + 0(e) 

where 

A exp(/fl wm ) 

2/tt 2 M' 1 + /i 1 >i 1 ) + fir 4 /l 1 U 1 7 1 +2 E |A lm | 2 ) 

\ m=l / 

+ jr 4 i4, £ m 2 \A m A m + J^ IA mfc l 2 ) +7T 4 £ m 2 (A ml A m2 A 13 

+ A wl A w3 A 12 + A w2 A w3 A u ) exp (/or, ) = 
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2in 2 Tt 2 (A' n +» n A n ) + \n*Tt*{A n A n +2 £ \Km\ 2 \ 

+ n 2 n*A n f) m 2 (A m A m + £ \A mk \ 2 ) = 

for n > 2. 

(b) Show that as 7\ -> <», A n -> for /? > 2. Then express ^ t in the polar 
form \a x expO'^j) and determine the equations describing a x and j8 t . Obtain 
the frequency-response equation. Plot a x as a function of a. Indicate the jumps. 

7.11. Consider the transverse vibrations of a hinged-hinged, uniform beam 
under the combined influence of parametric and external excitations as in 
(7.1.38). 

(a) Show that (7.1.38) simplifies to 

oo 

u n +n 4 7r 4 u n = -2eii n it n - \en 2 n*u n £ m 2 ul l - en 2 TT 2 pu n + f n (t) 

m = l 

(b) When f(x, t) = and p(t) = 2p x cos S2 t f + 2p 2 cos (£l 2 t + 0), where 
£2j = 2co l + ea t and £l 2 = 2oo 2 + ea 2 , show that 

u n = A n {T x ) exp (/w 2 7T 2 r ) + cc + 0(e) 

where 

oo 

2i(A\ + yL X A x )+p{A x expO'ajTiJ + f n 2 A 2 1 A x + n 2 A x ]T ™ 2 ^m^"m=0 

m=2 

8/C4 2 +M2^2) + 4p 2 T 2 exp(/a 2 ri + id) + 24ii 2 A\A 2 

oo 

+ 4tt 2 ^ 2 X m 2 ^ m J m -0 

m^2 

2/« 2 (^;+)Li^ rt ) + f« 4 7r 2 /4 2 I' tt +/7 2 7r 2 ^ rt f; m 2 A m A m =0 

(c) As Tj -»°°, show that ;4„ -» for a? > 3. Then express /4 x and i4 2 in 
polar form and determine the steady-state motions and their stability. 

(d) When f n (t) = 2K n cos (£l x t + O n ) and p(r) = 2e cos (S2 2 f), where 
^2 " ^i = ^l + eo anc * no other resonances exist, show that 

u n = A n (T x ) zxp {in 2 it 2 T ) + \ n expO^jTo + iO n ) + cc + 0(e) 
where 



\ 



n 44 n 2 

3 ^2 



2/Wi +/Mi) + Ai exp Oar! - i0j) + f ttM^ i^i + 2Af) 



+ ir 2 ^ 1 X m 2 M m ^l m +A 2 ri )=0 

m=2 
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2in 2 (A' n + tx n A n )+ln 4 n 2 A n (A n A n + 2A 2 n )+n 2 7i 2 A n £ m 2 (A m A m + A 2 m )= 
( f ) As T x -> °°, show that A n ->Oforn> 2 and hence 

oo 

2iUi +ju 1 /4 1 ) + |7T 2 ^iUi^"i +2A]) + 7: 2 ^ 1 £ ™ 2 A™ 

m=2 

+ A t expO'aT^ - z^! ) = 

7.12. Consider the response of a uniform beam hinged at one end and 
clamped at the other (Section 7.4). Let f n (t) = 2K n cos Sit, where SI is near 2io x . 
Show that after a long time the deflection is given by 

w(x, = 0! </>!(*) cos [^Slt- £(7i +7 2 )1 



+ a 2 2 U)cos [iSlt + Uy l - 37 2 



)]+2f fiA^W 



cos (Sit) 



The 0„(x) are the linear free-oscillation modes and a { , a 2 , 7i , and 7 2 are solu- 
tions of 

-CJj/ijflj + \Q\a\a 2 sin 7j + \H X2 a 2 sin 7 2 = 

-CJ 2 JLl2^2 " 102^1 si ^7l + k H \2 a \ sin T2 =0 
2 

°°i a 2 a i + \Q\ a \ a i cos 7 t + ^fl?! £ ^im^m +4//HAJ + 2H n a 2 cos 7 2 = 



w=i 



GJ< 



(t 1 



<* i U2 + £ 2 2 fl i cos 7 t + ±a 2 £ <*2^ 2 
/ tt=l 



where 



ea t = co 2 - 3cj! , ea 2 = 2£2 - 4u) t , A„ = 



+ H 22 a 2 +2^n fl i cos 72 = 



oj 2 ,- SI 2 



and the rt , a„ m , and H nm are defined by (7.4.15), (7.4.16), and (7.4.47). Dis- 
cuss the various possible solutions. 

7.13. Consider the response of a uniform beam hinged at one end and 
clamped at the other (Section 7.4). Let f n = 2K n cos Sit, where SI is near 5u) t . 
Show that after a long time the deflection is given by 

w(x,t)=a l <t> l (x) cos [jSlt- }(7i +72>1 +#20200 cos [f Sit + }(27i " 37 2 )1 



+ 2 



Z K<t>n(x) 



cos (£20 



The 0„(x) are the linear free-oscillation modes and a i9 a 2 , y lf and 7 2 are the 
solutions of 

-cdi/ii^i + iGi«i#2 sin7j + H l2 a l a 2 sin 7 2 =0 

-co 2 fX 2 a 2 ~ ^G 2 fli sin 71 + ^H l2 a\ sin 7 2 = 
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2 

ycj 1 a 2 tf 1 + \Q x a\a 2 cost, + \a x £ a lrt ^ + H n a 1 +H l2 a 1 a 2 cos 7 2 = 



n = 



(3o 2 \ i ^ 1^2 

— - o l )a 2 +%Q 2 a l cos 7i + g a 2 Z, a 2« fl " + #22*2 



+ \H l2 a\ cos7 2 ~ 



where 

K 



eo t - to 2 - 3cj ly eo 2 - £1 - 5u) x , A n = 



/? 



co*- £2 2 



and the Q n , <*„ m , and H nm are defined by (7.4.15), (7.4.16), and (7.4.47). Dis- 
cuss the various possible solutions. 

7.14. Consider the nonlinear vibrations of clamped-clamped beams. Tseng 
and Dugundji (1970) studied analytically and experimentally the response of 
such beams to harmonic excitations. 

(a) Show that the linear mode shapes are 

<t>n =C n [(cosr) n x- cosh r} n x) (sin r\ n - $\x\hr\ n ) 

- (sin rj n x - sinh 7fo.x)(cos r] n - cosh 77,,)] 
the natural frequencies are co n = rfc and the t] n are the roots of 

cos j] n cosh r\ n = 1 

(b) Show that the first four frequencies are 22.37, 61.67, 120.91, and 199.85 
and that 

lj x + u) 2 + <j0 3 = co 4 + eo x 

where eo x = 5.10. 

(c) Let f n = 2ed ns k n cos Sit and £2 = co s + eo 2 in (7.1.21), where s = \ or 2 
or 3 or 4. Show that for the clamped-clamped beam, the equations describing 



-2ioo x {A\ +Mi^i) + ^i X ^ lm ^ m /4 m +82^ 4 /4 3 /4 2 expf-zajTi) 

+ 5^! exp(/a 2 r 1 ) = 

00 
-2zco 2 04 2 +ju 2 ^ 2 ) + ^ 2 £ Oi 2m A m A m -^ %QA^A 3 A X txp(-io x T x ) 

m = l 

+ d 2s k 2 exp (/a 2 T x ) = 

00 
-2/003 (/I3 +Ju 3 /4 3 ) + /43 £ a 3r«^i + SQA 4 A 2 A X exp(-io x T x ) 

m = \ 

+ 5 35 & 3 exp (io 2 T x ) = 
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oo 

-2ico 4 (>4i +/i 4 i4 4 )+i4 4 £ a 4m ^m4 + SQA 3 A 2 A l exp (/aj 7^ ) 
m = l 

+ S45/C4 exp 0'a 2 T x ) = 

00 
-2iu> n (A' n +n n A n )+A n £ <W/4 m I™=0 for«>5 

where 8fi = 2(r i234 + r i324 + r 1423 ). 

(d) Show that A„ -» as 7\ -> «» f or n > 5. 

(e) When 5= 1 show that in the steady-state case oo 2 li 2 a\ + cj 4 ju 4 tf| =0. 
Hence # 2 = # 3 = # 4 = 0, and only the first mode is excited and the solution is the 
same as that of the Duffing equation. 

(f) When s = 2 show that in the steady-state response a x = a 3 =a 4 =0 and 
only the second mode is excited and the solution is the same as that of the Duff- 
ing equation. 

(g) When s = 3 show that a x = a 2 = a 4 = and only the third mode is excited, 
(h) When s = 4 show that there are two possibilities: (i) a x = a 2 - a 3 =0 and 

tf 4 =fc and the solution is the same as that of the Duffing equation, and 
(ii) a n J 2 for n- 1,2,3, and 4 and determine the equations describing the 
steady-state response in this case. 

7.15. Consider the response of a uniform beam clamped at both ends 
(Exercise 7.14). Let 

f n (t) = 2K n cos £lt 

where £2 = co 3 - u) l - co 2 + eo 2 . 
Show that after a long time the deflection is given by 



4 

I 



(x,r)= £ a n (p n (x)cos [(co„ + e/Jj,)f + t„] +2 



Z A„0 M (x) 



cos £lt 



The rt (.x) are the linear free-oscillation modes and the a n and ]3 M are solutions of 
-LA x \i x a x + Qa 2 a 3 d4 sin 7! + Fa 3 a 2 sin 7 2 =0 
-co 2 H 2 a 2 + Qa 1 fl 3 fl 4 sin 7! + f^ifl 3 sin 7 2 = 
-a; 3 ju 3 tf 3 + 0tf 1 tf 2 # 4 sin y l - Fa 2 a x sin 7 2 =0 
-cj 4 /i 4 a 4 - Qa x a 2 a 3 sin 7 t = 

4 



w^j j3j + Qa 2 a 3 a 4 cos 7j + ^tf j T^ &m a n + H\\ a \ + ^ a z a i cos T2 = 

4 

W 2^2|32 +2«1«3^4 COS 7! +|fl 2 £ «2n fl n + ^22«2 + ^1^3 COS 7 2 =0 

n = \ 

4 
^3^3i33 +e^l^2^4 COS7! + ^d 3 £ CL$ n a n + #33^3 + Fa x a % COS 7 2 =0 

; 4 

C0 4 a 4 j8 4 +Gflja 2 a 3 COS 7! +£tf 4 £ a 4 «^ +// 44 £?4 =0 



M = l 
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where 



Ti = ft. " 03 " h ~ 0i - o, T l 
72 =03 " 02 -0i- »2 ?\ 

oo 

f = 8 Z (r 123 „ + r 231 „ + r 132 „) a„ 
"p* = ZZ dW, + 2r pf - jf/ )A / A / 

/=1 /=1 

There are two possibilities: either a j , a 2 , tf 3 , and a 4 are zero or none is zero. 
For the latter case, combine the last four equations into two, making it possible 
to solve for a ly a 2y a 3y a 4 ,y l , and y 2 . Then 0i , 2 , 3 , and 4 can be found. But 
0i > 02 » 03> anc * 04 can only be determined to within the arbitrary constants 
r i > T 2 » r 3 » anc * r 4 > which depend on the initial conditions. 

Show how the nonlinearity adjusts the frequencies so that the conditions for 
the internal and external resonances are satisfied exactly. 

7.16. Consider the response of a uniform beam clamped at both ends 
(Exercise 7.14). Let f n {t) = 2K n cos £2r, where 2£2 ~ co 4 - co l + ea 2 . Show that 
after a long time the deflection is given by 

4 r oo 

w(x 9 t)= £ a n <p n (x)cos [(oj n + e$' n )t + T n ] + ]T A M w (x) cos I2f 

The w (x) are the linear free-oscillation modes and the a n and the $' n are the 
solutions of 

-co l fi l ai + Qa 2 a 3 a 4 sin 7j + ^H 14 a 4 sin 7 2 = 

~ <x? 2J u 2 £Jf 2 +2^i^ 3 £?4 sin 7! =0 

-co 3 ju 3 fl 3 + Qa l a 2 a 4 sin 7! =0 

-oj 4 ju 4 tf 4 - Qci\a 2 a 3 sin 7 t - 2 H\4 a \ sm 72 = 

4 



<^i^i0i + Qa^a^a^ cos 7j + |tf, ^a lw a^ + //n<Zi + ^H l4 a 4 cos 7 2 = 

0^202 + Qa x a 3 a 4 cos 7, + £<z 2 ]Ta 2n al +H 22 a 2 =0 

rc = i 

4 
^3^303 +Qa x a 2 a 4 cos 7, + £tf 3 £ <x 3n a 2 n + H 33 a 3 =0 



« = 1 



co 4 # 4 4 + (>a 1 a 2 flf 3 cos 7j + ^tf 4 £ a 4M flJ + H 44 a 4 + ^H 14 a l cos 7 2 = 

rc = i 
where 

Tl =04 "03-02-01-^1^, 72 =04" 01 " 2 T t 

A = - K « 



" col-n 2 
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Discuss the various possible solutions. For the nontrivial cases show how the 
equations can be combined to eliminate all the j3 rt and make it possible to solve 
for the a n> y x , and y 2 . After this is done, one can solve for the j3„. When can the 
j3„ be completely determined and when can they only be found to within arbi- 
trary constants, r„, which depend on the initial conditions? Obtain the T n for 
the case when the $ n can be completely determined. Show that the nonlinearity 
adjusts the frequencies so that the conditions for internal and external reso- 
nances are satisfied exactly. 

7.17. Consider the coupling of longitudinal and transverse oscillations of a 
beam (Section 7.2) when g x = in (7.2.2 1 ) through (7.2.27). 

(a) When/22 ~ 0> show that in the steady state 

\iV x a\ + u) 2 fx 2 b\ = 

Hence a x = b 2 =0 and the only nonzero mode is the third transverse mode. 
Show that the response to this order is linear and that one needs to carry out 
the expansion one more order to include the nonlinear effects. 

(b) When / 33 = 0, show that in the steady state a x - b 3 = and that the only 
nonzero mode is the second transverse mode. 

(c) When f 22 and f 33 are different from zero, show that the steady-state 
equations can be combined to give 

tan 7/ = 



o 2 + o 3 - 0\ 



co 2 fi 2 + 



CJ3//3 + 



k 2 sin 2 7/ 



Vi 



ft 2 sin2 7/ ,2 
o 2 



\ l v l 



+ bi 



+ bi 



k sin 27/ 2 

2M, 

k 2 sin 27/ 

^3^3 -— b\ 

2A,f 1 



= f 2 
J 22 



-rh 



Do you expect to find stable solutions of these equations? 

7.18. Expanding the normal displacement for a circular cylindrical shell in 
terms of normal modes with time-dependent coefficients, one obtains the 
following equations for the time variations (Dowell and Ventres, 1968; Atluri, 

1972): 

u m + to m u m =-2eti m u m + e£ a mpq u p u q + f m (t) + 0(u 3 ) 

(a) When/ m (r) = eb mn k n cos Slt y where £2 = OJ n + eo n for n- 1 or 2 or 3 and 
co 3 = a?! + co 2 + €0 and no other resonances exist, show that 



"m = ^m(Ti ) exp (iu> m T ) + cc + 0(e 2 ) 



where 



7ioo x {A\ + Mi^i) = (a,23 +<x l32 )A 3 A 2 exp (/ar, )+§!„*:„ exp(/a n 7,) 
2ioj 2 {A 2 + V 2 A 2 ) = (a 2l3 + a 23l )A 3 A l exp (ioT x ) + b 2n k n txv(io n T x ) 
21CJ3M3 +// 3 ^3) = (a 3 i2 +a 32 iMi^2 exv(-iol\) + h 2n k n exp(io n T x ) 
A 'n ^t JL n A n = for « > 4 
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(b) When n = 1 or 2, show that the steady-state consists of the first or second 
mode only. 

(c) When n = 3, show that the steady-state response contains the third mode 
when k 3 < k c , where k c is a critical value that depends on the a's and ju's. When 
k > k c , show that the third mode saturates and the first and the second modes 
are excited. Determine k c and the steady-state amplitudes and phases. 

7.19. Consider small but finite oscillations of a taut string, Section 7.5. When 
the effects of linear damping are included, the equations governing the motion 
have the following form [(7.5.52) to (7.5.55)] : 

a' + jda + ab 2 sin 7 - k sin v = 

o - v - 3a 2 - b 2 (2 + cos 7) + — cos v = 

a 

b' + fxb- a 2 b sin 7 = 

b[o- v +\y - 3b 2 -<z 2 (2 + cos7)] =0 

(a) Show that when b is zero, the frequency -response equation has the fol- 
lowing form : 

1/2 



Ik 2 V 



in agreement with (4.1.19). 

(b) Show that infinitesimal perturbations of this steady-state solution are 
governed by 

(X + id) Aa - (k cos v) Av = 

(1) 

[6a + ^r cos v I Aa + ( X + — sin v ) Av = 



( k \, U k \ 

\6a + -y cos vjAa + IX+ — sin ^ 1 



(A + jLi- a 2 sin 7) Ab =0 

2 2 (2) 

(a- 2tf 2 - a 2 cos 7)6 =0 

where X is an eigenvalue of the perturbation. Again we see that the exponent for 
Aa and Av can differ from the exponent for Ab. 

(c) From (1), show that 

X = -/i±[(a- 3a 2 )(9a 2 - a)! 1 ' 2 

Then show that the points where the small perturbations in a and v grow are 
located between the two points on the frequency-response curve having vertical 
tangents. 

(d) From (2), show that 

A = -jLi± I(3u x - o)(o- a 2 )} 112 

Then show that when a is slowly increasing and the point representing the mo- 
tion is moving along the upper branch, the out-of-plane component begins to 
grow when a = a^ , where a^ is a root of 

4jliV - 4k 2 a 6 +k 4 =0 
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What are the other points on the frequency-response curve at which the out-of- 
plane component begins to grow. 

(e ) For small values of fi/k, show that 

^=(^) 1/3 +Y^ + o( J u 3 ) 

Compare this result with that in Section 7.5.2. Thus the effect of the damping is 
to raise the amplitude at which the out-of-plane component begins to grow. 

(f) Describe the response of the string as the frequency of the excitation is 
slowly varied up and down through resonance while the amplitude of the excita- 
tion is held constant. 

7.20. The nonlinear response of a relief valve fixed at one end and connected 
at the other end by an end mass and a nonlinear spring can be described by the 
following dimensionless mathematical problem (Dokainish and Elmadany, 1 978): 

« = atjc = 

u xx + a x u x + <x 2 u + c* 3 m 3 = F Q + F x cos (Sit) at x = 1 

where the a n and F n are constants. The response of systems having nonlinear 
constraints was analyzed by Porter and Billet (1965). 

(a) When F x = 0, show that 

u-bx 
where b is given by 

a x b +a 2 b +a 3 b 3 = F 

(b) When Fj ¥= 0, let u = bx + u(jc, t). Show that v is governed by 

v tt = *>XX 
v = atx = 
v xx +a l v x +(a 2 +3b 2 a 3 )v + 3ba 3 v 2 + a 3 v 3 =Fi cos Sit at x = 1 

(c) Show that the linear solution is 

v ~ Z^ a m sin ^>m x cos (u> m t +j3 m ) + A sin Six cos Sit 
m = i 

where the u> m are the roots of 

(a 2 + 3b 2 <x 3 - co 2 ) tan cj + a { oj = 
A = FJai £2 cos £2 + (a 2 +3b 2 a 3 - Sl 2 )sinSl]~ l 

Thus a primary resonance occurs whenever £2 ^ co n for any n. 

(d) Use the method of multiple scales to determine a uniform solution 
when SI «s oj x . 
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(e) Use the method of multiple scales to determine uniform solutions when 
SI «* 2u> x ,£2 ^ |coi , and £2 ^co x + u> 2 - 

7.21. Consider the symmetric response of a uniform circular plate clamped 
along its edge (Section 7.6.2). Let f n (t) = 2K n cos SI T , where £2 « 3coi . Show 
that the steady-state deflection is given by 



u>0, /) = ^,0i(r)cos(^r- ^7) + 



2 Z A w 0„(r) 



cos Sit + 0(e) 



The <p n ( r ) are tne linear free-oscillation modes and a x and 7 are the solutions of 
fli(wi (J. x - Fa x sin 7) = 

a x (u> x o + 3H xx +| a n^i +3Ffli cos 7) = 
where 

00 IS 

eo = Sl-3u x , f=|Ir lllN V A„= 2 " 

,1=1 <^>rt " ^ 

and the V nmpq , the // Mm , and the a rtm are defined by (7.6.66), (7.4.47), and 
(7.6.75). 

Note that the solution for a x and 7 was discussed in Section 4.1.4. 

7.22. Consider the symmetric response of a uniform circular plate clamped 
along its edge. Let 

f n (t) = 2K n cos SIT Q 

where oj x ^ 3£2. Show that the steady-state deflection is given by 

w(r y t) = a x <t> x (r) cos (3Slt~ 7) + 2 Y A n <p n (r) cos (Sit) + 0(e) 



hi; A„0„(r)lc 



The rt O") are the linear free-oscillation modes and a x and 7 are the solutions of 

^iMi fl i ~ F sin 7 = 

co x oa x + H xx a x + ^a xx a 3 x + F cos 7 = 
where 

00 00 00 is 

ea = 3£2-a; 1 , F = Z X Z r im^A m A p A^, A„ = 2 " 2 

and the T nmpqi the <* 1M , and the // Mw are defined by (7.6.66), (7.6.75), and 
(7.4.47). 

Note that the solution for a x and 7 was discussed in Section 4.1.3. 

Show that the nonlinearity adjusts the frequencies so that the conditions for 
internal and external resonances are exactly satisfied. 

7.23. Consider the symmetric response of a uniform circular plate clamped 
along its edges (Section 7.6.2). Let f n {t) = 2K n cos SIT , where 3SI is near 0) 2 . 
Show that the steady-state deflection is given by 

w(r, t) = a 2 <t) 2 (r) cos (3«r - 7) + 2 Z A„0„(r) I cos Sit + 0(e) 



|Z A rt 0„(r)l 
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The rt O) are the linear free-oscillation modes and a 2 and 7 are the solutions of 

co 2 ll 2 a 2 ~ F sin 7 = 

u> 2 oa 2 + £ oc 22 a 22 + H 22 a 2 + F cos 7 = 

where ea = 3ft-co 2 ,F = 2~ =1 2~ =1 2~ =1 r 2mpq A m A p A q , A n = K n l(u 2 n - SI 2 ), 
and the a rtm , the H nm , and the T nmpq are defined by (7.6.75), (7.4.47), and 
(7.6.66). 

Show that the nonlinearity adjusts the frequencies so that the conditions for 
internal and external resonances are exactly satisfied. 

7.24. Consider the symmetric response of a uniform circular plate clamped 
along its edge (Section 7.6.2). Let f n (t) = 2K n cos £IT , where 2£2 is near 
cjj + co 2 . Show that after a long time the deflection is given by 

3 r ~ "1 

w(r, = £ a n n (r) cos [(w n + e$' n )t + r„ ] + 2 £ A w M (r) cos flf + 0(e) 

The 0„(r) are the linear free-oscillation modes, and a x , # 2 , fl 3 , 0i , &2 , an d fe are 
solutions of 

<*>iMi*i + G<*2 fl 3 sin 71 + \H\ 2 a 2 sin 7 2 = 

u> 2 H 2 a 2 + 2Qa l a 2 a 3 sin7x + jH 12 a x smy 2 + jH 23 a 3 sin (7! - 72) = 

^3^3 ~ 2^102 sin 7, - y// 23 2 sin (71 - 7 2 ) = 

3 
w i fl i0i + 2 fl 1^3 cos7! + |fli ^ ct lw fl^ + H n a x + \H X2 a 2 cos 7 2 = 



u> 2 a 2 $ 2 + 2£0 1 2 tf 3 cos 7! + \a 2 £ a 2n flj + H 22 a 2 

+ y# 12^1 cos7 2 + jH 23 a 3 cos (71 - 7 2 ) = 
3 

^3^3)33 + 201^2 COS 7! + £fl 3 £ a 3M fl^ + ^33^3 + 1^23^2 COS (7l " 72 ) = 

« = l 

where 



A» 



oo 2 - SI 2 



- 7l =j8 3 - 2fo-j8i- ajTi, "72=^2^ - jS, - 2 

eai = coi + 2co 2 - oj 3 , ea 2 = 212 - coj - co 2 

and the r nmpq , the a MW , the // Mm , and are defined by (7.6„66), (7.6.75), 
(7.4.47), and (7.6.77). 
There are two possibilities: either a x , a 2 , and a 3 are zero or none is zero. For 
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the latter, show that the last three equations can be combined to yield 



*22 

co 2 



2 + 2 + COS 7, +g2, + ) a n + + — 



♦*' 



and 



22 

co 2 



a, + a 2 +GI IcosTi " £ £ I ) a n + 

\cO3tf3 co 2 / M = i\w 2 w 3 / C03 cj 

- y//i 2 f- ?J ")cos72+^23f-^ —) cos (71-72) = 

\co2fl2/ \w3fl3 a? 2 fl2/ 

Thus one can solve for a \ , # 2 > fl 3 > 7i » an d 72 Then |8i , 2 , and £3 can be ob- 
tained to within the arbitrary constants T\ , r 2 , and 73, which depend on the 
initial conditions. 

Show that the nonlinearity adjusts the frequencies of the three modes so that 
the conditions for internal and external resonances are satisfied exactly. 

7.25. Consider the symmetric response of a uniform circular plate clamped 
along its edge (Section 7.6.2). Let f n (t) = 2K n cos 12r , where 212 is near 
^3 + <^N f° r N > 4. Show that after a long time the deflection is given by 



3 
w(r 9 t) = X <* n 4> n (r)cos l(oi n +efti)f + t„] 



+ a N <p N (r) cos [(co^v + e0w)? + Tyv] +2 



X A w 0„(r) cos n* + 0(e) 
n = \ J 



The M O) are the linear free-oscillation modes and a x , <z 2 , ^ 3 , fl JV >Pi > £2 , ^3 , and 
j3^r are the solutions of 

^i/iifli + Qa\a 3 sin 7j =0 

fl 2 (co 2 JU2 + 2Qfl!fl 3 sin 70 = 

<^3/*3tf3 " C^i^l sin 7t + ^HzN a N sin 7 2 = 

u>N&N a n + k H 3N<*2 sin 7 2 = 

3 

<*>1*101 + Qal<*3 C0S7! +^fl! £ CX 1W 4 + £<*lA^l^ + #lltfl =0 

w = l 



3 



a 2 (oj2&2 +2Qa l a? > cos 7! + £ ]T a 2w 4 + |<* 2A ^ + // 22 ) = 



EXERCISES 539 



3 

^3^303 + Qa x a 2 cos7 1 + \H 3N a N cos y 2 + ^a 3 £ a 3« fl « 



+ i a 3^3fl^+^33^3 =0 

3 
"> N a n pM + ^flyv X ^M^rt + l^iV/V^ + #AW0yV + 2^3**3 cos 72 = 

where 

7i =fc-2l8 2 - /Ji-a,r,, y 2 =02Ti-h-fa 

-ea! = co 3 - 2co 2 " k>i , ^2 - 2£2 " co 3 - gj^v 

and the r nmpqy the ct wm , the // Mm , and Q are defined by (7.6.66), (7.6.75), 
(7.4.47), and (7.6.77). 

Discuss the various possible solutions. In the general case show how the 
number of equations can be reduced to six, yielding a x , a 2 , a 3 > a N> 7i > anc ^ 72 • 
Show how the nonlinearity adjusts the frequencies so that the conditions for 
internal and external resonances are satisfied exactly. 

7.26. Consider the symmetric response of a uniform circular plate clamped 
along its edge (Section 7.6.2). Let f n (t) = 2K n cos £2f, where £2 is near 
oj x + oj 2 + u>3 • Show that after a long time the solution is given by 



3 

I 

n = l 



w(r, t) = Y, a n<Pn( r ) cos [(oj n + e$' n )t + t„] + 2 



Z A **n( r ) 



rt=l 



cos £2r + 0(e) 



where the n (r) are the linear free-oscillation modes and a x , a 2 , a 2 , j3i , 2 , and $3 
are solutions of 

^iMi^i + C?^2^3 sin7i + Fa 2 a 3 sin 7 2 =0 

0J 2 (J. 2 a 2 + 2Qa x a 2 a 3 sin 7! + Fa x a 3 sin 7 2 = 

^3^302" Q<*\a\ sin 7] + Fa x a 2 sin 7 2 = 

3 
^i0i0i + 2^2 fl 3 cos7i + gtfj ^ <*!„#£ + // n tf! + Fa 2 a 3 cos 7 2 = 

3 
co 2 tf 2 02 +2Qa 1 fl 2 fl 3 cos 7! + £a 2 £ a 2/1 A 2 + H 22 a 2 + Fa x a 3 cos 7 2 =0 

3 
co 3 fl 3 /33 + Qa x a\ cos 7! + £ff 3 £ a 3n a 2 n + H 33 a 3 + Fa x a 2 cos 7 2 = 
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where 



oo IS 



7, =fo-2& 2 - $x -a t T l9 y 2 =o 2 T 1 -& l - fc " fe 

eo 1 = cjj + 2a> 2 ~ w 3 , ea 2 = £2 - to, - cj 2 ~ to 3 

and the T nmpqy the a Mm , the //„ m , and Q are defined by (7.6.66), (7.6.75), 
(7.4.47), and (7.6.77). 

Discuss the various possible solutions. For the general case show how the 
number of equations can be reduced to five, yielding a\> a 2 , fl 3 , 7i, and 7 2 . 
Show how the nonlinearity adjusts the frequencies so that the conditions for 
internal and external resonances are satisfied exactly. 

7.27. Consider the symmetric response of a uniform circular plate clamped 
along its edge (Section 7.6.2). Let f n (t)-2ek n cos (£l n T + r), where 12, is 
near Cl> 1 , £2 2 is near cj 2 , and £2 3 is near co 3 , and k n = for n > 4. 

Show that after a long time the deflection is given by 

3 
w(r, t)=J^ a n$n( r ) cos (£l n t - y n ) + 0(e) 

The $ n (r) are the linear free-oscillation modes, and tf 1 ,tf 2 ,0 3 , 7i , 7 2 , an d 73 are 
the solutions 

u>ia[ + co,jU|fli + Qol a 3 sin y f - k x sin 71 = 

co 2 fl 2 + co 2 /i 2 tf 2 + 2Qa x a 2 a 3 sin 7/- /c 2 sin 7 2 = 

co 3 a 3 + co 3 jU3fl3 " 2*2*1 sin 7/ - k 3 sin 7 3 = 

-001^,7', +fl 1 (o; 1 a 1 +| £ a iw fl n ] + Q a l a 3 cos 7/ + A;, cos 7i = 

-oj 2 a 2 y 2 + tf 2 (co 2 a 2 + 5 £ a 2rz*«) + 2Qa x a 2 a 3 cos7/ + /; 2 cos 7 2 =0 

-co 3 fl 3 7 3 +<z 3 (u; 3 a 2 + £ £ a 3 „4 J + Qa,^ cos 7/ + fc 3 cos 7 3 =0 

where 

eoj = co 3 - 2co 2 - co, , ea„ = £l n - cj n 

-7/ = (a 3 - 2a 2 - a x - a/)r, - 73 + 272 + 7i 

and the a nm and Q are defined by (7.6.75) and (7.6.71). 
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Discuss the various possible solutions when 

(a) k t is zero but k 2 and k$ are not 

(b) k 2 is zero but k\ and k 3 are not 

(c) k 3 is zero but k x and k 2 are not 

(d) none is zero 

Show that when a steady-state solution exists, the nonlinearity adjusts the 
frequencies so that the conditions for internal and external resonances are 
satisfied exactly. 

7.28. In the Berger approximation, the nonlinear forced vibrations of a 
clamped plate are given by (Section 7.6.1) 

Z)V 4 w- phec 2 p V 2 w+phw tt = -2lJiw t +f(r,t) 
wV 2 w dx dy 



-ijr- 



A 

(a) For the symmetric response of a clamped circular plate, introduce the 
dimensionless variables defined in Section 7.6.2 and rewrite the governing 
equation as 

V 4 w-c*V 2 vt> I rl — J dr + w tt = -2oqiw t +f(r,t) 

whereas \2h 2 /R 2 . 

(b) Show that the response can be expressed in the form 

oo 

n = \ 

where the (p n are defined by (7.6.5 1 ). 

(c) Substitute in the dimensionless equation, use the orthonormality of the 
0„, assume modal damping, and show that the equations describing the \jj n can 
be written as 



oo oo 



m = \ p = \ q = \ 
where the cj m are defined by (7.6.42) and (7.6.43) and 



nmpq 



I r(j)' n (t) m dr J r<t> p <t>' q dr 
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(d) Compare these equations with (7.6.63). Can you conclude anything about 
the validity of the Berger approximation when v is varied? 

7.29. Consider the forced response of a simply-supported rectangular plate of 
sides a and b by using the Berger approximation (7.6.26) and (7.6.28). 

(a) Seek a solution in the form 

w(x y y,t)= 2L 2- ^mrt(')sin -sin 



a b 



Show that 



Then show that 



.2 oo oo / M 2 1^,2 



e -j£L I? + *-.)*«■ 



(n 2 m 2 \ °° °° I p 2 q 2 \ 
$mn + wStrtlf'mF! = ft ( ^ + "^2~J Z Z ( ^ + ^2~ ) ^P<7 " 2 ^«^m« +/m«(0 

where a = p/27r 4 c 2 /8Z) and a4„ = (D/ph)[(n 2 ja 2 ) + (m 2 /b 2 )] 2 . Note that a 
modal damping has been added as well as an external excitation. 

(b) When f n = k n cos £2r, where £2 ^ 00 n and all other f mn = 0, show that 
the steady-state response for small but finite amplitudes consists of one mode 
and the frequency-response equation is similar to that of the Duffing equation. 

(c) When a = b and / 12 = k n cos £2f, where £2 « 0) 12 and all other f mn = 0, 
show that the steady-state response consists of either the 12-mode alone or both 
the 12- and the 21 -modes. 

7.30. The equations governing large-amplitude motions of a spinning mem- 
brane are (Nowinski, 1964) 

ph(w tt + rS2 2 w r + ^r 2 £2 2 V 2 w) = w rr i ~F r + ~jF Q e 

1 1 \ 3 (\ \ 3 /l 

V 4 F = 2p/i(l- *>)£2 2 + £7z " f~vv r + ^w^J w rr + -jw?e - -jw rd w d +^w 2 d 



r / r" r f* 



where 12 is the angular velocity of the membrane and the stress resultants N x , N 2 , 
and N n are related to F by 



TV! =-F r ^\F dd - \phQ?r 2 



N 2 =F rr -±ph£l 2 r 2 y N l2 «-- 



H 
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(a) Show that the above equations are satisfied exactly by (Advani, 1967a, 
1969a) 

w = Ar 2 sin 2(6 ± ct) 

F = Br 4 cos 4(0 ± ct) + ± [2hEA 2 + (1 - v)ph£l 2 ] r 4 - Cr 2 

where the phase velocity c is related to A and B by 

c 2 -U$-v)Sl 2 =-A 2 - — 
8 4p ph 

(b) For a free-spinning membrane show that 

£ = 0, 2C= [£fc£,4 2 - {0+v)phSl 2 ]R 2 

where /? is the radius of the membrane. 

(c) For stationary waves show that c - £2 and hence (Advani, 1967a) 
n 2 =2EA 2 lf)(l+v). 

(d) Seek a solution to the original equations in the form 

w=A(r/R) 2 cos (20) \p(t) 
and show that (Nowinski, 1964; Advani and Bulkeley, 1969) 



F=&EhA 2 



3-W] 



2 D 2J1 



i// 2 +^p/z(l- v)to 2 r A +±ph(3+v)£l 2 R 2 r 



Then show that \jj is governed by 

\j) +a x \l/ + a 3 i// 3 =0 
and determine «i anda 3 . 



CHAPTER 8 

Traveling Waves 



In contrast with the preceding chapter, which deals with standing waves, this 
chapter deals with traveling waves. To analyze nonlinear waves we need to 
distinguish between the two main classes of waves— dispersive and nondispersive 
waves. In this book we base the distinction on the types of solutions rather than 
on the types of governing equations. To this end we seek an oscillatory solution 
of the linearized problem proportional to exp [i(k • r - cot)] , where k and cj are 
constants which may be complex numbers. Then the dispersion relation oo - £l(k) 
connecting the wavenumber and the frequency is used to distinguish between 
the two classes of waves. Waves are called dispersive if the phase speed oj/k = 
£l(k)lk is not independent of k\ otherwise they are called nondispersive. 

As an example of nondispersive waves, we consider linear longitudinal waves 
along a uniform elastic bar. They are governed by 

b 2 u „ b 2 u 



bt 2 Cl dx* = °> C ° ^ iH 

where E is Young's modulus, p is the density of the bar, w(jc, t) is the longitu- 
dinal displacement, and c is the linear wave speed. Seeking oscillatory solutions 
of the form 

u(x, t) = a exp [i(kx - cot)] 

leads to the dispersion relation 

a? = ±c k 

Since the phase speed oo/k = ±c is independent of the wavenumber k, longitu- 
dinal waves along a uniform elastic bar are nondispersive. 

As an example of dispersive waves, we consider linear transverse waves along 
a uniform elastic bar. They are governed by the equation 

b 2 w EI b 4 w 

— :r + t = 

bt 2 pA bx 4 
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where w(x, t) is the transverse displacement and A and / are the cross-sectional 
area and moment of inertia. Seeking oscillatory solutions of the form 

w(x, i) = a exp [i(kx - cot)] 

yields the dispersion relation 

CJ = ±y/EI/pA k 2 

Since the phase speed oj/k is a function of &, transverse waves along a uniform 
elastic bar are dispersive. 

In the next section we take up nonlinear nondispersive waves in connection 
with longitudinal waves along a bar. Then we take up nonlinear dispersive waves 
in connection with transverse waves along a bar. For a more complete discussion 
and applications to other physical systems, we refer the reader to the books of 
Courant and Friedrichs (1948), Jeffrey and Taniuti (1966), Cristescu (1967), 
Whitham (1974), Leibovich and Seebass (1974), Beyer (1974), and Karpman 
(1975) and the review articles of Fleishman (1963), Thurston and Shapiro 
(1967), Lick (1970), Hayes (1971), Blackstock (1972), Jeffrey and Kakutani 
(1972), Phillips (1974), Rudenko, Soluyan, and Khokhlov (1974), and Sey- 
mour and Mortell (1975a). 

8.1 Longitudinal Waves Along a Bar 

We consider the behavior of nonlinear waves in a bar whose properties vary 
slowly along its length. We introduce dimensionless quantities by using a refer- 
ence length L, a reference density p r , a reference Young's modulus E ry and a 
reference cross-sectional area A r . We let m(jc, i) denote the longitudinal displace- 
ment at time t of the section of the bar that was at the position x in the initial 
state. In terms of these dimensionless quantities, the equation of motion is 
(e.g., Cristescu, 1967) 



bt 2 bx' 



M^— 04a) (8.1.1) 



where o is the dimensionless longitudinal stress. The stress is related to the 
strain by the constitutive relation a= a(e), where the strain e= bu/bx. In this 
book we consider only constitutive equations that can be written in the finite 
form o = h(e), where h is usually a monotonically increasing function of e as 
shown in Figure 8-1 . Hence (8.1.1) can be rewritten as 



3^ j__a_f /dtAl 

bt 2 pAbx[ \bx)\ 



(8.1.2) 
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a 




Figure 8-1. Stress-strain curves: (a) work-hardening material; (6) some rubbers, soils, and 

some metals; (c) changing concavity. 



It is assumed that o is an analytic function of e so that it can be expanded in a 
Taylor series according to 



Ee(\ +E l e + E 2 e 2 +• ••) 



(8.1.3) 



where E and the E n are known functions of x. Substituting for o from (8.1.3) 
into (8.1.1), letting e^bu/bx, neglecting cubic and higher-order terms, and 
rearranging, we obtain 

b 2 u 1 b 2 u , t „ AS ,bu f dw\ , (bu\ 2 ^^bub 2 u , n , x 

-r- T - T = -ln^'- l+£ ir -f - ~2E X — —r (8.1.4) 
bx 2 cl bt 2 v bx \ l bxJ \bxj bx bx 2 v ' 

where a prime denotes differentiation with respect to the argument and c\ - 
E(x)/p(x). We note that time has been made dimensionless by using L\Jp r /E r . 

In the next section we discuss the significance of characteristics for hyperbolic 
equations and obtain an exact solution for simple waves. In Section 8.1.2 we 
apply the method of multiple scales to simple waves along a uniform bar. In 
Sections 8.1.3 and 8.1.4 we discuss the problem of shock fitting by using the 
velocity and displacement, respectively. In Section 8.1.5 we discuss the effect 
of heterogeneity. In Section 8.1.6 we discuss the case of finite uniform bars, 
while in Section 8.1.7 we discuss finite heterogeneous bars. 

8.1.1. HYPERBOLIC EQUATIONS AND CHARACTERISTICS 

In this section we discuss the significance of characteristics for hyperbolic 
equations and obtain an exact solution for the case of uniform bars. Letting A 
and p be constant, we rewrite (8.1 .2) as 



b 2 u 
bt 2 



= c 2 (e) 



b^u 
bx 2 ' 



c - — 



Ido 
p de 



(8.1.5) 



where c(e) is shown below to be the nonlinear velocity of propagation of the 
wave. In what follows we assume that c 2 (e)>0. Equation (8.1.5) is usually 
called a quasi-linear equation because it is linear in the highest derivatives. To 
analyze the behavior of the solutions of the second-order equation (8.1.5), we 
first replace it by a system of two first- order equations. To this end we let v = 
bu/bt, where v is the particle velocity. If u is twice continuously differentiable, 
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then 










be bv 
bt bx~ 


(8.1.6) 


Moreover 


(8.1 


1.5) 


can 


be rewritten 

bv 
bt 


in terms of e and v as 

be 
-cHe)-=0 


(8.1.7) 



Characteristics for a Second- Order System. We note that in each of (8.1.6) 
and (8.1.7) the combination of be/bt and be/bx is different from the combina- 
tion of bv/bt and bv/bx. That is, in a rx-plane each equation involves differen- 
tiation in more than one direction; namely, the t- and x- directions. The question 
arises whether (8.1 .6) and (8.1 .7) can be transformed into a system of equations 
such that each equation involves differentiation in one direction only. To this 
end we form a linear combination of (8.1 .6) and (8.1 .7) by adding p x times the 
former equation to p 2 times the latter equation. The result is 

be i de bv bv n ,„ t ^ 

The combination of be/bt and be/bx will be the same as the combination of 
bv/bt and bv/bx in (8 A. 8) if 



Pi Pi 



PiC 2 Pi 



(8.1.9) 



or 

Pi=±cp 2 (8.1.10) 

Hence (8.1 .8) assumes the so-called characteristic, or canonical form 

<(£-'£)♦(£-<£)- < 81 "> 

(be be\ (bv bv\ , 

^ +c ^)-fc + ^) =0 (8112) 

We note that (8.1.11) involves differentiation in the single direction defined by 

dx 

-=-c (8.1.13) 

dt 

while (8.1 .12) involves differentiation in the single direction defined by 

dx 

--c (8.1.14) 
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Thus c is the velocity of propagation. Equations (8.1.13) and (8.1.14) define 
two families of characteristics C- and C + along which small disturbances propa- 
gate. Since c = c(e) varies from point to point, the characteristics are curves 
with variable slopes. These slopes are not known a priori but need to be deter- 
mined simultaneously with the unknown e. The second-order system of equa- 
tions (8.1.6) and (8.1.7) is of the hyperbolic type because it has two linearly 
independent characteristics. In general a system of n first- order partial- 
differential equations is called hyperbolic if it has a full set of n linearly in- 
dependent characteristics. 
Equations (8.1.11) and (8.1.12) can be rewritten as 



dx 
dv + c de = along C_: — = -c 
dt 

dx 
dv - c de = along C + : — = c 
dt 

Since c = c(e), (8.1 .15) can be integrated to yield 

c de=J- along C_ 



(8.1.15) 



-/ 



(8.1.16) 



c de = J + along C + 



where /_ and /+ are called the Riemann invariants; they are constants along the 
characteristics C_ and C + , respectively. 
If the constitutive equation has the form 

o = Ee(l+E ie ) (8.1.17) 

then 

o E 
c 2 = -(1 + 2E x e) = cl{\ + 2E x e) (8.1.18) 

9 

with c being unity for a uniform bar. Hence (8.1.13), (8.1.14), and (8.1.16) 
become 

|=-(l+2£»'/ 2 

dx (8119) 

f=(l + 2£- ie )'/ J 

at 



v + ^-r[{l+2E ie ri 2 -l]=J. 

5b i 

v-j^[(l+2E i e) 3 ' i -\]=J. 



(8.1.20) 
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where the limits of integration are chosen so that /_ = and /+ = when v = 
and e = 0. 

The characteristics of (8.1.6) and (8.1.7) can be obtained by the following 
alternate method. The characteristics are curves in the tx -plane, at whose inter- 
section e and v are continuous but their derivatives may be discontinuous. If / = 
t(s) and x = x(s) represent one of these curves, then 



dv _dv dx dv dt 

ds dx ds dt ds 

de _de dx de dt 

ds dx ds dt ds 



(8.1.21) 



or 



9ii , dv i 
dv = --dx + —dt 
dx dt 

de de 

de = — dx + — dt 
dx dt 

Solving (8.1 .6), (8.1 .7), and (8.1 .22) we obtain 

de_ _ dv _ dv dx - c 2 de dt 
dt'dx" dx 2 -c 2 dt 2 

de__dedx~ dv dt dv _ 2 de 
dx " dx 2 - c 2 dt 2 ' dt ~ C dx 



(8.1.22) 



(8.1.23) 



Since the characteristics are the curves in the /x-plane at whose intersection the 
derivatives of e and v may be discontinuous, it follows from (8.1 .23) that they are 
given by 

dx 2 =c 2 dt 2 

or 

dx 

-~±c(e) (8.1.24) 

dt 

in agreement with (8.1.13) and (8.1.14). In order that the derivatives of e and v 
be finite along these characteristics, it follows from (8.1.23) that the following 
differential relations must be satisfied along these characteristics (consistency 
condition). 

dv = ±cde (8.1.25) 

in agreement with (8.1 .15). 
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Characteristics of an nth- Order System. Next we show how one can generalize 
the method of finding the characteristics to the nth-order quasi-linear system 



3v dv 



(8.1.26) 



where v and d are column vectors with n components and [B] is an n X n 
matrix. Since the system is quasi-linear, [B] and d are in general functions of 
x, f, and the components of v but not its derivatives. 

To classify the system (8.1 .26) and determine its characteristics, we attempt to 
transform it into a new system such that each equation involves differentiation 
in one direction only. To this end we form a linear combination of the equations 
in (8.1 .26) by multiplying (8.1 .26) by the horizontal vector p k having n compo- 
nents. The result is 

P*^ + P*[£]^ + P*d = 0, fc=i,2,...,« (8.1.27) 

We choose the p k such that 

p k [B] =c it p Jfc ,*=l,2 n (8.1.28) 

Thus the p k are the characteristic vectors of the matrix [B] corresponding to 
its characteristic values c k which are solutions of 



\[B]-c[I]\=0 
With (8.1 .28), (8.1 .27) can be rewritten as 



Pfc 



dv dv 

bt k bx 



= 0, *=1,2,. 



(8.1.29) 



(8.1.30) 



If all the c k are real and different from zero and all the p k are linearly inde- 
pendent, then (8.1.30) is the characteristic, or canonical form of (8.1.26) 
because each equation involves differentiation in a single direction defined by 
one of the following ordinary- differential equations: 



dx 

dt 



= c k , k= l,2,...,/i 



(8.1.31) 



If these conditions are satisfied, the system of equations (8.1.26) is called 
hyperbolic. If the characteristic values c k are complex, the system is called 
elliptic. Thus the type of the quasi-linear system (8.1.26) depends on the charac- 
teristic values and the characteristic vectors of the matrix [B] . 

As an example we rewrite (8.1 .6) and (8.1 .7) in the matrix form 



3'U L-c 2 0. 



_9_ 



= 



(8.1.32) 
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Hence the characteristic velocities are the roots of 

-X -1 



or 



-X 



X = ±c 







(8.1.33) 



(8.1.34) 



The corresponding left characteristic vectors are (-c, 1) and (c, 1). Therefore 
(8.1 .32) can be reduced to the canonical form 



bv bv /be be\ 

— + c c[ — + c — =0 

bt bx \bt bxj 

(be be\ „ 



bv bv 
— - c — + c 
bt bx 



(8.1.35) 



in agreement with (8.1 .1 1) and (8.1 .1 2). 

Significance of Characteristics. To complete the problem formulation, we 
need to supplement the second-order equation (8.1.5) or its equivalent first- 
order equations (8.1.6) and (8.1.7) by initial and boundary conditions. We 
consider first the Cauchy initial-value problem. Thus we assume that at t = 0, 
the distributions of e and v are known along the x- coordinate, and it is required 
to determine e and v for t >0. A set of C + and C_ characteristics, originating 
from the x-axis, exists in the tx -plane as shown in Figure 8-2. It follows from 
(8.1.16) that the values of /_ and J+ and hence the values of e and v at any 
point P are determined only by the values of these quantities at the initial time 
t = 0; that is, by the values of e and v at the points A and B, where AP is the C + 
characteristic originating from A while BP is the C_ characteristic originating 
from B, 

We note that the intersection point P of the characteristics AP and BP depends 
on their paths. Moreover the paths of these characteristics depend on the values 
of e at the intermediate points between A and P and B and P. But the value of e 
at an intermediate point N x is determined not only by the initial value at A but 




D A M, M 2 M n B X 

Figure 8-2. Construction of the characteristic network for a Cauchy boundary-value problem. 
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ft 

C. 




Figure 8-3. Diagram illustrating the region 
X of influence. 



also by the initial value at M x . Thus the values of e and v at P are completely 
determined by the initial values along the segment AB of the jc-axis and are 
absolutely independent of the initial values outside this segment. A slight change 
in the initial values at the point D will not have any effect on those at P owing 
to the fact that the disturbance created by this change will not be able to arrive 
at the point P at time t p . Hence AB is called the domain of dependence of point 
P and APB is called the domain of determinacy of the segment AB. Similarly the 
initial values along the segment AB can influence the values of e and v at those 
points in the so-called domain of influence bounded by the C- characteristic 
originating from the point A , the segment AB, and the C + characteristic originat- 
ing from the point B as shown in Figure 8-3. There is no influence of the initial 
conditions along the segment AB on the values of e and v at points outside this 
domain such as M because a disturbance created by a change in these initial 
conditions cannot reach the point M at time t M . 

We consider next a mixed boundary- and initial-value problem by considering 
the bounded domain shown in Figure 8-4. This problem is often encountered in 
dynamics when various boundary conditions are imposed at the edges of the 




Figure 8-4. Sketch showing a mixed boundary- and initial-value problem. 
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body. For example, the ends of a bar can be fixed, the stress can be specified, 
or a law of motion can be specified such as when two bars are joined together. 

The segment AB is called spacelike in the sense that the characteristics cor- 
responding to increasing time originating from one of its points lie on one side 
of this segment. On the other hand, the segment AP is called timelike in the 
sense that the characteristics corresponding to increasing time originating from 
one of its points lie on opposite sides of this segment. Similarly the segment BQ 
is timelike. 

For example, let e and v be specified along the segment AB at t ~ and let v 
be specified along the segments AP and BQ for all t. We note that points, such as 
F lying at the intersection of a C + and a C_ characteristic originating from points 
inside the initial segment AB, do not differ from points in an unbounded bar. 
Thus the values of e and v at such points are determined completely by the 
initial values along the segment AB. On the other hand, a point on the segment 
AP such as D is reached only from the past by the C_ characteristic originating 
at the point M x on the initial segment AB, and it is not reached from the past by 
the C+ characteristic. Hence the value of e at D is a function of the initial values 
at Mi and the value of v at D. Since the intersection of the C_ characteristic 
with the segment AP depends on the initial values along the segment AM x and 
the boundary values at AD y AM X D is the domain of dependence of the point D. 
The values of e and v at the point D are carried in the future by the C + charac- 
teristic originating from it. Thus the values of e and v at the point E depend on 
the initial values along the segment AM 3 as well as the boundary values along the 
segment AD. Therefore the states at points such as D and E depend on the 
initial as well as the boundary values, in contrast with the states at points such 
as F which depend on the initial values only. 

Simple Waves. We consider the case of an initially undeformed, semiinfinite 
bar at rest. If the origin of the x-axis is at the left end of the bar, then the initial 
conditions are 

e(x,0) = v(x,0) = o(x,0) = Q forxX) (8.1.36) 

while the boundary condition at x = is taken in the form of a specified <?, u, or 
o for t > 0. For definiteness we let 

u(0,0 = #(0 forf>0 (8.1.37) 

where e is a dimensionless parameter which is the order of the ratio of the ampli- 
tude of the particle velocity to the linearized speed of sound. 

Figure 8-5 shows that the C_ characteristic reaching any point in the Ac-plane 
starts at the x-axis, where e = v = 0. Substituting these conditions into the first 
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t 




Figure 8-5. Simple waves, 
of equations (8.1.16) yields /_ = and hence 

v--^(e) on all C_, where ^(e) = I c de 



-f 



(8.1.38) 



Since every point in the tar-plane is reached by a C_ characteristic, v = -^(e) in 
the whole tx -plane. Hence the second of equations (8.1 .16) gives 



u = y/ + and^(<?) = -f/ + onC. 



(8.1.39) 



Consequently c(e) is constant on C+. To satisfy the boundary condition (8.1 .37), 
we find it convenient to rewrite (8.1 .14) as 



dx c(e) 



(8.1.40) 



Since c(e) is constant on C+, the C + characteristics are straight lines, and (8.1 .40) 
can be integrated to give 



c(e) 



where £ is a constant on C + . Thus 



*•»-'{'-£} 



(8.1.41) 



(8.1.42) 



We note that all C + characteristics below C+ corresponding to % = start at the 
jc-axis, and hence v = e = below C+ . Using this fact and the boundary condi- 
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Figure 8-6. Characteristic fields showing (a) a divergent family of characteristic lines and 
(b) a convergent bundle of characteristic lines and the possibility of forming shock waves. 



tion (8.1 .37), we find that /(r) = €0(0, and hence 



v(x,t) = e<t>U--^-A for£>0 



(8.1.43) 



e = ^ _1 (-u) 

where ^ _1 is the inverse of ^. 

When o has the special form (8. 1.1 7), c is given by (8.1.18), and hence 
(8.1.43) becomes 



v(x,t) = €(t>[t-x(\- 3e£ 1 0)" 1/3 ] 



(8.1.44) 



When c(e) decreases with e corresponding to the stress-strain curve shown in 
Figure 8-l# , the characteristic lines diverge as shown in Figure 8-6. On the other 
hand, when c(e) increases with e corresponding to the stress-strain curve shown 
in Figure 8-1 &, the characteristic lines converge as in Figure 8-6 and a shock 
wave forms as the envelope of these characteristics. Shock fitting is discussed in 
Sections 8.1.3 and 8.1.4. In the case of the stress-strain curve shown in Figure 
8-lc, the characteristic lines first diverge and then converge. 



8.1.2. THE METHOD OF MULTIPLE SCALES 

In the preceding section we obtained a solution for simple waves which is an 
exact solution of the governing equations and boundary and initial values in 
the absence of reflections, heterogeneities such as stratifications, dissipative 
mechanisms, and rate dependence. A number of techniques can be used to 
determine approximate solutions to these general problems. These include the 
method of strained coordinates with its variant the method of re normalization, 
the analytic method of characteristics (Lin, 1954; Fox, 1955), the method of 
multiple scales, the method of averaging, and geometrical acoustics. Nayfeh and 
Kluwick (1976) compared three of these techniques: the method of renormaliza- 
tion, the analytic method of characteristics, and the method of multiple scales. 
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Nayfeh (1977) compared the method of multiple scales and the method of 
strained coordinates. Nayfeh (1973b, Exercise 3.30), Kluwick (1974), Van Dyke 
(1975), and Nayfeh and Kluwick (1976) showed that the results of the method 
of renormalization depend on whether u or bu/bt is normalized. Nayfeh and 
Kluwick (1976) showed that this arbitrariness does not occur when using either 
the analytic method of characteristics or the method of multiple scales. However 
special consideration must be given to determining u from bu/bt or bu/bx ob- 
tained by the analytic method of characteristics. No such consideration is 
needed when using the method of multiple scales. Therefore in this book we use 
the method of multiple scales. It has been applied to problems of this type by 
Luke (1966); Kakutani, Ono, Taniuti, and Wei (1968); Kakutani and Ono 
(1969); Asano and Taniuti (1969, 1970); Choquet-Bruhat (1969); Whitham 
(1970); Nariboli (1970); Keller and Kogelman (1970); Kakutani and Kawahara 
(1970); Nariboli and Sedov (1970); Asano (1970; Chikwendu and Kevorkian 
(1972); Nariboli and Lin (1973); Davy and Ames (1973); Taniuti (1974); 
Kakutani (1974); Kakutani and Matsuuchi (1975); Nayfeh (1975a, b); Nayfeh 
and Kluwick (1976); Nozaki and Taniuti (1976); Asano, Nishihara, Nozaki, 
and Taniuti (1976); Mortell (1977); Nayfeh (1977); and Lardner (1977). Fink, 
Hall, and Hausrath (1974) and Eckhaus (1975) gave some rigor to some of the 
results obtained by the above authors. 

To gain confidence in the results of the method of multiple scales, we start by 
its application to a nontrivial problem, which has an exact solution for compari- 
son. Thus we consider the problem of simple waves governed by 

b 2 u b 2 u bu b 2 u 
= -2E\ 

bx 2 bt 2 ' bx bx 2 



2 ^2 - ^-^j (8.1.45) 



subject to the initial conditions 



bu , N bu , 

^(^,0) = — (x,0) = (8.1.46) 



and the boundary condition 

u(0,0 = ^(0,0 = €*M (8.1.47) 

where e is a small, dimensionless quantity which is the order of the ratio of the 
amplitude of the particle velocity v to the linearized speed of sound. 
Seeking a straightforward expansion for this problem in the form 

u(x,t) = eu l (x,t) + e 2 u 2 (x,t)+ ■ • • (8.1.48) 

one obtains the following expression for the velocity: 

i> = r^ = e0(s,)- e 2 E l x(I)(s l )<t> t (s l ) + - •• (8.1.49) 

ot 
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where s t = t- x is the linearized right-running characteristic. Equation (8.1.49) 
shows that u->°° as x-»°°, contrary to the exact solution (8.1.44). Moreover, 
(8.1.49) is not valid when x>0(e~ 1 ) because the second term becomes the 
same order or larger than the first term, contrary to the assumption under 
which it is derived. 

To determine the source of nonuniformity, we expand the exact solution 
(8.1 .44) for small e. Expanding the radical in (8.1 .44) we have 

(1- 3eE x <t>y 1 ^ =1 + e£ , 1 + 2e 2 £ 2 2 +••■ (8.1.50) 

which is uniform when 1 | < °°. Then (8.1 .44) becomes 

v = e<S>(t- x- eE^xQ- 2e 2 Ejx(p 2 + • • •) (8.1.51) 

because c = 1 as a result of the nondimensionalization, which is bounded for 
large x. We note that the argument in (8.1 .51) is an approximation to the non- 
linear right-running characteristics and that this approximation did not lead to a 
nonuniformity. 

Expanding (8.1.51) for small e and keeping terms to 0(e 2 ) yield (8.1.49), 
which is not valid for large x. Thus this is the step that led to the nonuniformity. 
We note that approximating the Taylor series expansion of (8.1 .51) by only two 
terms is justified when the combination ex and not only e is small. This observa- 
tion is the basic idea underlying the method of multiple scales. Thus to obtain 
a uniformly valid expansion for large x, one has to consider ex as a single entity 
which we denote as x l9 which is obviously a slow scale. Hence we introduce 
this slow scale in addition to the fast scales x =x and t = t and consider e 
to be a function of x , ^o » and x x . It turns out that it is more convenient to use 
the linearized characteristics s x = t-x and s 2 =t + x as the fast scales. With 
these new variables we seek an expansion in the form 

u(x,t\e) = ew,(5, ,5 2 ,X!) + e 2 « 2 (5i ,5 2 ,x,) + • • • (8.1.52) 

In terms of the new independent variables, the time and space derivatives 
become 



(8.1.53) 
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3x 
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a 2 
ax 2 



(8.1.54) 
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Substituting (8.1 .52) through (8.1.54) into (8.1.45) and equating coefficients of 
like powers of e, we obtain 

b 2 u x 
^- = ° (8155) 

dsi bs 2 bx x \bs 2 bs x J 1 \bs 2 bs x ) \bs 2 bs x } 

The solution of (8.1 .55) is taken in the form of a right-running wave. That is, 

"i =/0i,*i) (8.1.57) 

Hence (8.1 .56) becomes 

b 2 u 2 b 2 f bf b 2 f 

~ = " 2 ^ L ~ 2E ^VT (8.1.58) 



bs x bs 2 bsi bx x bs x bs 2 

For a uniformly valid expansion, u 2 ju x must be bounded for all s 2 . This con- 
dition demands the vanishing of the right-hand side of (8.1 .58). That is, 

b 2 f bf b 2 f 

^-+£ , i^ L rr=0 (8.1.59) 

bs i 3#i 35 1 bsi 

The general solution of (8.1 .59) is 

f(si,x x )=F(H) + ±E l x x F' 2 (8 (8.1.60) 

where 

s x =$ + E l x 1 F'(8 (8.1.61) 

This can be shown as follows. Differentiating (8.1 .61) with respect to s x and x x 
yields 



1 = + E x x x F 

bs x ds x 

= ^+E l F' + E x x x F"^- 
bx x bx i 



(8.1.62) 



Hence 



bs t 


l+£Sx,F" 


9? 


E,F 



(8.1.63) 



3.x ! 1 + E x x x F" 



8.1 LONGITUDINAL WAVES ALONG A BAR 559 
Differentiating (8.1 .60) with respect to s x yields 

-^F'n+^F-l^W' (8.1.64) 

on account of (8.1.62). Differentiating (8.1.64) with respect to 5! and x x we 
have 



3s 2 . 3^ ' b$i bx x bx x 



2 =F"~, ' =F "^- (8.1.65) 



Hence 

a 2 / , „ a/ a 2 / - [at rp ,a{ 



3si 3^! 



■ + 



3^ ! 3s i [a^i a$, 



which is zero, on account of (8.1.63). 

Combining (8.1 .52), (8.1.57), (8.1.60), and (8.1 .61) and using the definitions 
of X\ and 5j , we obtain 

u = e[F(H) + ±eE 1 xF' 2 ($] +-■• (8.1.66) 

where 

t - x = % + eE x xF'{%) + • • • (8.1 .67) 

Since v = bu/bt = bu/bSi , it follows from (8.1 .64) and (8.1 .66) that 

y = e /r'(£)+... (8.1.68) 

Since £ = t at x = according to (8.1.67), imposing the boundary condition 
y(0, t) = e0(O on (8.1 .68) yields 

^«) = 0(S) 

Hence the first approximation to the solution of (8.1 .45) through (8.1.47) is 

u(x^;e)=e0(£)+ — (8.1.69) 

where 

f-x = f + e£' 1 JC0(£)+--- (8.1.70) 

which is in agreement with (8.1.51) to 0(e). Thus the method of multiple scales 
yields a uniform approximation to the exact solution. Since 

bu i bu bu . x 
e = — and — = -— + 6>(e) 
bx bx bs* 
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it follows from (8.1.64) and (8.1.66) that the first approximation to the strain 
is given by 

«?=-e0tt)+"- (8.1.71) 

where £ is defined by (8.1.70). 

Equations (8.1.69) and (8.1.70) show that the velocity wave propagates such 
that v remains constant along curves with constant £; these curves are charac- 
teristics of the nonlinear equation (8.1.45) as shown in the preceding section. 
Thus each characteristic curve represents a moving wavelet, and information is 
carried by that wavelet. Thus to the first approximation the solution to our 
problem is the same as the linearized solution with the linearized characteristic 
being replaced by the characteristic calculated by including the first- order non- 
linear term (Whitham, 1952). 

Since the speed of propagation along the characteristic curve £ = constant is 
given by 



\dx) 



X-E^ (8.1.72) 



from (8.1 .70) and (8.1.71), different values of e propagate with different veloc- 
ities. Hence any finite- amplitude wave is distorted by the nonlinearity as it 
propagates along the bar. To show this distortion quantitatively, we consider 
next an initially sinusoidal wave. 

When F{t) = cos cot, the first approximations to the displacement and strain 
become 

u = — = cos £ + \ ex sin £ 

(8.1.73) 
/s e /s 

e = — = sin £ 

where 

/s /\ /\ /\ /\ /\ 

t - x =£ - ex sin £ 

(8.1.74) 
x=lox, t=tot, e=ecoEi, £ = to% 

Figure 8-7 shows the development of an initially sinusoidal velocity wave as it 
propagates along a nonlinear elastic bar. It shows the typical nonlinear distor- 
tion of the wave as it propagates. Figure 8-8 shows that when the nonlinear 
elastic coefficient E^ is negative (i.e., e <0), the distortion has the opposite 
tendency to that shown in Figure 8-7. Figure 8-9 shows the nonlinear distortion 
of the displacement. 




Figure 8-7. Sketch showing the steepening of an initially sinusoidal strain wave for E x > 0. 



-x=o 




Figure 8-8. Sketch showing the steepening of an initially sinusoidal strain wave for E x < 0. 




Figure 8-9. Sketch showing the nonlinear distortion of the displacement of an initially 
sinusoidal wave. 
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Figures 8-7 through 8-9 show that the continuous-wave solution given by 
(8.1.69) through (8.1.71) becomes multivalued at some distance x >x B due to 
the steepening of the waveform. Therefore the continuous wave solution is not 
valid beyond that distance because velocity or strain disturbances cannot be 
multivalued, either in space or time. Physically a shock wave begins to form and 
viscous and heat conduction effects cannot be neglected. This constitutes a 
major limitation of the lossless model. To continue the solution further, one 
includes viscous effects in the analysis and approximates the wave propagation 
by a Burgers 9 equation (Burgers, 1948). Alternatively one can represent the 
solution to the physical problem by a single-valued solution consisting of the 
continuous wave solution (8.1 .69) through (8.1 .71) together with discontinuous 
shocks (e.g., Blackstock, 1966; Whitham, 1974, Sections 23 and 2.4). However 
the representation of the solution in the shock-free regions by a simple right- 
running wave demands the shocks to be weak so that the reflected waves can be 
neglected. Since the representation of the wave motion by a continuous wave- 
form together with discontinuous shocks is easier analytically than the repre- 
sentation of the wave motion by a Burgers' equation, especially for complicated 
problems, we limit our discussion in this book to "weak shock theory" and refer 
the reader to Whitham (1974) for details of the Burgers equation approach. 

The breaking distance x B is the distance x at which the profile of v or e first 
develops an infinite slope. Hence to determine this distance we differentiate 
(8.1.69) with respect tox and t and obtain 

bv ,b£bv , 3£ 

— = e# r 1 * T" = €* "T- (8.1.75) 

bx bx bt bt 

Differentiating (8.1 .70) with respect to jc and t yields 

6£ l+e^,^ 3£ 1 



bx 1 + eEiXcp' bt 1 + eE\X<j> 
Combining (8.1 .75) and (8 .1 .76) we have 



(8.1.76) 



bv , 1 + eEt<p bv e<p' 

— = -e0 —,, — = ; (8.1.77) 

bx 1 +eE x x<t> bt 1 +eE x x<t> y } 

Since any characteristic for which eE x $ < 0, bv/bx and bv/bt become infinite at 

1 



x =- 



e£i0' 



the breaking first occurs on the characteristic £ = £# for which eE x 0'(£) < 
and 1 0'(£) | is a maximum. Therefore the breaking distance is given by 



** = , * , (8-1.78) 

I e£, 1 m 



where <j> m is the maximum of 1 0' | . 
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In the preceding analysis the material is assumed to be elastic and the energy 
can be dissipated only by shocks. In the presence of linear viscous damping the 
wave propagation is governed by 



b 2 u b 2 u ^ bu b 2 u bu 

bx 2 bt 2 bx bx 2 bt 



2 ^ = -^^^T + 2eM- (8.1.79) 



where 2efi is a constant dimensionless damping coefficient. Following a proce- 
dure similar to the one above, we find that (Nayfeh, 1975a) 

v = eexp(-ejtix)0(£) 

(8.1.80) 
t~ x = £ + E,iT x [1 - exp (-Qix)] 0(£) 

which was first obtained by Varley and Rogers (1967). As in the in viscid case, 
the solution (8.1.80) becomes multivalued and develops a shock at a finite 
distance x B due to the steepening of the waveform, unless the viscous coef- 
ficient 11 equals or exceeds a critical value. To determine x B and the critical 
viscous coefficient, we differentiate (8.1.80) with respect to either x or t and 
find the minimum distance for which either bv/bx or bv/bt is infinite. The result 
is 

— — -=l-exp(-efJx B ) 

|£l 10m 

Hence 

fa(l-M/l*,l*.) (8J . 81) 

Therefore a shock forms at a finite distance x B unless ju equals or exceeds the 
critical value 

Mc = l£il0m (8.1.82) 

Thus although the viscous dissipation may be small, it has a cumulative effect of 
attenuating the wave which can prevent shock formation when fi>ix c . 

This cumulative effect is not limited to viscous damping; it can be caused by 
all other forms of energy loss such as dissipation. Most of the studies that 
account for the effect of internal dissipation consider the transmitting material 
to be predominantly linearly elastic with a small amount of nonlinear elasticity 
and a small amount of linear viscoelasticity. A number of authors, including 
Varley and Cumberbatch (1966), Varley and Rogers (1967), and Seymour and 
Varley (1970), studied the high-frequency limit in which the constitutive equa- 
tion is approximated by 

bo be 

— = E(l+2E l e) — -re (8.1.83) 

ot ot 



564 TRAVELING WAVES 

where r is the ratio of the input to the attenuation time of the medium. Nariboli 
and Sedov (1970) and Nariboli and Lin (1973) studied the low-frequency limit 
in which the constitutive equation of the material is 

a = E(e + E x e 2 ) + 2/i -~ (8.1 .84) 

which is the constitutive equation for a Voigt material. We note that low- 
frequency damping structures the shock but does not prevent its formation. 
The magnitude of fi determines the thickness of the shock (see Exercise 8.8). 

8.1.3. SHOCK FITTING BY USING VELOCITY 

In this section we represent an approximate solution to the problem of wave 
propagation along an infinite bar by a continuous right-running wave solution 
together with discontinuous shocks. The representation of the continuous wave 
solution by a simple (right-running) wave demands the shocks to be weak so that 
reflected waves are negligible. 

Shocks can be fitted into the continuous-wave solution (8.1.69) through 
(8.1.71) by two alternate ways. One of these ways utilizes the shock velocity 
(e.g., Whitham, 1974; Blackstock 1966). If the continuous-wave solution gives 
birth to a shock at time t B at a distance x B from the origin, the time t s of arrival 
of the shock at a distance x from the origin is 

ts = t B +\ v~\x)dx (8.1.85) 

where u s (x) is the shock speed. But for a weak shock (Whitham, 1974, Section 

2.5), 

^ = l(c fl +c 6 ) (8.1.86) 

where c a and c b are the speeds of propagation ahead and behind the shock, 
respectively. But the speeds of propagation can be obtained from (8.1 .70) as 

c a = 1 - eE^ta), c b = 1 - eE^tb) (8.1.87) 

where £ fl and % b are the values of the characteristics ahead and behind the shock, 
respectively. Hence 

i>s=l-±e£, [*(&») + *(**)] (8.1-88) 

and 

v^ 1 =l+ieM0tf fl ) + *(**)] =l+i^iK + ^) (8.1.89) 

In terms of the retarded time s ls = t s - x, (8.1.89) can be rewritten as 



dx v s (x) 2 



\=\E x (v a + v b ) (8.1.90) 
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To determine the path and strength of each shock, we follow Blackstock 
(1966) and combine (8.1.69) and (8.1 .70) in principle to obtain 







s x =0"M— J +E Y xv 



(8.1.91) 



where <j> l stands for the inverse function. Applying (8, 1.91) just ahead and just 
behind the shock gives 



^u-0" 1 (^)+f. 



(8.1.92) 



Equations (8.1.90) and (8.1.92) can be solved simultaneously for the three 
unknowns s is , u ai and u b . 

Therefore (8.1.90) through (8.1.92) are sufficient for the determination of the 
entire wave motion. Equation (8.1.91) determines the waveform in the shock- 
free regions, while (8.1.90) and (8,1.92) determine the strength and path of each 
shock. However explicit solutions of these equations exist only for special cases 
(Varley and Rogers, 1967; Seymour and Varley, 1970; Whitham, 1974). For 
general waveforms they need to be solved numerically. 

One of the special cases for which an explicit solution can be obtained is that 
of the sawtooth waveform shown in Figure 8-10. Mathematically the boundary 
condition for the velocity can be expressed as 



»(0,0 = -yC- 



2nT), w = 0, ±1,±2, ... 



(8.1.93) 



where v is the amplitude of the disturbance and 2Tis the period. Many investi- 
gators have shown that nonlinear waves tend to approach a stable waveform of 
sawtooth shape with rounded peaks. The thicknesses of the shocks relative to 
the wavelength and the amount of rounding depend on the amplitude of the 
waves and the strength of the dissipative mechanisms. For high amplitudes and 
a small amount of dissipation, the waveform is closely approximated by a 




Figure 8-10. Sawtooth waveform. 
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sharp sawtooth form with shocks of zero thickness similar to the one shown in 
Figure 8-10. 

Using the boundary condition (8.1.93) in (8.1.69) and using the expression 
(8.1.70) for ?, we find that 

v(x,t) = -^&-2nT) (8.1.94) 

Hence 

0" 1 [— J = **=-—+ 2«r (8.1.95) 

Eliminating <t>~ l (v b /e) from (8.1.92) and (8.1.95) and recalling that s Xs = 
(2n~ l)Twehave 

v b = T °f (8.1.96) 

As jc -+ °°, 

v^~£ (8.1.97) 

Whitham (1952) showed that any periodic disturbance decays according to 
(8.1.97) at large distances (but not so large that dissipation over the entire wave- 
form dominates the decay). Thus the main effect of a shock is to attenuate the 
amplitude of the wave. Once a shock forms, it begins to move faster than the 
wavelets ahead of it, and hence the wavelets are caught by, and coalesce into, 
the shock. On the other hand, the wavelets behind the shock move faster than 
it, and hence they catch up with, and coalesce into, the shock. 

For general waveforms, Pestorius and Blackstock (1973) devised an algorithm 
for the solution of (8.1.90) through (8.1.92) by casting them in the form of 
difference equations. The wave is allowed to propagate a small distance Ajc, 
and the original time scale is incremented by E x v Ax because differentiating 
(8.1.70) with respect to x at constant £ yields 

— x - = E,v (8.1.98) 

dx 

The new scale is scanned for multivaluedness. If none is found, the wave is 
allowed to propagate by another small distance Ajc. The process is repeated 
until multivaluedness is found, signifying the presence of shock waves. The 
locations of the shocks are then determined by using (8.1.90) and (8.1.92). 
Their computer code monitors the motions of the shocks and accounts for 
their merging. The results of this algorithm for sound waves are in full agree- 
ment with experimental results. 
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8.1.4. SHOCK FITTING BY USING DISPLACEMENT 

The other technique of fitting shocks into the continuous-wave solution 
utilizes the fact that the displacement is continuous across the shocks (Nayfeh 
and Kluwick, 1976). For other wave problems one can utilize the fact that the 
potential function or the stream function is continuous across the shocks. Thus 
for the problem of waves propagating along a bar, the shock waves are given by 

*(&,,*) = u&,,x), t($a 9 x) = t($ b9 x) (8.1.99) 

Substituting for u and t from (8.1 .66) and (8.1 .70) into (8.1 .99) we have 

F{h)~ F{%a)-\eE x x[F ,2 ^ a )- F'\% b )\ (8.1.100) 

*u = ia+&ixF'(£a) (8.1.101) 

*u = h+eEiXF\% b ) (8.1.102) 

Equations (8.1.100) through (8.1.102) constitute three equations for the three 
unknowns s iS9 £ fl , and % b . Therefore (8.1.66) and (8.1.70) determine the solu- 
tion in the shock-free regions, while (8.1.100) through (8.1.102) determine the 
strength and path of each shock. 
Eliminating s ls from (8.1.101) and (8.1.102) yields 

$ b -ia = eE lX [F'($ a )-F'($ b )] (8.1.103) 

Hence (8.1.100) and (8.1.103) constitute a system of two equations for the un- 
knowns £ fl and % b . Eliminating x from (8.1.100) and (8.1.103) gives 

F(h)~ F{$ a ) = \{% b - i a )[F\% b ) + F'&a)] (8.1.104) 

which is essentially the equal area rule (Landau, 1965; Whitham, 1974, Section 
2.8). That is, the multivalued parts of the continuous-wave profile are replaced 
by a discontinuity which cuts off lobes of equal area as shown in Figure 8-11. 
Since e/«» u, we can rewrite the solvability condition (8.1 .59) in the form 

did , du 3 1 

d^ + ^d u=0 (81105) 

Equation (8.1.105) shows the interesting property of equidisplacement lines. 
The slope of the line u = constant is the arithmetic mean of the slope of the 



e t 




"•} Figure 8-11. Equal- area rule. 



568 TRAVELING WAVES 

characteristic in the unperturbed bar and the slope of the characteristic at the 
position under consideration. For a shock running into the unperturbed bar, this 
is one form of the bisector rule which states that in the ftc-plane the shock curve 
bisects the angle between the characteristics that meet on the shock. 

8.1.5. EFFECT OF HETEROGENEITY 

In this section we consider the propagation of simple right-running waves along 
a nonuniform bar. The simple-wave assumption demands the reflections to be 
small and hence the heterogeneity to vary slowly with position. Thus we con- 
sider the solutions of (8.1.4), (8.1.46), and (8.1.47) with c (jc), E^x), E(x), and 
A(x) being slowly varying functions of x. Nonlinear wave propagation in media 
with slowly varying properties was studied by Seymour and Varley (1967), 
Butler and Gribben (1968), Asano and Taniuti (1969, 1970), Asano (1970), 
Varley and Cumberbatch (1970), Kakutani (1971a, b), and Nayfeh (1975a, b). 
Considerable work has been done on nonlinear waves propagating in a stratified 
atmosphere. For example, Randall (1968) and Hayes and Runyan (1970) 
studied the problem of sonic boom, while Einaudi (1969), Romanova (1970), 
and Bois (1976) studied finite-amplitude waves in an isothermal atmosphere. 
Varley, Venkataraman, and Cumberbatch (1971) studied the propagation of 
large- amplitude tsunamis across a basin of changing depth. Seymour and Mortell 
(1975b) and Mortell and Seymour (1976) studied the problem of wave propaga- 
tion in nonlinear laminated materials. For more Russian literature see Romanova 
(1970). 

To determine an approximate solution to (8.1.4), (8.1.46), and (8.1.47) 
following Nayfeh (1975a), we express the slow variation of the bar properties 
by assuming that they are functions of the slow scale x { and seek an expansion 
by using the method of multiple scales in the form 



u(x, f;e) = €U l (s l ,s 2 ,x l ) + € 2 u 2 (s l ,s 2 ,x l ) + • • ■ (8.1.106) 



where 



/dx fdx 

— , s 2 =t + \ — > x x =ex (8.1.107) 

c J c 

In terms of these new variables, the space and time derivatives become 

3 3 3 

- = — + — (8.1.108) 

dt ds 2 35 ! 

3 2 /3 3\ 2 

a 1 / a a \ a 

— = — — +e— (8.1.110) 

ox Cq \os 2 asj dxi 
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3jc 2 Cq \3s 3s,/ c 3x, \3s 2 3s,/ Cq \3s 2 B^i/ dx 2 x 

(8.1.111) 

Substituting (8.1.106) into (8.1.4), using (8.1.107) through (8.1.111), and 
equating coefficients of like powers of e, we obtain 

1 (8.1.112) 



3s ,3s 
4 d 2 u 2 



cl 



3 2 m 2 = _2 _3_ /to_i_ 3wA _ £i /<toj_ 3wA + J^ ^ /3wj_ 
3s,3s 2 c dXi \ds 2 3^i / Cq \3s 2 3^! / c \3s 2 

A 27^/3^ <WW_a 3_V 

J c^ \3s 2 dsj \3s 2 dsj 



3w, 
" 3^ 

The right-running wave solution of (8.1.1 12) has the form 

"i =/(*i, *i) (8.1.114) 

Then (8.1.1 13) becomes 

4 3 2 ^ _ 2 3 2 / |C j 3/ 1 , 3/ 2£, 3/ 3 2 / (81U5) 

Co 3s,3s 2 c dxxdsi Cq 35 t c 3s, Cq 3^i 3s 2 

In order that w 2 / w i be bounded for all s 2 , the right-hand side of (8.1.115) 
must vanish. That is, 

3 2 / c 3/ , , 3/ £, 3/3 2 / 

- — + lQnEAy — + -±— f = (8.1.116) 

3jc,3s, 2c 3s, 2 3s, cl 3s, 35? 

To determine the solution of (8.1 .1 16), we first transform it into an equation 
with constant coefficients. To this end we let 

f=Q{x { )F{s u z\ z = Z( Xl ) (8.1.117) 

in (8.1.1 16) and obtain 

(8.1.118) 

To render (8.1.118) an equation with constant coefficients, we choose Q andZ 
such that 

Q'-—Q + ±Q(hiEA)' = 

2c* 2 * V } (8.1.119) 

Z' = E { Co 2 Q 



570 TRAVELING WAVES 
so that (8.1.118) becomes 



b 2 F bF b 2 F 

+ - — = 



bz bsi bsi bs 2 
Equations (8 . 1 . 1 1 9) are satisfied by 

Q = (c lEA)^ 2 



(8.1.120) 



Z^JE.Co'icoEA)^ 2 dx x 



(8.1.121) 



while from Section 8.1.2 it follows that (8.1.120) has the exact solution 

F = h(s x -zti) + \zti 2 (s, -zh') (8.1.122) 

Using the boundary condition (8.1 .47) one finds that h' - and hence that 



V EA w 2 [J c sfoEA J YEA 



-0 2 (£) + --- 



u = e 



0(?) + ■ 



where the reference quantities are taken at x - and 



*x = * + e*tt) 






:dx + ' 



(8.1.123) 
(8.1.124) 

(8.1.125) 



which is the same as the nonlinear geometrical acoustic result (Seymour and 
Mortell, 1975). As in the case of uniform bars, the velocity given by (8.1.124) 
along nonuniform bars becomes multivalued at some distance x B due to the 
steepening of the waveform. The distance x B corresponds to the distance at 
which bv/bx is infinite, and hence it corresponds to the distance at which b%/bx 
first becomes infinite. To determine this distance we differentiate (8.1 .125) with 
respect to* and obtain 



3| 
bx 



1 E x 

— + 6 7^=0 

Co c \/c EA 



1 +60 



■f 



Ex 

d\/c EA 



dx 
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Hence the breaking first occurs on the characteristic %~%b f° r which e<t>'E x < 
and |0'(£)| is a maximum. Therefore the breaking distance is given by 



c y/c EA 



1+e^ I ^==dx = Q (8.1.126) 



where <t>' m is the value of \(j)'\ on the characteristic £ fi on which |0'| is a maxi- 
mum. Equation (8.1.126) shows that decreasing the speed of sound c in the 
direction of propagation leads to a smaller x B and hence an earlier formation of 
the shocks due to the increase in the rate of progress of finite-amplitude distor- 
tion. Equation (8.1.126) shows also that similar effects take place if the cross- 
sectional area of the rod or Young's modulus decreases in the direction of 
propagation. 

8.1.6. FINITE UNIFORM BARS 

In the last four sections we discussed simple, right-running waves along a semi- 
infinite bar. In this section we discuss the nonlinear behavior of waves in finite, 
uniform bars. In this case the key technical problem is the interaction of the 
right- and left-running waves as the Riemann invariants (8.1.16) show. 

When a right-running wave impinges on an end of a bar, part of it is radiated 
and the other part is reflected as a left-running wave. The ratio of the reflected 
part to the radiated part depends on the boundary conditions. For example, at 
a fixed end the wave is totally reflected. Hence the analysis of waves in finite 
bars demands the inclusion of both right- and left-running waves. It should be 
noted that even in semiinfinite systems more than one type of progressive wave 
might travel in the same direction and nonlinearly interact. Collins (1967), 
Davison (1968), and Nair and Nemat-Nasser (1971) studied the interaction of 
longitudinal and shear waves; Parker and Varley (1968) studied the interaction 
between simple stretching and deflection waves in elastic membranes and strings; 
and Advani (1969b) studied the interaction of flexural and longitudinal waves in 
an infinite plate. 

Oppositely traveling waves in a finite bar were studied by Mortell and Varley 
(1970), Mortell and Seymour (1972, 1973b), and Cekirge and Varley (1973) by 
using an approximation based on the analytic method of characteristics; Lardner 
(1975, 1976), by using the method of averaging; and Mortell (1977) and Nayfeh 
(1977), by using the method of multiple scales. In the method of averaging, the 
solution is expressed in terms of all the modes in an eigenfunction expansion, in 
contrast with the generalized version of the method of multiple scales, which 
treats the waveform. It should be noted that application of the derivative- 
expansion version of the method of multiple scales leads to an infinite set of 
ordinary-differential equations describing the evolution of the amplitudes of the 
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harmonics of the initial disturbance (Keller and Kogelman, 1970). Since the 
generalized version of the method of multiple scales leads to two uncoupled 
first-order partial-differential equations, it is better suited to this problem than 
either the method of averaging or the derivative-expansion version of the method 
of multiple scales. Therefore we restrict our discussion to the generalized 
method of multiple scales. 

In the closely related problem of periodic oscillations produced in a closed- 
end gas-filled tube by the motion of a piston at one end, Saenger and Hudson 
(1960) found experimentally that in a narrow frequency band around each 
resonant frequency shock waves form, traveling backward and forward and 
being repeatedly reflected from the closed end. Moreover near the fundamental 
frequency one shock forms, near the second frequency two shocks appear, and 
near the nth frequency n shocks form. This problem has been studied analyt- 
ically by Betchov (1958), Chester (1964), Collins (1971), Seymour and Mortell 
(1973b), and Keller (1975, 1976). Sturtevant (1973, 1974) studied shock 
focusing and nonlinear resonances in a shock tube. Van Wijngaarden (1968), 
Collins (1971), Mortell (1971a), Mortell and Seymour (1973a), Seymour and 
Mortell (1973a), Jimenez (1973), and Keller (1977a, b,c) studied periodic oscil- 
lations near resonance produced by a piston in an open pipe. Chu and Ying 
(1963) and Rehm (1968) analyzed thermally driven nonlinear oscillations in a 
pipe, while Chu (1963) and Mortell (1971b) studied self-sustained thermally 
driven oscillations in a gas-filled pipe. 

If a semiinfinite bar is disturbed at its left end, then the disturbance propagates 
to the right, and it is nonlinearly distorted as it travels. On the other hand, when 
a finite bar is given an initial disturbance, a standing wave results which is non- 
linearly distorted with time. To allow the investigation of the nonlinear distor- 
tion with either space or time, we introduce a slow time scale T x = et and a long 
scale X! = ex. Moreover we seek an expansion in the form 

u(x, t;e) = €U l (s l9 s 2 ,x u T x ) + e 2 u 2 {s u s 2 ,x u T x ) + ■ ■ 

(8.1.127) 
Si = t- X, s 2 = t +x 

The space and time derivatives are transformed according to 

3 3 3 



+ e 

bx ds 2 dsi 3jc, 

3 3 3 3 

— = — + + e 

3r 3s 2 3s, 37^ 



(8.1.128) 



Substituting (8.1.127) and (8.1.128) into (8.1.45) and equating the coefficients 
of e and e 2 yields 

-—^ = (8.1.129 

os l os 2 
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t 2 3 

2 =2 



(du x 3wA 3 ldu x 3w,\ 

3s 2 ds x J 37\ \3s 2 dsj 

ldu x _ 3wA /_d 3_\ 2 

\3s 2 dsif \3s 2 35 1) 



3s j 3x 2 3x 

+ 2E 



The general solution of (8.1.129) is 

"i = /(^^iJi)+^2^.Ji) (8.1.131) 

where the equations describing / and g are obtained by imposing the solvability 
condition at the next level of approximation. 
Substituting for u x in (8.1.130) yields 



2 - = -2 " 1 - 2 " " - 2 " " +2 



35 t 35 2 Ss^^ 3s ! 3*! 352 37^! ds 2 3xi 



r^r 37 

1.3s, 3s? 



- 2 *'- - + £*t-*7*r£7-l (8 - 1J32) 



V , a/ dV a* a 2 s a# 

The particular solution of (8. 1 . 1 32) is 

a? 3/ 

-E x f^ + E x g^- (8.1.133) 
3s 2 3s ! 

Thus if /and g and their first derivatives are bounded, the terms proportional to 
s x and s 2 are secular terms. For a uniformly valid expansion these terms must 
vanish. That is, 






377" 3^7" ^ Jl \3s7/ 



(8.1.134) 



Inspection of the right-hand side of (8.1.132) shows that secular terms will not 
appear in the particular solution of u 2 if 

37 3 2 / 3/ 3 2 / 

— + — + £,——£ = 

3s 1 dT { 3s ^^i 3s 1 3sf 

(8.1.135) 

ds 2 dT x 3s 2 3^! 3s 2 3s2 

We note that the conditions (8.1.135) are more general than the conditions 
(8.1.134). 
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To investigate the nonlinear distortion of waves, we find it convenient to 
determine the distortion as a function of T x . Thus we assume that / and g are 
independent of*!. Then, as in Section 8.1.2, the solutions of (8.1.135) are 

g(s 1 ,T l ) = G(n)-\E x T x G'\ri) 



(8.1.136) 



(8.1.137) 



where 

Sx =% + E x T x F'{i) 
s 2 =r}~ E x T x G'(ri) 
Therefore to the first approximation 

u = eF(|) + eG(n) + \ e 2 E l tF' 2 {%) - \ e 2 E x tG' 2 (n) (8.1 .138) 
where 

f -* = $ + <#, fF'ft) 
t+x=n~ eE x tG\vi) 



(8.1.139) 



Since the strain e is bu/bx and the velocity v is bujbt, it follows from (8.1 .138) 
and (8.1.139) that 

e = eG'(r?)-eF'($) 

(8.1.140) 
i; = eG'(n) + eF'(5) 

If the bar is rigidly fixed at its ends and if it is of length 1, then the boundary 
conditions are 

v(0,t) = v(\,t) = (8.1.141) 

Using the boundary condition v(0 y t) = in (8.1.140) yields F'(£) = -G'(t?). 
Hence x = corresponds to £ = 7? according to (8.1 .139) and 

F'(|) = -G'(S) (8.1.142) 

When x = 1, it follows from (8.1.139) that 

S = -l +/ + e£ , 1 rG'(|) 

(8.1.143) 
17= 1 + t + eE x tG'(ri) 

and hence, using the boundary condition v{\ , t) = in (8.1 .140) yields 

G'(S + 2) = G'tt), t? = £ + 2 atJC= 1 (8.1.144) 

or G' is a periodic function of period 2. Consequently (8.1.140) becomes 

e = eG'(r?) + eG'(£) 

(8.1.145) 
y = eG'(70-eG'(S) 



8.1 LONGITUDINAL WAVES ALONG A BAR 575 

where G' is a periodic function of period 2 and 

f- * = £- eE^tG'H) 

(8.1.146) 
r + Jt = t?- eE\tG'(ri) 

This is essentially the solution obtained by Mortell and Varley (1970) on re- 
placing t by x and Lardner (1975) by using the method of averaging. 
So far we have not utilized the initial conditions. Let us consider the case 

e(x,0) = e\lj(x\ v(x y 0) = e<t>(x) for0<x<l (8.1.147) 

Since t = corresponds to £ = -x and r\ = x from (8.1.146), (8.1.145) and 
(8.1.147) give 

G'(jc) + G'(-jc) = iKjc) 

(8.1.148) 

G'(*)-G'("*) = <H*) 
Hence 

We note that (8.1.139) and (8.1.140) show that the oppositely traveling waves 
do not interact in the body of the bar. This fact was predicted in gas columns 
experimentally by Saenger and Hudson (1960) and analytically by Kruskal and 
Zabusky (1964). However (8.1.142) shows that the two waves interact at the 
boundary. 

As time progresses, the solution (8.1.145) and (8.1.146) becomes multivalued 
indicating the formation of a shock wave and the present continuous solution 
ceases to be valid. As in Section 8.1.2, the time at which the shock forms 
corresponds to the time at which dv/dx and dv/dt first become infinite. Thus 
differentiating (8.1.146) with respect to t yields 



Ldr'drJ \\- eE x tG"( 



t) l+e^G'fo)" 



(8.1.150) 



"(£) \-eE x tG\ri)\ 

Therefore the shock forms at t = t s , where 

t s =[e\E,\G„}- 1 (8.1.151) 

where G'^ is the maximum of |G"(£)|. Substituting for t s in (8.1.146) yields 
the following shock location: 

^ = ir s [l+cf,C'« m )] +% m (8.1.152) 

where £ m denotes the value of £ at which |G"(£)| is a maximum. The positive 
and negative signs apply to the £ and ?? families of characteristics, respectively. 
By suitably adjusting £ m by multiples of 2, one can always find an x s in the 
interval [0,1]. 
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The presence of the shock results in the dissipation of the disturbance and 
hence the nonexistence of finite-amplitude, periodic standing waves in a finite 
bar, in agreement with the theorem of Lax (1964). 

8.1.7. FINITE HETEROGENEOUS BARS 

For a bar whose properties vary slowly with position, it is convenient to use 
the long scale x x = ex to determine the nonlinear distortion of a standing wave 
because this scale has to be included in the analysis to account for the effects 
of heterogeneity. Thus we seek an expansion in the form of (8.1.106) and 
(8.1.107). Substituting the result into (8.1.4) and equating the coefficients of 
e and e 2 to zero leads to (8.1.1 12) and (8.1.1 13) 

To analyze standing waves, we need to include both right- and left-running- 
wave solutions for (8.1.112). Thus instead of (8.1.114), we write the solution 
of(8.1.112)as 

w«=/(si,*i)+s(sa,*i) (8.1.153) 

Then (8.1.1 13) becomes 

4 b 2 u 2 _ 2 b 2 f ^ bf 1 bf 2E X 3/ 3 2 / 

clbs x bs 2 c§bs x bX\ c\ bs x c bs x cl bs x bs j 

2 b 2 g c bg I bg 2E X bg b 2 g 

+ - — f~~ + — (In £4) - — + — x t 

c bs 2 bx x Co bs 2 c bs 2 Cq bs 2 bs 2 

2E X df b 2 g 2E X b 2 f bg 
- -T-T L TT + -T-^T^- (8.1.154) 

eg 3s i bs 2 c bs x bs 2 

If / and g and their first derivatives are bounded, then secular terms will not 
appear in the particular solution of (8.1 .1 54) if 

d 2 f Co bf . „ , bf E x bf b 2 f 

^— T--T £ -T L + T0n^4)'- i + 4^^7 = (8.1.155) 
bsidxi 2c bs x bs x Cq bs x bs\ 

-^--A^ + i (ln ^y^ + ^^|!| = (8 . U56) 
os 2 bx x 2c bs 2 bs 2 Cq bs 2 bs 2 

As in Section 8.1.5, the solutions of (8.1.155) and (8.1.156) are 

/ s fi[F(Si -zF')+\zF' 2 ( Sl -zF')] (8.1.157) 

g=Q[G(s 7 -zG') + ±zG' 2 (s 2 -zG')] (8.1.158) 

where Q and z are defined in (8.1.121). Therefore to the first approximation 

.-<HGW-noi 
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where 

r dx 

? = r- — -ez F'(i) 

(8.1.160) 
* dx 



f dx 



'i <-o 
and 

C X E\ C X Ex 

Jo c y/c EA J x c \/c EA 

Note that the characteristic curves have been parameterized so that £ = t when 
x = and tj = r when x = 1 . 
Next we consider the case of fixed ends. That is, 

v(0,t) = v(\,t) = (8.1.162) 

At x = 0, it follows from (8. 1 . 1 60) that £ = t and 

!? = *-/>- ez,(0)G'fa) (8.1.163) 

where 



'= J Co 1 

^o 



<£c (8.1.164) 



Since the condition u(0, = demands that 

F\Q + G'(t?) = at x = (8.1 .165) 

it follows from (8.1.163) that 

F'iR+P+ez^G'iR)] +G'(/?) = (8.1.166) 

for all R > 0. Similarly at x = 1 it follows from (8.1.160) that k) = t and 

$ = !?-/>- ez (l)f"«) (8.1.167) 

But the condition u(l, r) = demands that 

^'(£) + G'(r?) = at*=l (8.1.168) 

Therefore 

F'tt) + G'R + />+ez (l)F'(|)] =0 (8.1.169) 

for all f > 0. 
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To eliminate G from (8.1.166) and (8.1 .169), we let 

R = $ + /> + eZo(l)F'(|) (8.1.170) 

Then (8.1.166) and (8.1.169) become 

F'[H + 2P+ez o (\)F , (H)-ez o (\)G , (R)]+G'(R) = (8.1.171) 

F'(£} + <r(/?) = (8.1.172) 

where use has been made of the fact that Zi(0) = -z (l). Eliminating G'(R) 
from (8. 1.1 71) and (8. 1.1 72) yields 

^'K + xCOJ-^'tt) (8.1.173) 

where 

xW = 2[P + ez (l)FXi)] (8.1.174) 

Similarly eliminating F' from (8.1.166) and (8.1.169) yields 

^ , [r? + r(r ? )]=G f (r?) (8.1.175) 

where 

r(r?) = 2[/>-z (l)G'(n)] (8.1.176) 

We note that F'(£) is given by the nonlinear functional equation (8.1.173); 
this is essentially the result in Mortell and Seymour (1972). Although F'(%) is 
not periodic with period 2P, it repeats at a sequence of times separated by the 
time interval x = 2[P+ €Z (\)F'(%)] , and zeros of F'(|) are separated by the 
time interval IP. 

To solve the functional equation (8.1.73), we follow Mortell and Seymour 
(1972) and note that according to (8.1.160) and (8.1.161), the £ -wavelet which 
arrives at x = 1 at t = is given by 

£ = -/>- ezoCOF'tt) (8.1.177) 

and it left the end x = at the time t = ~ Xo = ~£ - Moreover this ^-wavelet will 
be reflected from the end x = 1 at ^ = as the wavelet r? = 0, and it arrives at the 
end x = at r = ^ Xi. where 

Xi =2P- 2ez (l)G'(0) (8.1.178) 

Therefore t = \ (xi + Xo) represents the period of the £ -wavelet that arrives at 
x - 1 at t = 0. Since F'(£) repeats itself at a sequence of times separated by the 
interval x(£), 

Xi+Xo = X«) = xHxo) (8.1.179) 
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Since the end x = is fixed, it follows from (8.1 .1 59) that 

f"(£) + G'(0) = (8.1.180) 

and hence from (8.1.177) that 

Xo=-2£ = 2P-2ez (l)G'(0) = Xi (8.1.181) 

Therefore if F'{%) is continuous and specified at x = during the interval 
" \ Xo < £ < \ Xo as 

F'tt)-/ift) for-±Xo<$<£xo (8.1.182) 

then F'{%) can be determined for all £ > ~^Xo by a repeated application of 
equations (8. 1 . 1 73) and (8. 1 . 1 74). Thus 

F'(f 1 ) = /i(a) for± X o<Si<|xo (8.1.183) 

where 

Si = a + x(a) = <* + 2i > +2ez (l )/*(<*) (8.1.184) 

Moreover 

^'(fc^'fti) for|xo<b<|Xo (8.1.185) 

where 

€2 =€1 +X(€i) (8.1.186) 

It follows from (8.1.183) and (8.1.185) that F\% x ) = /i(a) and hence from 
(8.1.174) that xtti) = x(<*). Therefore (8.1.185) and (8.1.186) can be re- 
written as 

F'($ 2 ) = h{a) for| Xo <? 2 <|Xo (8.1.187) 

where 

% 2 = a + 2 X (a) = a + 4[/>+ ez (l )*(<*)] (8.1 .188) 

Repeating the above procedure, we can write the solution of the functional 
equations (8.1.1 73) and (8. 1 . 1 74) as 

F'($ n ) = H<x) for(«-i)xo<?„<(« + i)Xo (8.1.189) 

where % n is related to a by 

% n =a+2nP+2enz (\)h(a) (8.1.190) 

Following a similar procedure we can write the solution of the functional 
equations (8.1.175) and (8.1.176) as 

G'(n n ) = k(P) for (/1- \)r <v n <(n + ±)r (8.1.191) 
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where 

V n =P + 2nP-2enz (\)k(P) (8.1.192) 

r =2P + 2ez (l)^'(0) (8.1.193) 

Substituting for F'(%) and G'(t?) from (8.1.189) through (8.1.192) into 
(8.1.159) and (8.1.160), we have 



(8.1.194) 



e = eQ[k(P)-h(0L)\ 

v = eQ[k((3) + h(a)] 

where a and j3 are related implicitly to £ and 17 by 

Z = a + 2nP+2€nz (\)h(oc) (8.1.195) 

in the range 

(n - \ ) Xo < % < in + 1 ) Xo for « = 0, 1 , 2, . . . 

T? = /J + 2mP- 2emz o (l)*(0) 

in the range 

(m - I )r < 1? < (m + ± )r , m = 0, 1 , 2, . . . 

To complete the solution we need to relate h(a) and fc(j3) to the initial condi- 
tions (8.1.147). It follows from (8.1.147) and (8.1.194) that 



(8.1.196) 



K(x)-H(x) = Q- l (x)<Kx) 
K(x)+H(x) = Q- 1 (x)\Ij(x) 
Hence 

#(*)=±<r (*)[*<*) -*M] 

K(x) = \Q- 1 (x)W(x) + <l>(x)} 



(8.1.197) 



(8.1.198) 



Thus the problem reduces to relating the functions h and k to the functions 
//and/:. 

When t = 0, it follows from (8.1.160) and (8.1.195) that n = 0, and hence 
I = a, and a is related to x by 



r dx 

Jo c o 



ez (x)h(a) (8.1.199) 



Moreover the initial condition requires that 

h(a) = H(x) for0<jc<l at t = (8.1.200) 
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Therefore 

h(a) = H(-R) for-\<R<0, -^ X o<a<0 (8.1.201) 
where 



n dx 



+ ez (R)H(-R) (8.1.202) 



When t = 0, it follows from (8.1.160) and (8.1.196) that m = 0, and hence 
77 = |3 and 



i= — - ez x {x 



]3= I — - ez,(jc)*(j8) (8.1.203) 

The initial condition requires that 

k(fi) = K(x) for0<;c<l atf = (8.1.204) 

Letting x = S + 1 in (8. 1 .204) yields 

k(fi) = K(S+l) for-l<S<0, -|r <j3<0 (8.1.205) 
where 

.5 
c 
To determine h (a) for <a< ^Xo> we rewrite (8.1.166) as 

/z[r + P+ez,(0)*:(r)] +A:(r) = (8.1.207) 

for r > 0. Substituting for * from (8.1.205) into (8.1.207) yields 

h(a) = -K(R) for0</?<l, 0<a<\ X o (8.1.208) 

where 

a = r + P + ezi (0)K(tf) (8.1 .209) 

and from (8.1.206) 



— - ezi(5+ 1)^(5+ 1) (8.1.206) 

o 



C R dR 

I c (R) 



dR 

eZiWKiR) (8.1.210) 



We note that 



[ r jr__ c°j^ + rjR__ P+ r 

J, c (R) X c (R) J c (R) J 



dR 



o c (R) 
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according to (8.1.164) and that 

according to (8.1.161). Therefore on eliminating r from (8.1.209) and (8.1.210), 
we have 

ez (R)K(R) (8.1.211) 

o c o 

Following a similar procedure we find that 

k(fi) = -H(l -S), 0<S<1, 0<j3<^r (8.1.212) 

where 



r dx_ 

J c 



+ ez (S)H(\ - S) (8.1.213) 



E X 



to(S)= f A(S- l)dS 9 A = 
Jo 



Cq\Jc q EA 



When the bar is uniform, c - £ = -4 = 1, £*! is a constant, and (8.1.159) and 
(8.1.160) reduce to 

e = eG'(n)-eF'(Q 

(8.1.214) 
„ = eG'(i?) + eF'tt) 

where 

$ = t-x-€E x xF'($) 

(8.1.215) 
r? = r + x- 1 - e^j (jc - 1)G'(t?) 

This is essentially the solution obtained by Mortell and Varley (1970) by using 
the analytic method of characteristics. If we introduce a new set of characteristic 
variables a and j3 according to 

$ = a[l+e£-,f"($)] 

(8.1.216) 
r^GS-lMl-e^G'fo)] 

then 

$ = a[l +e£' 1 F'(a)] +••• 

(8.1.217) 
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Therefore (8.1.214) and (8.1.215) become 

e = eG'flS) - ef"(a) + " " " 

(8.1.218) 

u = eG'(j3) + e:F'(a) + -" 

where 

t- x^a + eE^FXa)*- • • 

(8.1.219) 
f + x=j3-eF,rG'(j3) + - •• 

withG'(j3) = G'(j3- 1). 

Since (8.1.218) and (8.1.219) are identical in form to (8.1.139) and (8.1.140), 
then apart from second-order quantities in e, (8.1.218) and (8.1.219) are the 
same as the solution of the preceding section. Comparing the algebra involved in 
satisfying the initial and boundary conditions by the forms of the solution in 
this and in the preceding section, we conclude that the form of the solution in 
the preceding section is more convenient to work with in the case of uniform 
bars. For nonuniform bars it appears that one does not have any choice but to 
work with the form of solution in this section. 

We note that slow heterogeneous effects are not cumulative from cycle to 
cycle, and hence although they may accelerate or delay the appearance of shocks 
they do not prevent their formation. This is in contrast with dissipation and 
radiation effects, which are cumulative from cycle to cycle and can thus prevent 
shock formation. 

8.2. Transverse Waves Along a Beam on an Elastic Foundation 

In the rest of this chapter we consider dispersive waves. As an example of dis- 
persive waves we discuss transverse waves along a uniform, infinite beam that 
rests on a nonlinear elastic foundation. That is, we consider solutions of the 
equation 

3 w d w 

£/^+P^^p- + aiW + a 3 iv 3 =0 (8.2.1) 

where E is the modulus of elasticity ; A and /are the area and moment of inertia 
of the cross section, respectively; p is the density of the beam per unit length; 
and the a n are the elastic coefficients of the foundation. In what follows a x 
will be taken positive while a 3 may be positive or negative depending on the 
foundation. Using a characteristic transverse deflection u> c , we introduce dimen- 
sionless quantities defined by 



w c \EIJ \pAI 
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Then (8.2.1) becomes 



d 4 w 3 2 w 

~bx**Tt 



A+^ + w + e'ow^O (8.2.2) 



where e 2 = w 2 | a 3 \ja x , and a = 1 when a 3 > and a = - 1 when a 3 < 0. In what 
follows e is assumed to be small but finite. 

In the next section we derive two alternate partial- differential equations 
describing the spatial and temporal evolution of the amplitude and phase of a 
wavepacket. We use these differential equations in Section 8.2.2 to determine an 
approximate expression for monochromatic waves and then determine their 
stability. In Section 8.2.3 we discuss modulations of the envelope of stable 
periodic waves, while in Section 8.2.4 we discuss modulations of the envelope 
of unstable periodic waves. The problem of wave-wave interaction (in this case 
harmonic resonance) is taken up in Section 8.2.5, where we derive two coupled 
nonlinear parabolic complex equations for the interaction of two wavepackets. 
The final section of this chapter deals with stationary forms for the envelopes 
of the interacting waves. 

8.2.1. A NONLINEAR PARABOLIC EQUATION 

In this section we consider the propagation of a group of waves centered 
around the wavenumber k and the frequency co. To accomplish this, we use the 
method of multiple scales and introduce the slow time scales 7\ = et and T 2 = 
e 2 1 in addition to the original time scale T = r. Moreover we introduce the long 
scales X x = ex and X 2 = e 2 x in addition to the original space scale X =x. Hence 
the time and space derivatives become 

a a a , a 

— = + e + e 2 

bt ar a^ ar 2 



a a 2 _a 



(8.2.3) 



+ 6 + e 

ax ax 3*! bx 2 

Then we seek a second-order solution in the form 



2 

I 

« = o 



w(x, t; e) = £ € n w n (X ,X l9 X 2 , r , T, , T 2 ) + 0(e 3 ) (8.2.4) 



Substituting (8.2.4) into (8.2.2), using (8.2.3), and equating coefficients of like 
powers of e, we obtain 

a 4 ^! a 2 ^! a 4 w a 2 w 

Mt + m +Wl= ~ 4 ^u^~ 2 ^n^\ (826) 
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b 4 w 2 d 2 u>2 b*w x ^ b 2 Wi A b 4 w b 4 w 

■+w 2 =-4- — j~ 2 - 4 



37^ 2 azg ajr, ar ar, a;rE a* 2 a* 2 , bx 

b 2 w b 2 w 



bT bT 2 bT\ 



awl (8.2.7) 



To analyze the propagation of a wavepacket centered around the wavenumber 
k and the frequency to, we take the solution of (8.2.5) in the form 

>v = A(X li X 2 ,T l9 T 2 )exp [i(kX ~ coT )} +cc (8.2.8) 

Substituting (8.2.8) into (8.2.5) leads to the dispersion relation 

to 2 =A; 4 + 1 (8.2.9) 

The complex function A is unknown at this level of approximation; it is deter- 
mined at the next levels of approximation by imposing the solvability conditions. 
If we express A in the polar form 

A = \a{X x 9 X 2 ,T l9 T 2 ) exp [ifi(X l ,X 2 ,T l9 T 2 )] (8.2.10) 

then a and |3 are the amplitude and the phase of the wave. If A is a function of 
T t and T 2 only, then (8.2.8) describes the propagation of a uniform wave whose 
wavenumber is k and whose frequency is shifted from to by the nonlinearity. 
On the other hand, if A is a function of X x and X 2 only, then (8.2.8) represents 
a uniform wave whose frequency is to and whose wavenumber is shifted from k 
by the nonlinearity. Equation (8.2.8) describes the propagation of a wavepacket 
only when A is a function of both space and time. 
Substituting for >v from (8.2.8) into (8.2.6) yields 

b 4 Wi a 2 Wi / « bA bA\ r . /f v 

l^+m^^V* 3 ^ + ^co— )exp W o-cr )] + cc 

(8.2.11) 

Since to and k are related by the dispersion relation (8.2.9), the particular 
solution of (8.2.11) contains secular terms in either X or T or both which 
lead to a nonuniform expansion for either long times or large distances or both. 
For a uniform expansion we require the vanishing of the right-hand side of 
(8.2.1 1); this solvability condition leads to the following equation for>l: 

oX\ al i 

Then (8.2.11) becomes the same as (8.2.5), and consequently w } =0, without 
loss of generality . 
Substituting for w from (8.2.8) into (8.2.7) and recalling that w x =0, we 
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have 



3 4 w 2 b 2 w 2 



, 3i4 2 a 2 ^ „ 3i4 a 2 ^i 



• exp [i(*X ~ uT )] - a,4 3 exp [3i(*X - w^)] - 3a^ 2 ^ 
•exp [i(*JT " w^o)] + <x (8.2.13) 

Eliminating the terms that produce secular terms in (8.2.13) leads to 

4ik*^+2iu^ + 6k 2 ^ 2 -^-3aA 2 A=0 (8.2.14) 

bX 2 bT 2 bX\ bT\ 

Then the solution of (8.2.13) becomes 

a A 3 
w 2 = ^ 4 exp [3i(kX ~ coT )) + cc (8.2.15) 

where use has been made of (8.2.9). 

Equations (8.2.12) and (8.2.14) describe the evolution of the complex ampli- 
tude A with the slow and long scales. These equations can be combined to yield 
one of two alternate single partial- differential equations for A. This is ac- 
complished by eliminating either bAjbT x or bAfbXi from (8.2.12) and (8.2.14). 
Solving for bA/b T x from (8.2.12) yields 

bA _ 2k 3 bA 
bT x ~ co bX x 



Hence 



8 2 ^ 2* 3 3 2 ,4 2k 3 b ( bA\ 4k 6 b 2 A 



(8.2.16) 



bT\ co bX x bT x co bX x \bTJ co 2 bX] 
Combining (8.2.1 4) and (8 .2 . 1 6) yields 

»»ik* 4Bf &i ,, '-%)U-* A '*- (82,7) 

Equation (8.2.17) can be put in a general form if one uses the dispersion rela- 
tion (8.2.9). To do this, we differentiate (8.2.9) with respect to k and obtain 

coto' = 2* 3 (8.2.18) 

where co' =dco/dk is the group velocity. Differentiating (8.2.18) with respect to 
k yields 

coco --co + ok 
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which on eliminating to' by using (8.2.18) becomes 

4k 6 
uco" = 6k 2 -— (8.2.19) 

CO 

where oj" = d 2 oj/dk 2 . Using (8.2.18) and (8.2.19) in (8.2.17), we rewrite the 
latter in the form 



M _ , bA „b 2 A 

— — + 2/coco - — + coo; — r 
bT 2 bX 2 bX 2 



2ioj — + 2/coo/ ^r + uoj" ^^ - 3aA 2 A=0 (8 .2 .20) 



Expressing X Xy X 2 , and T 2 in terms of the original x and t variables, we rewrite 
(8.2.20) in the final form 

bA , bA t ,,b 2 A . - - -_,. 

— + co'- — ^/cj"— r +f/e 2 ao;' 1 i4 2 ^=0 (8.2.21) 

Had we eliminated bA /bX x from (8.2.12) and (8.2.14), we would have obtained 
the following alternate partial- differential equation for -4: 

bA , bA , „ b 2 A ■, - o. o — 

— + A:' — + Uk" ^rr+4 *e 2 ak~ 3 A 2 A = (8.2.22) 

bx bt 2 bt 2 4 v y 

where k' = dk/dco and k" = d 2 k/dco 2 . Equations (8.2.21) and (8.2.22) are non- 
linear parabolic equations of the Schrodinger equation type. 

Although (8.2.21) and (8.2.22) were derived for a wave packet propagating 
transversly along a beam, they describe the propagation of wavepackets in any 
dispersive, lossless medium if one replaces co\ to", k\ and k" by using the dis- 
persion relation and a by the nonlinear interaction coefficient appropriate to the 
specific medium. Equations similar to (8.2.21) were derived to describe the 
propagation of two-dimensional wavepackets in plasmas by Washimi and Taniuti 
(1966), Taniuti and Washimi (1968), Asano, Taniuti, and Yajima (1969), 
Watanabe (1969), and Kakutani and Sugimoto (1974); on the surface of a fluid 
of finite depth by Davey (1972), Hasimoto and Ono (1971), and Nayfeh and 
Saric (1972b); on the interface of two fluids of infinite depth by Nayfeh 
(1976a); on the surface of a cylindrical column of fluid by Kakutani, Inoue, 
and Kan (1974); in ducts by Nayfeh (1975c); in nonlinear optics by Karpman 
(1975) and Asfar and Nayfeh (1976), for example; for torsional waves in an 
elastic rod by Hirao and Sugimoto (1977); for a two-dimensional Klein-Gordon 
equation by Watanabe and Taniuti (1977); for general nonlinear partial- and 
integropartial-differential equations by Taniuti and Yajima (1969, 1973), 
Kadomtsev and Karpman (1971), Kakutani and Sugimoto (1974), Asano (1974), 
and Inoue and Matsumoto (1974); and for the nonlinear stability for a wave 
system in plane Poiseuille flow by Stewartson and Stuart (1971) and DiPrima, 
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Eckhaus, and Segel (1971). Davey and Stewartson (1974) and Kakutani and 
Michihiro (1976) derived two coupled nonlinear partial- differential equations 
for the evolution of three-dimensional wavepackets on water of finite depth. 

We use (8.2.21) and (8.2.22) in the next section to study monochromatic 
waves (uniform wave trains) and determine their stability. The modulation of 
the envelopes of these uniform waves is discussed in Sections 8.2.3 and 8.2.4. 

Solutions of evolution equations of the type (8.2.21) and (8.2.22) were ob- 
tained by using an inverse scattering method by Gardner, Green, Kruskal, and 
Miura (1967); Lax (1968); Lamb (1971, 1973); Zakharov and Shabat (1972); 
Wadati (1973); Ablowitz, Kaup, Newell, and Segur (1974); Zakharov and 
Manakov (1973); Kato (1974); Kaup (1976); and Asano and Kato (1977). 
Steady-state solutions of the Schrodinger equation generally represent wave 
trains which can be expressed in terms of the Jacobian elliptic functions. They 
include a bright and a dark envelope soliton, a phase jump, and a plane wave 
with constant amplitude as special cases (e.g., Lighthill, 1965; Taniuti and 
Washimi, 1968; Hasimoto and Ono, 1971 ; Hasegawa and Tappert, 1973). Some 
of these steady-state solutions are discussed next. 

8.2.2. MONOCHROMATIC WAVES AND THEIR STABILITY 

If the wave has a fixed, single wavenumber, then we can use (8.2.21) to 
determine the nonlinear frequency shift. Since k is fixed, A must be independent 
of x and (8.2.21) reduces to 

bA 

+ §/e 2 aco~ 1 ,4 2 J? = (8.2.23) 



bt 



whose solution is 



A = \a exp(-§/e 2 0oC*co ! t + /ft,) (8.2.24) 

where a and j3 are constants. Substituting for A in (8.2.8), using (8.2.4), 
and recalling that w { = 0, we obtain 

w = a cos (fee- cof + j3 o ) + 0(e 2 ) (8.2.25) 

where 

co = co + | e 2 alaco~ l + 0(e 3 ) (8.2.26) 

Thus the effect of the nonlinearity is to produce a frequency shift. 

If the wave has a fixed, single frequency co, then A is independent of t. In this 
case it is more convenient to use (8.2.22) because the resulting equation is a 
first- order equation, compared with a second-order equation resulting from the 
use of (8.2.21). Thus monochromatic waves with fixed frequency are given by 
dropping the time derivatives in (8.2.22) and obtaining 

bA — 

— + %ie 2 otk- 3 A 2 A=0 (8.2.27) 

ox 
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The solution of (8.2.27) is 

A=\a exp [- ^ ie 2 al ak' 3 x + i0b ] (8.2.28) 

where a and O are constants. Substituting for A in (8.28), using (8.24), 
and recalling that vi/j = 0, we obtain 

w = a cos (fcx - tot + ft, ) + 0(e 2 ) (8.2.29) 

where 

£=*- ^6 2 aSaA:- 3 +0(6 3 ) (8.2.30) 

Thus the effect of the nonlinearity is to produce a wavenumber shift. 

The above -obtained monochromatic wave solutions may be unstable. To 
determine the stability of, say, the solutions given by (8.2.25) and (8.2.26), 
we first express A in the polar form 

A(x, = \a(x, t) exp [i(S(x, 01 (8.2.31) 

Substituting (8.2.31) into (8.2.21) and separating real and imaginary parts we 
have 

.*^.*-t4£-.{*)'hw (-3) 

Next we perturb a and from the monochromatic wave solution of (8.2.24). 
That is, we let 

a = a +aAx,i) 

(8.2.34) 
= -fe 2 a o ! ato~ 1 ? + 0o+0i(*,O 

where a x and 0i are assumed to be infinitesimal. Substituting (8.2.34) into 
(8.2.32) and (8.2.33) and keeping only linear terms in the perturbation quanti- 
ties, we obtain 

tor, ,3*1! „ d 2 0i n 
_ +w — +T a,ao-£r=0 

(8.2.35) 

80, , 90! j „ a 2 ^! 
- + c. -- T co — 2 



fl ^7 + wfl ^7 " iw"-y + le 2 alato~ l a l = 



Since (8.2.35) have constant coefficients, one can represent their solutions in 
the form 

a x =flio exp [i(Kx- £lt)] 

(8.2.36) 
0i =j3io exp [i(Kx- at)] 
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where a lQj ft , K, and 12 are constants. Substituting (8.2.36) into (8.2.35) 
yields 

i(co'K - a)a l0 ~ i co"a K 2 p lo = 

(8.2.37) 
{\J'K 2 +|e 2 ^aco" 1 )(Z 10 +ia (o>'K- 12)ft =0 

For a nontrivial solution the determinant of the coefficient matrix of (8.2.37) 
must vanish. That is, 

($2- u'K? = I co" 2 * 4 (i + -g^L) (g.2.38) 

\ zA COCO I 

For a given A\ 12 is always real, and hence a x and ft are bounded according to 
(8.2.36) if, and only if, aco">0. Otherwise 12 will be complex for values of 
K < VJ ea la/oxo"! 1 / 2 , and a x and ft will be unbounded. Hence the mono- 
chromatic wave solution given by (8.2.25) and (8.2.26) is stable only if aco" > 0. 
Combining (8.2.9) and (8.2.19) gives 

„ 2k 6 + 6k 2 
co =- 



co 3 

Hence co" > and monochromatic waves are stable or unstable depending on 
whether a and hence a 3 is positive or negative. 

However the linearized equations (8.2.35) are valid only for short times. The 
solution for long times is obtained in the next section for the case of stable 
waves and in Section 8.2.4 for the case of unstable waves. 

8.2.3. MODULATIONAL STABILITY 

In this section we consider the nonlinear modulation of the periodic-wave 
solution (8.2.25) and (8.2.26) when a>0. To do this we introduce the new 
independent variables 

£=jc- cjV, t = co'V (8.2.39) 

in (8.2.32) and (8.2.33) and obtain 



8r + ^ + ^ = ° (8 ' 2 ' 40) 

+ ifST + X» 2 =0 (8.2.41) 



30 1 b 2 a t Jdp\ 2 __ 2 _ 



da t da<W +1 d 2 

+ I 

where X = f e^coco")" 1 . 

Equations (8.2.40) and (8.2.41) are satisfied by periodic- and solitary -wave 
(soliton) solutions. These solutions can be obtained by considering stationary- 
wave solutions. Thus we seek a solution for (8.2.40) and (8.2.41) in the form 

fl=tfo + *ift-w), = -X*oT + ft($- w) (8.2.42) 
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where a and v are constants- Substituting (8.2.42) into (8.2.40) and (8.2.41) 

gives 

-va\ + a\&\ + \a$[ =0 (8.2.43) 

-v&- a ^ a +\i3?+x(a 2 -al) = (8.2.44) 

Multiplying (8.2.43) by 2(a +#i) and integrating the resulting equation 
yield 

a 2 & = va 2 +ci (8.2.45) 

where c, is a constant of integration. Since /?i =0 when a\ = according to 
(8.2.42), c, = - war 2 ,. Hence 

Pl=^^ (8-2.46) 

which when substituted into (8.2.44) gives 

a" = 2 X a(a 2 - a \) - v 2 [a - ^\ (8.2.47) 



A first integral of (8.2.47) is 



,,2„4 



a' 2 = X a 4 ~ (2 X al + v 2 )a 2 - ^ + c 2 (8.2.48) 

where c 2 is a constant of integration. Letting f =a 2 , we rewrite (8.2.48) as 

if 2 =xr 3 - (2 X r +o 2 k 2 +c 2 r- i> a rs (8.249) 

In the special case in which a^a and a -> as £ -► °°, it follows from 
(8.2.48) that 

c 2 = x4 + 2v 2 al 
and hence (8.2.49) becomes 

K' 2 =Xf 3 " (2tfo + » 2 )f 2 +(xr? + 2. 2 f )f- u 2 ? 2 , (8.2.50) 

Factoring the right-hand side of (8.2.50) we have 

ir' 2 =(xf-» 2 xro-r) 2 (8.2.50 

For a soliton, v 2 < xf • Hence v <\/x?min> where f min is the minimum of a 2 . 



Equation (8.2.51) can be solved by letting 



f = fo(l - b sech 2 0), Z? = ( 1 - -y- 1 (8.2.52) 



so that 

d$ = -2Wo sech 2 6 tanh </0 
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Figure 8-12. A soliton. 



*> (£-vt)/>< 



Hence (8.2.51) can be integrated to give 



(8.2.53) 



Therefore the soliton, a wave consisting of a single dip of constant shape and 
speed as shown in Figure 8-12, is given by 



■ 4 "( fli_ x) 



sech 



2 i- w 



where 



r 1 =Vx*o- v 2 y v<a min y/x 



(8.2.54) 



(8.2.55) 



We note that the modulation (soliton) of the envelope of the uniform -wave train 
consists of a hole that moves with the speed u. The phase jump across the hole 
is given by 



A0 



[~ a'fy\jy f°° v(a 2 - a%) Ju V^oX" V 2 , QO <*\ 

- I 0i (£)<*£= l 5 rf£ = -2arctan j= — (8.2.56) 



If a min = 0, v = and (8.2.54) reduces to 



a 2 =a 2 [ 1 - sech 2 ~^) = al tanh 2 ~^ 



or 



a = a tanh 



£- w 



(8.2.57) 



Moreover (8.2.56) becomes 

A0 = -tt (8.2.58) 

In the general case a does not tend to a and a does not tend to zero as f -> °°, 
and the roots f„ of the right-hand side of (8.2.49) are distinct. In terms of these 
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roots (8.2.49) can be rewritten as 

K 2 =x(?-fi)(?-?2)(r-r3) (8.2.59) 

which can be put in the standard form of an equation for a Jacobian elliptic 
function as follows. Letting f = f 2 " (J*2 ~ f i)" 2 > we can rewrite (8.2.59) as 

u 2 =K 2 (\ - u 2 ){\ - v 2 +v 2 u 2 ) (8.2.60) 

where 

*-VffTTK. -(£$" 

Hence u - cn[£(£ _ vt), v] and 

a 2 = f 2 - (f 2 - f,)cn 2 [*tt- vr)M (8.2.61) 

which Korteweg and de Vries named cnoidal waves. 

8.2.4. MODULATIONAL INSTABILITY 

In this section we consider the modulation of the envelope of the unstable 
periodic solution of Section 8.2.2 (sometimes termed self-modulation); that is, 
we consider solutions of (8.2.40) and (8.2.41) when a. and hence x are negative. 

First we investigate periodic and solitary solutions of (8.2.40) and (8.2.41). 
Thus we seek a solution in the form 

tf=flo+tfift-w), = -X0or + /3i(£- ur) (8.2.62) 

where a and v are constants. Substituting (8.2.62) into (8.2.40) and (8.2.41) 
yields 

-iw'+fl'/J', +|fl^=0 (8.2.63) 

~-tfl+£0i 2 -x(fl a -«3)-O (8.2.64) 

where x = ~X- 
Equation (8.2.63) can be solved for |3i . The result is 

v(a 2 -c,) 

Pl a 2 

We shall assume in the following that p\ = when a = a so that c x =a%, and 
hence 

P\= V -^^ (8.2.65) 



594 TRAVELING WAVES 




Figure 8-13. Phase plane for the case of 
modulational instability when v ^ 0. 



Then (8.2.64) becomes 



a"=-2xa(a 2 -al)-v> 



at 
a- — 
a 



(8.2.66) 



Multiplying (8.2.66) by a' and integrating the resulting equation gives 

\a' 2 =-\xa 2 (a 2 -2al)-jv 2 (a 2 + a -jj + h=-F(a) + h (8.2.. 



.67) 



where h is a constant of integration. 

Figure 8-13 shows the character of the solutions in the phase plane for the case 
v =£ 0. In this case there are two centers at a = ±0 O when h = ho , and there is no 
modulation. But when h>h the modulation of the envelope is oscillatory 
about a = ±a . 

Figure 8-14 shows the character of the solutions in the phase plane for the 
case v = 0. In this case there are two centers at a = ±a Q and a saddle point at 
a = 0. When h=h 0i there is no modulation of the wave motion. When h <h < 
h 2 such 2&h=h\ the modulation of the envelope is oscillatory about a = ±a . 
The separatrix corresponds to h= h 2 , and it corresponds to the following 
solution of the soliton type 

a=y/2a sech [V2xa (?- w- £ + w )] (8.2.68) 

where £ and r are the initial values of % and r . When h > hi , the modulation 
of the envelope is periodic, and a in this case passes through zero. 

Nonstationary modulations of the envelopes of periodic waves with constant 
amplitudes were treated numerically by Karpman and Kruskal (1969) and 
analytically by Zakharov and Shabat (1972). They considered solutions of 
(8.2.40) and (8.2.41) when x < in the form 



fl=flo+*itt,r) f j8 = -Xflor + j8i(*,T) 



(8.2.69) 
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Figure 8-14. Phase plane for the case of modulational instability when v = 0. 



where a is a constant subject to the initial conditions 



(8.2.70) 



where /(£)-► as |£|-*°°. They found that when the initial periodic wave is 
unstable, some perturbations cause it to decay very rapidly into a series of 
solitons, one of which is given by (8.2.68). 



8.2.5. NONLINEAR COUPLED PARABOLIC EQUATIONS 
Although the solutions obtained in the preceding two sections are valid for a 
wide range of wavenumbers, they are not valid when k 2 « y because w 2 -* °° as 
k 2 -> j according to (8.2.15). The term e 2 w 2 becomes the same order as w Q 
when fc 2 - 



0(e 2 ) and dominates it when k 2 - y <6>(e 2 ), contrary to the 
implicit assumption used in deriving the expansion. To understand the reason for 
the expansion breaking down and hence find a method for determining a uni- 



596 TRAVELING WAVES 

form expansion when k 2 « ^ , we use the dispersion relation (8.2.9) to write 
down the linearized phase speed of the waves. That is, 

c -A k+ ¥j (8 - 2 - 7l) 

Equation (8.2.71) shows that a fundamental wave with a wavenumber k = l/y/n, 
n>2, has the same phase speed as its nth harmonic. Hence the fundamental 
and its «th harmonic may interact strongly, and we say that there exists a 
condition of harmonic resonance. In general, harmonic resonance may exist if 
(cj, k) and (nco, nk) satisfy the same dispersion relation. In the present case 

co 2 =k 4 + 1 and « 2 oo 2 =n 4 k 4 + 1 (8.2.72) 

hold simultaneously. Eliminating co from (8.2.72) yields k 2 = \jn. 

Since the wave with wavenumber k 2 « I is harmonically resonant with its third 
harmonic, a uniform expansion to our problem demands that the zeroth- order 
solution, the solution of (8.2.5), must contain the interacting harmonics rather 
than one of them. Thus for the case of third -harmonic resonance, we take the 
solution of (8.2.5) in the form 

w =A l (X l9 X 2 , r, , T 2 ) exp [i(*,* - u x T )] + A 3 (X l ,X 2 , T x , T 2 ) 

•exp [i(k 3 X - oo 3 T )] +cc (8.2.73) 

where 



(8.2.74) 







co 2 


= £ 4 


+ 1 








co 3 ^ 3coj 


and 


k 3 


^3k x 


Substituting vv 


into 


(8.2.6) yields 








l 4 W! ( d 2 w 1 




^ /x,7.3 M * 






dA n \ 



■ exp [i(k n X " u n T )] + cc (8.2.75) 

Eliminating terms that produce secular terms in (8.2.75) we have 

^,, dA n dA„ 

n l^ + " n ~dT^ = ° forw = land3 (8.2.76) 

Then the solution of (8.2.75) can be taken as w x = 0, without loss of generality. 
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Substituting vv into (8.2.7) and recalling that w x = 0, we obtain 



3 4 w 2 b 2 w 2 



+ T^2" +W 2 



bX% bT 2 



n ~ 3 [ n bX 2 n bX\ n bT 2 bT\ 



■exp [i(k n X - co n T )] - 3a(A x A x + 2A 3 A 3 )A X exp [i(k x X - u> x T )] 

- 3ot(2A x A x +A 3 A 3 )A 3 exp [i(k 3 X - u 3 T )] - aA\ 

•exp [3i(k x X - cj x T )] - olA\ exp [3i(k 3 X - (jO 3 T )] ~ 3aA\A 3 
•exp [i(k 3 +2k x )X - /(to 3 + 2oj x )T ] - 3aA x Al exp [i(2k 3 +k x )X 

- i(2u 3 +co x )T ] - 3aA 3 A 2 x exp [i(* 3 - 2k x )X - /(« 3 - 2oj x )T ] 

- 3aA\A x exp [z(2A; 3 - k x )X - /(2gj 3 - u x )T ] + cc (8.2.77) 

To express the nearness of the resonance, we introduce detuning parameters 
o x and o 2 defined by 

k 3 -3k x =e 2 o x , cj 3 - 3co, =e 2 o 2 (8.2.78) 

Then we express the near-resonance terms in (8.2.77) as 

3k { X - 3cj x T Q =k 3 X - co 3 T - e 2 o x X +e 2 o 2 T Q =k 3 X - oj 3 T 

- V(X 2 ,T 2 ) (8.2.79) 

(* 3 - 2*0*0 - (w 3 - 2co x )T = k x X - co x T + T(X 2 ,T 2 ) (8.2.80) 



where 



r = o x X 2 - o 2 T 2 (8.2.81) 



Using (8.2.79) and (8.2.80) in eliminating the terms that produce secular terms 
in (8.2.77), we have 



bA x ,b 2 A x bA x b 2 A x 



^iTTr +6 *iTi^ +2/c °i^" ^T =3a(>4 1 ^ 1 + 2A 3 A 3 )A X 

+ 3aA 3 A 2 x exp(zT) (8.2.82) 



, f , 3i4 3 , , B 2 ^ 3 bA 3 b 2 A 3 , 

4ikl -r + 6* 2 3 — | + 2/co 3 — ^ - — ^ = 3a(2i4^, + A 3 A 3 )A 3 

OA 2 OA 1 01 2 Oij 

+ a^4? exp(-/r) (8.2.83) 

Equations (8.2.76), (8.2.82), and (8.2.83) constitute a system of four complex 
partial- differential equations describing the interaction of two wavepackets 
centered around (u>x , &0 and (co 3 , * 3 ). As in the case of the propagation of one 
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wavepacket, these interaction equations can be combined into a pair of coupled 
partial- differential equations by eliminating either the T x or the X x derivatives. 
First we eliminate the T x derivatives. From (8.2.76) it follows that 

bA n 2k\ bA n b 2 A n _ 4k 6 n b 2 A n 



bT x u n bX x 9 bT\ u 2 n bX\ 
Then eliminating the T x derivatives, we rewrite (8.2.82) and (8.2.S3) as 
^. bA x . bA x I . Ak\\ b 2 A, , _, 

+ 3a^ 3 ^5exp(/T) (8.2.84) 



2i«3 — 3 + Aik\ —2 + 6*1 - -f — \ = 3a(2A l A l + A 3 Z 3 )A 3 

bl 2 bX 2 \ CO3 / bX\ 



+ ai4?exp(-iT) (8.2.85) 

Using (8.2.18) and (8.2.19) with co and k replaced respectively by co n and k n , 
we can rewrite (8.2.84) and (8.2.85) in terms of the original variables as 

^ + co; ^- l/^'^-f/e^cor 1 ^^! + 2A 3 A 3 )A X 

-\ie 2 QLu\ x AiA\ exp(iT) (8.2.86) 

bA 3 , bA 3 t . „ b 2 A 3 _ 3 . _ 
— + o; 3 — - - Uu> 3 -—^- = -pe'au> 3 l (2A l A l +^3^3)^3 
bt bx z bx* z 

-±i€ 2 aul l A\exp(-ir) (8.2.87) 

We note that the terms proportional to exp (± zT) are the result of the harmonic 
resonance. Thus in the absence of harmonic resonance, the equations describing 
the interaction of any two wavepackets centered at (k x , oj x ) and (k 3 , co 3 ) are 

"d7 + a;i "to" 2 /co '&^ = "2 /e aw > W^i +2 ^^Mi (8.2.88) 

^ + co 3 — 3 -|/co'i^=4/6 2 aco 3 - I (2^ 1 ^ 1 +^3^3M3 (8.2.89) 

Inoue (1977) derived equations similar to (8.2.88) and (8.2.89) for the inter- 
action of two wavepackets in an isotropic dielectric material when the group 
velocities co\ and co' 3 are the same. 
Had we eliminated the X x rather than the T x derivatives, we would have ob- 
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tained the alternate equations 



|/e 2 afci"M 3 ^f exp(iT) (8.2.90) 



9r 



^ + *^ + i*3^7r a -|'e a «*J 3 (2^i^,+^3^3M3 



- J/e 2 o*i 3 i4? exp(-zT) (8.2.91) 

Putting y4„ = \a n exp (/ft,) and separating real and imaginary parts in (8.2.90) 
and (8.2.91), we obtain 



3* 3r 1 



da^dfh J 3^ 
3, bt** Ql bt 2 



= -^e 2 ofcr 3 03*i sin t (8.2.92) 



,2 



= -^e 2 aA:3 3 ^ sin 7 (8.2.93) 



dfl 3 3# 3 „ [da 3 303 x 1 d 2 fr 

- ^e 2 ak\ 3 a 3 a\ cos 7 (8.2.94) 



*3 ~ + *3<*3 T7 + I*3 

3a: 3r 



3 2 * 3 (w^ 2 



~b?-~ a3 \9t 



-£-e 2 ak; 3 (2a 2 +al)a 3 



±e 2 ak 3 3 a] cos 7 (8.2.95) 



where 



7 = 03 - 30! + (fc 3 - 3^i ) jc - (co 3 - 3co t )f 



(8.2.96) 



Equations (8.2.92) through (8.2.96) describe the interaction of two wavepackets 
centered at (k it coj) and (fc 3 , cj 3 ), where co 3 ^ 3cjj and k 3 ** 3k x . Since there 
are no solutions available yet for these equations subject to general initial condi- 
tions, we discuss stationary-wave solutions in the next section. 

8.2.6. INTERACTION OF STATIONARY WAVES 

In this section we consider stationary -wave solutions of (8.2.92) through 
(8.2.96) of the form 



a n =a n (x- vt), ft, =/?„(*- vt) 



(8.2.97) 
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Substituting this form of the solution into (8.2.92) through (8.2.95) yields 

{\-k\v)a\ -kWiarf'x + \a l $[) = ±e 2 ak\ 3 a 3 a\ sin 7 (8.2.98) 

(1 - k' 3 v)a' 3 - kW(aJ 3 + ±a 3 &) = -±e 2 otk- 3 3 a 3 l sin 7 (8.2.99) 

(1 - *iiOfl,0i + \kW{a[ ~ a l p' l 2 ) = -±e 2 otk- 1 3 (a 2 1 + 2a\)a x 

- ^e 2 ak\ 3 a 3 a\ COS7 (8.2.100) 

(1 - vk' 3 )aj 3 + \kW{al - a 3 $ 3 2 ) = -±e 2 ak- 3 \2a\ + a 2 )a 3 

- ±e 2 ak- 3 *a\ cos 7 (8.2.101) 

For stationary-wave solutions to exist, (8.2.98) through (8.2.101) must be 
functions of £=*- vt only. Hence it follows from (8.2.96) that stationary- 
wave solutions are possible when 

"t^t (8 ' 2,o2) 

so that 

7 = 03" 3/?! +(* 3 - 3*i)(*" vt) (8.2.103) 

In the perfect resonance case (i.e., k 3 = 3k x and co 3 = 3a;!) stationary waves 
exist for all speeds of propagation v. In general one needs to solve numerically 
(8.2.98) through (8.2.101) and (8.2.103) subject to initial conditions to deter- 
mine the a n and the 0„ . 

For the special case of v = 0, the problem governing stationary -wave solutions 
reduces to 

a\ = ^ e 2 ak\ 3 a 3 a\ sin 7 (8.2.104) 

a 3 = -^e 2 ak~ 3 3 a\ sin 7 (8.2.105) 

*i0i =-j^e 2 ak- l 3 (a 2 1 + 2^)"! - ±e 2 ak\ 3 a 3 a\ cos 7 (8.2.106) 

aj 3 =-±e 2 ak- 3 3 {2a\ + a\)a 3 - ± e 2 ak 3 3 a\ cos 7 (8.2.107) 

7 = 03- 30i +a!*, e 2 o l =k 3 -3k l (8.2.108) 

Equations (8.2.104) through (8.2.108) have the same form as (6.3.23) through 
(6.3.27). It follows from Section 6.3 that these equations have two classes of 
solutions. The first class consists of constant a x and a 3 and the ($ n are adjusted 
such that k 3 + 3 = 3(k\ + 0i); thus the wave motion is periodic with constant 
amplitudes. The second class of solutions consists of periodic a n and W so that 
the wave motion is aperiodic. It should be noted that the periodic-wave motion 
is unstable because any small disturbance would lead to an aperiodic motion. We 
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note also that (8.2.104) through (8.2.108) do not possess solitary-wave solu- 
tions, in contrast with the case of quadratic nonlinearity, such as in the inter- 
action of capillary- gravity waves (Simmons, 1969; McGoldrick, 1970b; Nayfeh, 
1973c). 

McGoldrick (1970a, 1972) and Kim and Hanratty (1971) demonstrated ex- 
perimentally the interaction of two capillary-gravity waves on the surface of 
deep water when the phase speeds are approximately the same. The problem of 
second-harmonic resonance was studied for the case of deep water by Wilton 
(1915), Simmons (1969), and McGoldrick (1970b); for the case of finite- depth 
water by Nayfeh (1970b); and for the case of an airstream adjacent to finite- 
depth water by Nayfeh (1973c). Nayfeh (1970c, 1971a) and Lekoudis, Nayfeh, 
and Saric (1977) studied third-harmonic resonances in deep water. 

Franken, Hill, Peters, and Weinreich (1961) performed an experiment on 
second-harmonic generation in the field of nonlinear optics. Armstrong, Bloem- 
bergen, Ducuing, and Pershan (1962) considered the case of second-harmonic 
resonance in optics; while Matsumoto, Sugimoto, and Inoue (1975) studied 
second-harmonic resonances in a cold collisionless plasma. 

May (1960) and Meitzler (1961) demonstrated experimentally that a longi- 
tudinal wave can be coupled with a flexural wave at the particular frequency at 
which these waves propagate with the same phase speed. Sugimoto and Hirao 
(1977) studied second-harmonic resonances in the interaction of torsional and 
longitudinal modes. 

Nishikawa, Hojo, Mima, and Ikezi (1974) and Kawahara, Sugimoto, and 
Kakutani (1975) treated the interaction of the envelopes of short and long 
waves. 

Three or more waves can interact in systems governed by higher dimensional 
problems. Some of these interactions were studied by McGoldrick (1965); 
Benney and Saffman (1966); Benney (1967); Davidson (1967, 1969, 1972); 
Benney and Newell (1967a, b, 1969); Hoult (1968); Newell (1968); Sagdeev 
and Galeev (1969); Tsytovich (1970); Stenflo (1973); Larsson and Stenflo 
(1973); and Inoue (1975). 



Exercises 

8.1. Which of the following equations describes dispersive waves? 

bu bu 

(a) — + — = 

bt bx 

bu bu b 2 u 
ot ox ox 
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du du 3 u 

(c) — + — + — ^ = 

dt dx ojt 

d 2 u d 2 u 

(d) ^~a7 + w = 

8.2. Consider right-running waves along a uniform semiinfinite bar. The prob- 
lem is governed by 

d 2 u d 2 u bud 2 u 

dx 2 " dt 2 " ~ 2El dx dx 2 

11(0,0 = 60(0 

3w 3w 

— (*,0) = — (jc,0) = 

or ox 

(a) Show that the straightforward expansion is 

w = e0($i)- |e 2 £ , 1 x0' 2 (5j) + • • • 
S\ = t - x 

(b) Show that the strain e is 

e = -e0'(*i) - ^e 2 ^, [0' 2 (^) - 2^(i,)^i)l + • ' ' 

Hence it is not valid for distances 0(e~ l ) or larger. 

(c) Use the method of renormalization and let 

Sl =$ + €$!(*,£) + ■•• 

in the expansion for e. Expand for small e and show that the nonuniform term 
disappears if £j = E\X$ (£). Therefore a uniform expansion is 

s = -e0'tf) + --- 

si =f + e£' 1 jf0'(f) + -- • 

in agreement with (8.1.71) and (8.1.70) obtained by using the method of mul- 
tiple scales. 

(d) Show that if £i is chosen to eliminate the secular term in u rather than e, 
the resulting expansion is 

u = e0(?) + • • • 

s x =£ + £e£' 1 Jt0'($) + -'- 

Substitute this solution into e and show that 

e =-€0'«) - ?e 2 Ei [0' 2 (|) - *0'(?) w (ttl + • ' ' 

which is nonuniform for large x (see Nayfeh and Kluwick, 1976). 
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8.3. The problem of simple waves propagating in a duct carrying a uniform 
mean flow of Mach number M is given by 

<t>tt ~ <t>xx = " 2 0jc0*f + " 7) [0f + \ <!>l ~ \ m2 1 <t>xx ~ <t>\<t>xx 

u(0,t) = <l> x (0,t)=M + ef(t) 

u = upstream 

(a) Show that the straightforward expansion for the solution of this prob- 
lem is (Nayfeh and Kaiser, 1975) 

u= M + ef($) + \e 2 (>y + \){\ + M)~ 2 x f(%)f'(%) + 0{e 3 ) 

where £ = t - (1 +M)" 1 x. This expansion is not uniform for large x. 

(b) Let £ = s + es x (s, x) + • • • , use the method of renormalization, and obtain 
the following uniform expansion (Nayfeh and Kaiser, 1975): 

u=M + ef(s)+ • • • 

where 

t- (1 +M)" 1 x=s- ^e(T+ 1)(1 +M)~ 2 */(*)+••• 

8.4. Consider the equation 

a 2 



d 2 w d 2 u (buV 



(a) Use the method of multiple scales to show that right-running waves can 
be approximated by (Chikwendu and Kevorkian, 1972) 

u=f(s l ,T l )^0(e) 

where s\ = x - t and /satisfies the equation 



> the integral 
[T x +F( Sl )]- 1/2 



(b) Show that this equation has the integral 

os, 

(c) If u(x, 0) = a sin ux and du(x, 0)/dt = -aw cos tox, show that 

sec 2 cjsi 

F( Sl )= r V" 

a to 

and then 

1/2 



CO 



VTt 



. 1 7 futTj \ 

arcsin z — - — sin oosx 

l\\+a 2 co 2 T 1 J 
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8.5. Consider the equation 

dt 2 



u b 2 u \ du fdu\ 3 1 



This equation was proposed by Myerscough (1973) as a model for wind-induced 
oscillations of overhead power lines and treated by Keller and Kogelman (1970), 
Chikwendu and Kevorkian (1972), and Lardner (1977). 

(a) Use the method of multiple scales to show that right-running waves can 
be approximated by (Chikwendu and Kevorkian, 1972) 



u=f(s 1 ,T 1 ) + 0(e) 



where s% = x ~ t and 



a 2 / 3/ /d/\ 3 

(b) Show that this equation has the integral 

(c) If u(x, 0) = a sin cjjc and du(x, 0)/bt = -<za> cos oxe, show that 






sec cjsi a 
a(jj cos co$i 



-a 2 cj 2 (\ - e~^)cos 2 cjs, + e' &T ^ 



1/2 



1 (_fi!a_\ 1 ' 2 



arcsin 



-a 2 cj 2 (\ - e 



-&t x 



e~ 0T * +-a 2 GJ 2 (l~ e 



■0T t 



1/2 



sin cjs 



I 



8.6. In the presence of viscous damping, waves propagating along a uniform, 
initially undeformed nonlinear elastic bar are governed by 

d 2 u 1 3 2 u dub 2 u du 

dx 2 c 2 br dx bx 2 dt 

(a) Show that right-running waves are approximated by 

e = e/(*i,*i, T x ) + - • • 

where si = / - (x/c), x x = ex, 7^ = er, and /satisfies 

3/ 1 3/ E x 3/ 

— ^- + - + JUC/+— /— = 

3x! c 3Ti c 3*! 
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(b) For waves that are "nonlinearly distorted with distance," show that 

e = e exp (- e/JLcx) 0(|) + • • • 

where 

si = % + km- 1 c~ 2 [\- exp (- etJLcx)] 0(£) + • • ■ 

Hint: Let /= Q(x x ) h(s x , z), where z = Z(x x ) and choose Q and Z so that h is 
given by 

3/2 E x dh 

OZ C OS i 

(c) For waves that are "nonlinearly distorted with time," show that 

e = e exp (- efic 2 t) 0(£) + ■ • • 
where 

*i =t + £ 1 /i- | c- 2 [l-exp(-c/ic 2 r)] «(*) + ••• 

(d) Under what conditions can oppositely traveling waves be approximated 
by 

e = e/(j! . jc t , T x ) + es (* 2 , x x , r, ) + • • • 

where /is described in (a) while g satisfies the equation 

dg 1 dg E x dg 

— + — g /i<* = 

ojcj coTi c ox i 

8.7. For high frequencies the constitutive equation for a homogeneous visco- 
elastic material can be approximated by 

do de 

— = E(\ + 2E x e)-~ - Ire 

dt dt 

where E, E x , and r are constants. 

(a) Show that waves propagating along a uniform bar made of this material 
are governed by the equations 

d 2 u do 

P dt 2 " dx 



do ( du\ d 2 u ^ du 

— = E\\+2E l —)r-^r~ 2f .- 
dt \ dxj dx dt dx 



(b) For small- but finite-amplitude right-running waves, let f = er and seek an 
expansion in the form 

u = eui(s i ,S2,x l , T x ) + e 2 u 2 (s x , s 2 ,x l , T x ) + * • • 

o = €o x (s x ,s 2 ,x x , T x ) + e 2 a 2 (^i » ^2 , -^i , T\) + ■ • • 
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where 



x x E 

s x -t — , s 2 =t + — , x l ~ex, T l =et y c 2 - — 
c c p 

For right-running waves take u l = f(s l ,x li T 1 ) and show that o x = -pc(bf/dsi) 
(c) Then show that the equations describing u 2 and o 2 are 

pc (± + ±y U2 j±. _l\ 02 = _ 2pc _i!l_ _ pc i * 2 f 

\ds 2 9^i/ \9«2 3*i/ 3*i 97"i 9*; 9jci 

fc + 9„r 2 " c Ur3^r 2 



9Y 2EEt df d 2 f It df 



+ — —— — +" 



3^! 3xi c 3^! 3$] c 3$i 

Subtract these equations to obtain 

3 [ / 3 3 \ 1 37 _ 2 3V 



2 



/ 3 3 \ 1 3 2 / 2 

p t + 3^j U2 - a2 J =_2pc ^7^r" 2pc 



ds 2 L \^2 ^1/ J dsi dTi ds x dxi 

3/ 3 2 / 2r 3/ 
" 2p/s! — -y — 

OS i OS i C OS i 

Hence show that the solvability condition is 

3 2 / , 1 3V , E\ 3/ » 2 / r »/ = 
3s ! 3jc! c 3^! 37^ c 2 dsi ds 2 pc 3 ds } 

(d) Under what conditions can oppositely traveling waves be approximated 

by 

u = €f(s, , Xl , T x ) + eg(* 2 , jci , Tj ) + • • • 
a = - pee [ f( Sl , Xi , Ti ) - £(s 2 , *i , 7^ )] + • • • 
where/ is described by the above equation and# is described by 
d 2 g 1 d 2 g E x dg d 2 g t dg 



ds 2 dxi c ds 2 dT x c 2 ds 2 ds 2 pc 3 ds 2 



= 



(e) When the waves are "nonlinearly distorted with distance" only, show that 
the equation describing /becomes 

oF E x dF t 

OXi C OSi pc 



where F = df/dsi. Show that 

a = -epcexp(--f T x) i//(£) 
where 



x > E 
si = *-- = £ + 
c 
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Hint: Let F ~ Q(x x ) H(s x , z), z = Z(x x ), and choose Q and Z such that // sat- 
isfies (bH/bz) + (£*! /c 2 ) H(bH/bs x ) = 

8.8. For low frequencies the constitutive equation for a viscoelastic material 
can be approximated by the Voigt model 

t ss be 

o = E(e + E x e 2 ) + 2n — 

3f 

(a) Show that nonlinear waves in a uniform bar made of this material are 
governed by the equation 

b 2 u 1 b 2 u bub 2 u £ d 3 u 



- = - 2E X 



bx 2 c 2 bt 2 ! 3x 3jc 2 £ dx 2 bt 

(b) To determine an approximation to small but finite-amplitude progressive 
waves in this rod, set ju = efiE and obtain 

u = ef(s l ,x l , T x )+- • * 

where /satisfies the following equation: 

a 2 / , } a 2 / + gij/_ 9V_ii^/ =0 

3^! 3x, c 3^! dT x c 2 ds x bs] c bs\ 

where s x = t - (x/c), x x = ex, and T x = ef. Letting F = 3//3$j , rewrite this equa- 
tion as the generalized Burgers equation 

bF 1 bF E x bF ju b 2 F 
ox x c oT x c os x c os x 

If the distortion is a function of T x , F is governed by 

bF Ej_ bF_ b 2 F _ 
37^ c 3j! M 3j? ~ 



which was obtained by Nariboli and Sedov (1970) and Nariboli and Lin (1973) 
using the method of multiple scales and by Lardner (1976) using the method 
of averaging. 

(c) Under what conditions can an approximate solution to the case of op- 
positely traveling waves along this bar be given by 

u = ef(s x , x x , T x ) + eg(s x , x x , T x ) + - * * 

where the equation describing /is given ^n (b) above, while g is governed by 

b 2 g 1 b 2 g Ej_bg_b^ Md 3 g 



3^2 3*i c 3s 2 3^1 c 2 bs 2 3s 2 c bsl 

Thus the waves do not interact in the body of the material although they may 
interact at the boundaries (Mortell, 1977; Nayfeh, 1977). 
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8.9. Consider Burgers' equation 

du du 



bt bx L bx 1 



Show that the change of variables 

= exp 



(-?/"*) 





5 30 
bx 










transforms this equation 


into the heat equation (Hopf, 


1950; 


Cole, 


1951) 




30 , 


b 2 ^ 
bx 2 








8.10. Seek stationary solutions of Burgers' equation 










bu bu 
bt bx 


>5^ 








in the form 


u=f(x 


-cf) 









Derive a nonlinear ordinary equation for/. Advani (1969b) used this approach to 
study waves propagating in an infinite plate, while Yen and Tang (1970, 1976) 
used it to study waves generated by a steady moving load on an elastic string 
and plate, respectively. 
8.11. Consider the Burgers equation 



bu bu b 2 u 

■ + U — = V— r-, V>0 

bx 2 



bt ~ bx ' bx 2 ' 



(a) Show that it has a steady solution of the form 

u q = - Woo tanh ( 1, Uoo > 



where u^ is a constant. Show that this solution is a shocklike solution. 

(b) Let u = u + v, where \v\ « |w | and show that 

bv bu du b 2 v 

+ U — + v-v — r- 

3/ bx dx bx 1 

(c) Use the variational equation to study the stability of the above steady 
solution (Jeffery and Kakutani, 1970). 

8.12. Consider the Korteweg-de Vries equation 

bu bu b 3 u 

— + w — = e— y, 6>0 

bt bx bx* 
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(a) Show that it has the steady solution 



"o 



■Uoo l-3sech 2 ( — 1 x , i/oo>0 



(b) Let u = u + v, where \v\ < |w |, and investigate the stability of this 
steady solution (Jeffery and Kakutani, 1970). 

8.13. Consider the sine-Gordon equation 

Let \p = 77 + 00), where s = jc - vt and v < 1 . Show that is governed by (Sabata, 
1974) 

0" + (l - v 2 )" 1 sin = 

Investigate the solutions of this pendulum equation and discuss the solutions of 
the original equation. 

8.14. Waves propagating along a uniform nonlinear elastic bar are governed 
by the equation 

b 2 u ]_^u__ bub 2 u 

bx 2 ' c 2 bt 2 " " 2El bx bx 2 

(a) Show that its characteristics are given by 



Hence 



( 1+2 *'!)(£) 2= 7 

dt 1 / bu\ 

— - +— \l - Ei — I + higher-order 

dx c \ ox J 



terms 



(b) Change the independent variables jc and t to the nonlinear characteristics 
| and 77. Hence show that the equations of the characteristics can be rewritten as 



3/_ /l_ EjA ax _ bx 
br} \c c ) brj brj 

bt_ I _\_ E x e \ 3x _ dx 

ag " \ c + c I bk ~ Cl b\ 



where e = bu/bx. 
(c) Use the chain rule to transform the derivatives to 



b_ _ 1 [£l A. _ £?_ Al 

bx c 2 ~ C\ [x£ °% x r\ ar i] 

bt c 2 - c x [x£ a? x v a^J 
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where jc^ = 3x/3£ and x^ = dx/dr}. Then rewrite the set of equations as 

x^[v ri + c 2 c 2 (\ + 2E l e)e 7} ] - jc,,^ +c 2 ci(l + 2E l e)e ii ] =0 

where v = du/dt. 
(d) Show that a straightforward expansion for this problem is (Lin, 1954) 

<? = €/(£) + €£(*) + •■■ 

v = -ecf(t) + ecg(ri) + '- - 

r = i(i? + f)- ic^i /0? -$)+*(£" *?) + J /<*)*+ J g(*)ds\ +••• 

jc = ic-(T? - g) + ^cci?! /(t? - 5) - ^(5 - i?) - f /«<**+ J *«<**+•■• 

where the parametrization was fixed by imposing the conditions *(£, £) = and 
f(& £) = £. Then show that 



/-- = $- $e£ t 
c 



r + — = 17 + ^ e£", 



j/H 



-*(*?) 



Under what conditions can the integral terms be neglected? Show that except 
for the presence of the integral terms in the expressions for £ and 17, this solution 
is in full agreement with that obtained by using the method of multiple scales. 

8.15. Consider the problem of forced excitations of a nonlinear finite elastic 
bar. The problem is governed by 



d 2 u d 2 u 



dud 2 u 



■ = - 2Ei 

dx 2 dt 2 dx dx 2 

u(0, = 0, m(1, t) = ep coscjt 

(a) Seek a straightforward expansion in the form 

u = eui(x, t) + e 2 u 2 (x, t) + • • • 

(b) Show that 

u x = p cos <jjt sin cjjc (sin a;)" 1 

(c) Show that 



t lP 2 CJ 2 

8 sin 2 cj 



1 / cos 2(jj sin 2<jjx\ 1 

— (x sin 2cj - sin 2cjjc) - I x cos 2cl?jc I cos 2con 

cj \ sin 2co / J 



EXERCISES 611 

(d) Show that the straightforward expansion breaks down when cj ^ mi\ 
these are the resonant frequencies of the bar and the excitation is a primary 
resonance. 

(e) Show also that the straightforward expansion breaks down when cj « 
(n + 2) tt; the bar is subharmonically excited. 

(f ) Determine an expansion valid near cj « mr, where n is an integer; Chester 
(1964) and Collins (1971) obtained uniform expansions for gas-filled columns. 

(g) Determine an expansion valid near cj ^ (n + •£) 7T, where n is an integer. 

8.16. Consider one-dimensional wave propagation in an inviscid isentropic 
gas. If x is the position of a fluid particle in the undisturbed state and if i?(x, /) 
is its displacement from the position jc, 

(a) Show that the motion is governed by 

Conservation of mass 



Po 



-(■♦£)' 



Conservation of momentum 



Equation of state 



Po - 2 



d 2 T7 dp 



--(-v 

Po \Po/ 



where p and p are the density and pressure in the undisturbed state, p and p 
are the instantaneous density and pressure of the gas, and 7 is the gas specific 
heat ratio. 

(b) Combine these equations to arrive at the following Lagrangian form of 
the wave equation: 

dx 2 



d 2 T? , / 3t?V 



where c = (jPo/Po) 1 is the speed of sound in the undisturbed fluid. 

8.17. Consider the Lagrangian form of the wave equation in an inviscid isen- 
tropic gas 

^-2/ 3rA~ (7+1) a^ 
dt 2 ~ C °\ l + dx dx 2 



(a) Assume that the particle velocity u = drj/dt is a function of the local fluid 
density. That is, 



■-'© 
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Substitute this form of solution in the wave equation and obtain 

-(7+0 



;d state u - 817/8; 
:t characteristics of the wa 



(b) Since in the undisturbed state u = drj/dx = 0, show that 

-7)/2" 

(c) Show that the exact characteristics of the wave equation are given by 

dx 

(d) Show that 



>(7+i)/(7-0 



or 



(e) Therefore the exact solution for right-running waves is (Earnshaw, 1860) 

»-K('^")™"] 

(f ) For small but finite waves, show that u can be approximated by 

(g) Compare this approximate solution with a solution obtained by using the 
method of multiple scales. 

8.18. An approximate solution for right-running waves in an inviscid isen- 
tropic gas is given in Exercise 8.17 as 



r x 7+ 1 1 

u=F\t + -*— =-*m 

L c lc\ J 



(a) If i/(0, t) = u sin cjt y show that 
u = u sin 



r a;* 7 + 1 1 

in \tot + — -z- coxu = u sin £ 

L Cq 24 J 



(b) Show that u can be represented by the following Fourier series (Fubini- 
Ghiron, 1935): 



u 4cl ^1 \n(y+ \) cou x] . [ / 

— = > — J n \ sin \n < 

u (y+l)tou x n I 2ci> J L \ 



COX 

cot 

Co 
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27T . /»27T 



- /»27T - 2JT . |»2JT 

Hint: — I sin £ sin ns ds - — sin £ cos ns + — I cos ns cos £ d% 

n J n 6 n7lJ o 



i r 

— I cos (no si 
7T J 



a cos £ d% = d% ~ ds 

sin £ - «£)</£ = J n (no) 



8.19. Consider one-dimensional wave propagation in an inviscid isentropic 
gas. 

(a) Show that the governing equations in Eulerian form are 

Conservation of mass 

1 dp u dp du 
p dt p dx dx 



Conservation of momentum 



Equation of state 



du du 1 dp 
dt dx p dx 



Po \Po/ 



where p, p, and u are the gas density, pressure, and velocity, respectively. 

(b) Add ±c(c 2 = dp/dp) times the mass equation to the momentum equation 
and obtain 

dJ x dJ x 

dt dx 



where 



r, =«+ - 

h = « " | £ 



dp = u+ [c- c ) 

Po P 7-1 



" - 2 

dp = u [c - c ] 



e - T" 1 

(c) Show that 7i is invariant along the curve djt/c/r = u + c, while / 2 is invari- 
ant along the curve dx/dt -u~ c. These are the Riemann invariants (Riemann, 
1858). 
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(d) Show that simple waves are given by (Whitham, 1974, Section 6.8) 

x 



u = F 



t - ■ 



7+ 1 
c + -y- u 



8.20. Consider linear inviscid acoustic waves propagating in a hardwalled 
duct. 

(a) Show that the problem is governed by 

2 1 b 2 p 

bp 

-^ = onT 

bn 

where p is the pressure, c is the speed of sound, T is the duct surface, and bpj 
bn is the normal derivative. 

(b) Seek a solution in the form 

p = (j>, z) exp [i(kx - cot)] 



and obtain 



a 2 *// b 2 ^ 2 , 



3^ 

3/2 



= onT 



where 



a; 2 = c 2 (fc 2 +7 2 ) 



(c) Investigate whether the waves are dispersive or nondispersive for a rec- 
tangular duct. Are there any harmonic resonances? 

(d) Which waves are dispersive in a cylindrical duct? Are there any harmonic 
resonances? 

8.21. Consider the problem of linear waves propagating on the surface of an 
inviscid liquid of finite depth. Since the liquid is inviscid, its motion can be ex- 
pressed in terms of a potential function 4>(x,y, t) with the velocity vector v = 
V0. Then the governing equations and boundary conditions are 



V 2 = O 



= at y 



30 
by 



bt) 30 

— -— = atj> = 

bt by 



17 + 4> t ~ Wrj xx = at y = 
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where rj(x, t) is the elevation of the interface above its undisturbed position, h is 
the dimensionless depth of the liquid, and W is the reciprocal of the Weber 
number. 

(a) Show that a solution of this problem can be expressed as 

V - i? exp [i(kx - u>t)] 

iwrfo cosh [k(y+h)] 

= — — exp [i(kx- cor)] 

k sinh kh 

where 170 is a constant and co and k satisfy the dispersion relationship 

co 2 =fctanh (fc/i)( 1 + Wk 2 ) 

(b) For a small surface tension, W ^ and 

co 2 =k tanh(^) 

Show that the waves are nondispersive when h -► (i.e., shallow water). 

(c) For deep water and nonnegligible surface tension, show that the disper- 
sion relation becomes 

co 2 =k(\ + Wk 2 ) 

Determine the conditions under which both (co, k) and (hco, nk) for any integer 
n satisfy this dispersion relation; these are the conditions for the existence of 
harmonic resonance. 

8.22. Consider waves governed by the Klein-Gordon equation 

d 2 u d 2 u ,. 

77-77-7" = e<*« 

(a) Use the method of multiple scales to show that an approximate solution 
to a wavepacket is 

u = A (x, t) exp [l(kx - cor)I + * ' * 

where co 2 = k 2 - y and A is governed by either 

bA ,dA , „d 2 A 3iea 2 - 

— + co ^ ioo —5- = A A 

dt bx 2 dx 2 2co 



dA , dA ! ., d 2 A 3iea - — 

T- + A: ■— +lik — 7 = A 2 A 

dx dt 2 dt 2 2k 

(b) When co is real, the motion is stable (i.e., it is bounded for all t). 
Then show that monochromatic waves with fixed wavenumbers are given by 



u = a cos (kx - cof) + * ' * 
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where a is a constant and 

3eaa 2 
oo = cj + • • • 

8co 

(c) Investigate the stability of the preceding monochromatic wave solution. 

(d) Show that monochromatic waves with fixed frequency are given by 

/\ 
u=a cos (kx - OJf) + " " * 

where a is a constant and 

3eaa 2 

k = k + + • • • 

8* 

(e) Investigate the stability of the preceding monochromatic wave solution. 

(f ) When 7 > 0, determine the critical wavenumber k c separating stability 
from instability as a function of the disturbance amplitude (Nayfeh, 1976a). 
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Absorber, vibration, 370, 387 
Accelerating mass, 486 
Acoustic, field, 509 

geometrical method of, 555, 570 

waves, 614 
Adjustment of frequencies, 472, 475, 479, 
482 

for plate, 519 
Aerodynamics, 98-100 
Aeroelastic systems, 269 
Airplane, 181 
Airstream, 508, 601 
Analog, simulation, 266, 306 

dynamic: of Berger's equations, 504 
of von Karman's equations, 503 
Analytic method, 445 

advantages of, 41 1 

of characteristics, 555, 556, 571, 582, 
609 
Analytical techniques, see Method 
Andronov and Witt, method of, 206 
Angle of attack, 98, 99,443 
Angle ply, 502 
Anisotropic, 502, 508 
Annular, plate, 502, 508 
Anode, see Circuit 
Aperiodic, 221 
Arc discharge, 107 
Arch, 267, 268, 447 
Area, equal, rule, 507 
Artificial satellite, see Satellite 
Aspect ratio, 504 
Asymmetries, 442 
Atmosphere, 228, 443, 568 
Attenuation, 563, 564, 566 
Attitude stability, satellite, 331 
Attraction, see Domain 
Autonomous system, 165, 175, 179, 270, 
340,417 



equations, 229 
Autoparametric resonance, 269, 406. See 

also Internal resonance 
Averaging, methods of, 62, 63, 121-122, 
137, 138, 270, 309, 311,369,445, 
555 
for coupling of modes in strings, 417 
for multi-degree-of-freedom systems, 417 
for nonideal systems, 229-231 
for parametrically excited systems, 354, 

424 
for strongly nonlinear problems, 157 
for waves in bars, 571, 575, 607 
Axial, 448,455 
prestressing, 460 
restraint, 460 
Axle, 82 

Backbone curve, 167 

Ballooning motion, see Nonplanar motion 

Band, 269 

Bar, 35, 36 

curved, 268 

finite, 571-583 

longitudinal waves along, 544 

nonlinear elastic, 521 

nonuniform, 519 

rotating, 448 

waves along, 544-583 
Basin, 568 
Beam, 30, 192, 224, 387, 447-485 

buckled, 433, 447 

cantilever, 448 

clamped-clamped, 530-533 

curved, 449 

dynamic buckling of, 24 

on elastic foundation, 35-38, 445 

equations of motion, 448 

hinged-clamped, 32-35, 420, 469-485, 529 
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hinged-hinged, 452-455, 460-468, 

525-529 

longitudinal inertia, 445, 455-460 

longitudinal-transverse coupling, 450-452, 
455-460 

nonlinear clastic, 444 

nonuniform, 447 

parametrically excited, 24, 449 

plane bending of, 267 

supported by springs, 432 

survey of, 444 

with varying properties, 447. See also 
Column 
Bearing, 107, 129, 331 
Beating, heart, 6 

phenomenon, 18, 209, 223, 224 
Belt, 269 
Benard cells, 156 
Bending, 192 

energy, 503 

moment, 501 

instability, 26H 
Berger's equations, 504, 507, 541-542 
Bessel functions, 240 
Betatron, 379 

Bifurcation, 65, 70, 75, 158, 494 
Bisector rule, 568 
Blade, 219 
Block waves, 273 
Block, sliding, 434 
Boom sonic, 568 
Boundary conditions: axial restraint, 460 

nonlinear, 445 

spring, 453 

time-dependent, 454 

varying, 258 
Boundary-value, problem, 446, 551, 552. 

See also Eigenvalue 
Breaking distance, 562, 563, 571 
Bubble, pulsating, 100 
Buckled beam, 433, 447, 460 
Buckling, dynamic, 24, 84, 305 

of column by nonideal energy source, 
360 

of free-fixed column, 317-320 

load, 259, 267 

post, 506 
Burgers* equation, 37, 562, 607 

exact solution of, 608 



Canonical form, 547, 550, 551 

system, 174, 284 

variables, 369 

see also Jordan canonical form 
Cantilever, 448 
Capacitor, see Circuit 
Capillary-gravity waves, 601 
Cart, 434 

Catastrophe, 170, 171 
Cathode, see Circuit 
Cauchy problem, 551 
Center, 2, 45, 1 16, 207, 208, 349 

for modulational instability, 594 
Characteristic, exponents, 21, 276, 278, 
314,550,551 

determination of, 283, 284 

for Mathieu equation, 285 

see also Hill's equations 
Characteristics, 577 

analytic method of, 555, 609 

exact, of wave equation, 612 

of motor, 225, 229, 2fc3, 2S4 

for n* -order system, 550-551 

for second-order system, 546-550 

significance of, 551-553 
Chattering, 107 
Chinchilla, 367 
Circle, particle on rotating, 41-42, 79 

ring, 447 
Circuit, electrical, 103-105, 261, 262, 338, 
349 

consisting of two oscillators, 374 
Circular, plate, 502, 507-519, 536-542 
Classification of singular points, 110-117 
Classification of waves, 544 
Clock pendulum, 155 
Closed trajectory, 45, 49 
Cnoidal waves, 593 
Cochlear, 397 
Col, 2, 44 
Column, 379 

buckled, 443, 447 

dynamic stability of, 24, 264-268, 
317-320 

of fluid, 587, 611 

with hysteresis, 100 

imperfect, 267 

parametrically excited, 23, 24, 259, 305, 
317-320,343, 360 
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stability of, 460 
thin- waited, 267 
variable cross section, 267 
see also Beam 
Combination resonance, 26, 28, 219, 242, 
366,367,374,469 
destabilizing effects of viscosity on, 24, 

268, 320-321,338 
difference, 366 
for Duffing equation, 15, 183-187, 

192-195 
for gyroscopic systems, 336-338 
for hinged-clamped beam, 480-485 
for hinged-hinged beam, 467-468 
in machinery, 269 
for parametrically excited systems, 23, 

430 
with repeated frequencies, 325-328 
in shafts, 269, 396 
for sound waves in ducts, 362 
summed, 366 
for systems with quadratic nonlinearities, 

201-203,438,440 
in two-degree-of-freedom systems, 414- 

417,434,437,438 
for van dcr Pol oscillator, 216-219 
in waveguides, 363 
Commensurable frequencies, 17, 186, 189, 
192, 194, 203, 210, 218, 219, 366, 
379, 394,519 
destabilizing effect on gyroscopic systems, 

402 
in hinged-hinged beam, 461 
Cornpatability equations, 505 
Composite, sec Plate 
ConcavUy, 546 

Conductor, current-carrying, 67-71 
Coning, 158 
Conservative single-degree-of-freedom 

system, 1, 39 
Consistency condition, 549 
Constitutive relation, 545, 548 

for viscoelastic material, 563, 564 
Constraint, nonlinear, 445, 535 
Conlinua, 444 
Continual exchange of energy, 27, 366, 

367, 370, 385, 394,410,411,460 
Continuous systems, 30, 444 
Control, 225, 231. See also Circuit 



Convergence, 388 
Coordinate, 372 
Composite, 445 
Coulomb damper, 97 
Coulomb damping, 95, 97, 106, 125-127, 
149, 234, 246 

combined with viscous damping, 152 
Coupling, nonlinear, 366, 373, 386, 394, 
421,447 

coefficients, 461, 469 

of longitudinal and transverse oscillations, 
440-452, 455-460 

of modes, 460, 468 

see also Internal resonance 
Crankshaft, 259 
Critical speed, 219 

passage through, 227 

viscous coefficient, 563 

wavenumber, 37, 616 
Cross ply, 502 
Crystal, 273 
Cumulative, 563, 583 
Current-carrying conductory, 67-71 

bifurcation values for, 70 

phase planes for, 69, 70 
Curvature, large, 444 
Curve: 

backbone, 167 

closed, 45, 46, 48, 49, 143 

of constant energy, 42 

frequency-response, 166 

phase, 166 

stationary, 222 

see also Integral 
Curved, beam, 449 

plate, 509 
Cusp, 46, 70, 170 
Cutout, plate with, 507 
Cycle, see Limit cycle 
Cylinder: 

containing fluid, 506 

restrained by a spring, 93 

rolling on circular surface, 78, 351, 434, 
435 

Damper, 130, 396 
Lanchester-type, 130- See also Coulomb 
damper 
Damping, 163 
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analytic form, 97 

dry friction, 3 

effect on parametric resonance, 267-269, 

300, 301, 320, 341 
from experiment, 163 
force, 96, 97 

influence on response of Duffing equa- 
tion, 167, 168 
internal, 331, 396 
mechanisms, 95-107 
modal, 481, 520 
models, 449 
positive, 95 

sinusoidal function of velocity, 240 
see also Coulomb damping; Form, drag; 
Hereditary damping; Hysteresis; 
Hysteretic damping; Linear damping; 
Material damping; Negative damping; 
Nonlinear damping; Radiation; Vis- 
coelastic; Viscous damping 
Decay rate, 566 
effect of internal resonance, 386 
of shock, 566 
into solitions, 595 
Deep, see Water 

Deflection, waves, 571. See also Beam; 
Disc; Membrane; Plate; Ring; Shell; 
String 
Deformable body, 444, 445 
Degenerate point, 47, 70 
Delayed, amplitude limiting, 147 

shock formation, 583 
Delta function, 467 
Demultiplication of frequency, 181. See 

also Subharmonic resonance 
Dependence, domain of, 552, 553 

rate, 555 
Derivative-expansion method, 5 71. See 

also Multiple scales 
Determinacy, domain of, 552 
Determinant, 496, 497. See also Hill's 

equation 
Detuning, 8 
parameter, 8, 163, 175, 178, 179, 185, 
188, 199, 230,291, 293, 308 
Dielectric, 598 
Dip, 592 

Dirac, delta function, 467 
Directly excited, 468, 471 



Dirichlet, see Lagrange 

Disc, 444 

Discontinuous, derivatives, 549. See also 

Shock 
Disk, 92 

spinning, 441, 505, 506 
Dispersion relation, 544, 545, 585, 586, 

596,615 
Dispersive waves, 35, 544, 545. See also 

Transverse 
Dissipation, function, 373, 555 

effect on waves, 565, 566, 583 

internal, 563 

see also Damping 
Distortion, nonlinear, 560, 561, 571, 572, 
574, 605. See also Longitudinal 
waves 
Divergence, 508 
Divisor, see Small divisor 
Domain, of attraction, 10, 172, 173 

of dependence, 552, 553 
Drag force, 96 
Drag-out phenomenon, 219 
Drift, 3,49, 56, 198, 200 
Drilling, 374 

Dry friction, see Coulomb damping 
Dual-spin satellite, 331, 396 
Duct, 361,587, 603, 614 
Duffing equation, 9, 10, 162-195, 352, 
516,531 

coupled, 396 

parametrically-excited, 343-348 

response to multifrequency excitation, 16 

state plane, 10 
Dumbbell satellite, 396 
Dynamic, stability, 184, 259, 260, 264-269 

pressure, 508 

see also Buckling 

Lars, 367 

Eigenvalue, 23, 1 1 1 , 1 1 2, 1 72, 234, 274, 
275,280,283, 344 

for beams, 453 

for clamped-free column, 31 8 

for hinged-hinged beam, 450 

for plate, 51 1 
Elastic systems, 444 

bar, 544 

nonlinear, 444, 501, 521, 560, 563 



INDEX 



691 



see also Foundation; Stability 
Electrons in crystals, 273 
Electronic oscillator, 367. See also Circuit 
Ellipses, 205, 212,500 
Elliptic function, 65, 75, 86, 158, 369, 
382, 384, 385,401 

for beam, 460 

equation, 550 

integral, 86 

membrane, 274 

for modulational stability, 593 

orbit, 257 

plate, 447 

three-body problem, 331 

for waves, 588 
Energy, level, 1, 42, 173 

loss, 563 

source, 7, 161, 224 

transfer of, 30, 422 

transfer to lower modes, 485 

see also Continual exchange of energy 
Engine, 269 
Entrapment, 20, 209 
Envelope of, characteristics, 555 

waves, 584 
Equal-area rule, 567 
Equidisplacement lines, 507 
Equilibrium, point, 2, 43, 47 

stable, 3 

unstable, 3 
Equivalent linearization, 87, 89, 446 
Eta function, 369 
Euler-Langrange, equations, 503. See also 

Lagrange's 
Euler, land, 259 

angles, 371 
Eulerian form of equations, 613 
Exchange, see Energy 
Excitation, 6 

combined external and parametric, 339, 
356, 358 

external, 161, 258 

hard, 174, 209 

ideal, 224 

interaction with pane! flutter, 509 

Jacobi elliptic function, 162, 338 

large amplitude, 162 

multi-harmonic, 267 

nonideal, 224, 258, 364 



nonstationary, 162, 219 

order of, 163 

parametric, 20, 161 

pulse, 162, 501,514 

Shock, 501 

soft, 204 

step function, 162 

see also Load; Multifrequency 
Excited, directly, 468 
Expansion, straightforward, 50-54 

uniform, 54-63 
Experiment, 449, 460, 472 

for clamped-clamped beam, 530 

for disks, 505 

for plates, 502 

for shells, 506 

for strings, 485, 498 

for waves in tube, 572, 575 



E 



ilament, see Cathode 

ilm, liquid, 107 

'inite differences, 30, 266, 445, 446 

for wave propagation, 566 

inite elements, 30, 445, 446, 502 

lap, 269 

lexural, rigidity, 502 

waves, 505, 571,601 
loquet solutions, 274 
loquet theory, 21, 260, 287, 295 

for Malhieu equation, 284 

for multidegree-of-freedom systems, 
279-283,313 

for single-degree-of-freedom systems, 

273-279 
low: effect on waves in ducts, 603 

equations of motion, 6 1 3 

Poiseuille, 587 

see also Gas; Supersonic How 

luid interface, 379,587,614 

lutter, 24, 508, 509. See also Parametric 

resonance, in systems 
bcal point, 116 
bcus, 3, 116, 131, 134, 172, 183, 190, 

207, 208, 344 
ocusing, shock, 572 
ollower force, 25, 266, 305, 508 

effect on freefixed column, 31 7-320 
orce, follower, 25 

multiharmonic, 267 
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Fork, tuning, 20, 258 
Form, drag, 96 
polar, 121 

see also Jordan canonical form; Normal 
Foundation, 267 
beam on elastic, 583-601 
plate on elastic, 507, 508 
Fourier, series, 120, 136, 220, 284, 295, 
612 
expansion, 460 
Fractional-harmonic pair, 28, 367, 416, 

418 
Trame, rotating, 79, 80 

structure, 447 
Frequency: 
adjustment, 472 
amplitude relationship, 54, 56 
demultiplication, 181 
shift, 588 

see also Natural frequency; Subharmonic 
resonance 
Frequency-response curve, 172, 462, 464 
for combination resonance: of Duffing 
equation, 186, 187, 194 
of hinged-clamped beam, 483-485 
for Duffing equation, 8, 166, 167, 177, 

178 
for nonideal system, 226, 234 
nonstationary, 222, 223 
for parametrically excited Duffing equa- 
tion, 347 
for parametrically excited multi-degree- 

of-freedom systems, 428, 429 
for parametrically excited van der Pol 

oscillator, 342-343 
for primary resonance: of Duffing 
equation, 167 
of hinged-clamped beam, 473, 474, 

476,477 
of plate, 518 
of string, 495,498, 499 
of van der Pol oscillators, 189, 206 
for simultaneous resonance of Duffing 

equation, 189, 191, 192, 194 
stationary, 222 
for string, 534, 535 

for subharmonic resonance: of Duffing 
equation 182 
of van der Pol oscillator, 216 



for superharmonic resonance: of Duffing 
equation, 178 
of hinged-clamped beam, 480 
of van der Pol oscillator, 213 
see also Response curve 
Frequency-response equati m, 8 
for combination resonance of: Duffing 
equation, 18, 193, 242 
van der Pol oscillator, 218 
comparison of stationary and nonsta- 
tionary, 1 1 
for hysteretic damping, 236, 237 
for primary resonance of: Duffing equa- 
tion, 9, 12, 17, 165, 234,235 
of hinged-clamped beam, 32 
of hinged-hinged beam, 462 
van der Pol equation, 19, 205 
for string, 495, 534 
for subharmonic resonance of Duffing 
equation, 180 
of van der Pol oscillator, 2 1 5 
for superharmonic resonance: of Duffing 
equation, 176, 271 
of hinged-hinged beam, 464 
of van der Pol equation, 21 2 
Friction: dry, 95, 96 
dynamic or kinetic coefficient of, 95 
internal, 445 
linear force, 96 
Newton force, 96 
static coefficient of, 95 
Function, potential energy, 369 
general, 48-49 

having inflection point, 46-48 
having maximum, 44, 45 
having minimum, 45, 46 
monotonic, 43, 44 
Functional equations, 578, 579 
Fundamental, set of solutions, 274, 275, 
280, 283 
matrix, 280, 283 
mode, 421 

Galerkin procedure, 30, 88, 90, 259, 266, 

270,417,445,447 
Gamma function, 92, 354 
Gas, flow, 486 

column, 575 

filled tube, 572,611 
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Gears, 269 

Generalized, see Multiple scales 
Geometrical acoustics, 555 
Geometrical methods, 365 

acoustic, 570 

see also Isocline; Phase plane; State plane 
Graphical construction of integral curves, 

see Isocline; Lienard's method 
Gravity, gradient, 396 

capillary, 601 
Grid voltage, see Circuit 
Group velocity, 35, 586, 598 
Gyration, radius of 448, 449 
Gyroscope, 396 
Gyroscopic systems, 27, 144, 378 

free oscillations of, 395-402 

nonlinear, systems, 366 

parametrically excited, 304, 331-338 

pendulum, 261 

Hamiltonian, 27, 174, 284, 424 

formulation, 378 

for gyroscopic system, 400 
Hamilton's principle, 72, 503 

equations, 400 
Hard, see Excitation; Spring 
Hardening, see String; Work 
Harmonic, higher, 56. See also Fractional 

harmonic pair; Resonance 
Harmonic balance, method of, 59-61, 86, 
92, 241, 242, 270, 272, 352, 445-447 

for Duffing equation, 352 

for multi-degree-of-freedom systems, 417 

for string, 486 
Harmonic resonance, 37, 38, 584, 596, 
598 

in duct, 614 

second, 150, 601 
Heat equation, 608 
Helical, 445 

Hereditary damping, 501 
Heterogeneity, 546, 555 

in infinite bar, 568-571, 576-583 
Higher-harmonic resonances, 1 75 
Hill's equation, 22, 259, 273, 277, 287 

coupled, equations, 305 

determinant, 22, 284, 331 
for Mathieu equation, 284-286 

method, 290 



treated by Lindstedt-Poincare technique, 
295-299 

with viscous damping, 300, 301 
Hole, 592 

Holonomic constraint, 72, 73 
Honeycomb, 448, 472 
Hookcan material, 502, 503 
Hyperbolic equations, 546-555 

definition of, 548, 550 
Hyperelastic, 506 
Hysteresis, 40 
Hysteretic damping, 97-100, 127-129 

bilinear, 98, 100, 261, 339 

effect of parametric resonance, 339 

forced response of system with, 
235-237 

foundation, 227 

hardening, 98 

pointed, loop, 100 

softening, 98 

Ideal, see Nonideal 
Impact, 82, 83 
Inductance, see Circuit 
Inertia, nonlinear, 40-42 

added, 371-373 

in-plane, 504, 506 

for membrane, 505 

moments of, 432, 443, 448, 545, 583 

rotary, 448, 500 

tensor, 372 

see also Longitudinal inertia 
Infinite slope, 562, 563 
Inflection point, 46, 47, 70 
Influence, domain of, 552 
Initial, conditions, 9, 50, 51-53, 56, 

170-173, 181, 183, 190, 206, 551 

strain, 505 

stress, 505 

value problem, 551, 552 
Instability: bending-torsional, 268 

caused by internal resonance, 402 

caused by nonconservative forces, 100 

caused by viscosity, 24 

dynamic, 259 

regions for Mathieu equations, 277-278 

snap-through, 269 

of steady-state solution, 410 

see also Parametric resonance 



694 INDEX 



Integral: curve, 42, 113, 118, 423 

elliptic, 64, 75, 86 

Jacobi, 73 

of motion, 173, 174, 424 
Integrodifferential equations, 487 
Interaction, modal, 447 

of waves, 571-583 

wave-wave, 584 

see also Harmonic resonance; Internal 
resonance 
Internal resonance, 26, 31, 268, 366, 367, 
412, 430-433, 447, 468, 472, 514 

absence of, 461 

to accelerate dissipation, 396 

effect on gyroscopic systems, 398-402 

effect on parametrically excited systems, 
424-430 

for hinged-clamped beams, 469, 471, 
475 

for membrane, 505 

for plate, 512 

for ship motion, 373, 374 

for swinging spring, 360 

for three-body problem, 150-378 

in bar, 522 

in clamped-clamped beans, 530 

in coupling of longitudinal and transverse 
oscillations of beam, 456, 458 

in string, 488, 523 

in systems, with cubic nonlinearities, 
390-395 
with quadratic nonlinearities, 379-387, 
404-417 
Invariant, of middle surface, 503 

second, 504 

see also Riemann invariant 
Inverse scattering, 588 
Isentropic, 611, 612, 613 
Isocline, method of, 117, 118 
Isolation, dynamic vibration, 387 
Isothermal atmosphere, 568 
Isotropic, 501 

Jacobian elliptic function, see Elliptic 

function 
Jacobi integral, 73 
Jerky, oscillation, see Relaxation 
Jordan canonical form, 24, 112-115, 272, 

275, 280, 281, 304 



Jump phenomenon, 8, 167-171, 181 

in combination resonance of Duffing 
equation, 186, 194 

in nonideal system, 227 

in parametric resonance: of Duffing 
equation, 348 
of two-degree-of-freedom systems, 426 

in primary resonance of Duffing equa- 
tion, 168-171 

in string, 485, 498-500 

in superharmonic resonance of Duffing 
equation, 177 

in two-degree-of-freedom systems, 407, 
409 
Jump rope, see Nonplanar motion 

Kelvin solid, 100 
Kinetic energy, 1, 42 
Kirchhoffs laws, 104 
Klein-Gordon equations, 587, 615 
Korteweg-de Vries equation, 608 

Lagrange-Dirichlet theorem, 47 
Lagrange's equations: for double pen- 
dulum, 262 

for nonideal system, 228 

for particle on rotating parabola, 72 

for ship motion, 373, 

for spherical pendulum, 368 

for three-body problem, 376-377 
Lagrange's points, 150, 377 
Lagrangian, 424 

formulation, 370 

form of wave equation, 611 

for plate, 503 

see also Lagrange's equations 
Laminated plates, 502, 507 

material, 568 
Lanchester-type dampers, 130 
Laser, 107 
Layered, 501, 506 

Liapunov: function, 172-174, 272, 273, 
284 

method, 172 

stable in sense of, 45 

theorem, 47 
Libration point, 150 

of satellite, 396 
Lienard's method, 117-119, 126, 147, 156 



INDEX 695 



Limit cycle, 3, 6, 103, 131, 142, 143, 
145, 146, 147, 154, 338, 346 

caused by flutter, 508 
Limited power, see Nonideal energy source 
Lindstedt-Poincare technique, 54-56, 66, 
67,94, 293,304,445,617,994 

applied to current-carrying conductor, 71 

applied to Hill's equation, 295-299 
with damping, 300, 301 

applied to Mathieu equation, 286-290 

applied to membrane, 505 

applied to particle on rotating parabola, 
76 

applied to simple pendulum, 66-67 
Linear damping, 96, 123, 124, 149, 163 

combined with Coulomb damping, 152 

combined with hysteretic damping, 237 

combined with negative damping, 153 

effect on parametric combination reso- 
nance, 320-321 
Linear damping, 96, 123, 131-134 

effect on frequency-response curves, 
167, 178 

effect on stability, 300, 320, 341 

large, 156 
Linear transformation, 1 1 1 
Linearization, see Equivalent linearization 
Lipschitz function, 108 
Load, 85 

axial, 448 

displacement equations, 502 

distributed, 479 

eccentric, 268 

impulsive, 264, 267 

moving, 445, 608 

periodic, 343 

piecewise constant, 267 

pulsating, 545 

random, 267, 509 

repeated pulses, 267 

short-duration, 455 

see also Buckling; Follower force 
Lobe, 567 

Locking phenomenon, 19, 20, 107, 209 
Locomotive, 259 
Longitudinal inertia, 448, 450-452, 455, 

487 
Longitudinal oscillations, coupling with 
transverse oscillation, 450-452, 



455-460, 488, 533 
Longitudinal waves, 36, 544-583, 571, 601 

effect of damping on, 563 

simple, 553-555 
Losses of electric motor, 225, 563 
Lossless, model, 562 

medium, 587 
Lunar perigee, 273 

Machine, Q, 107 

Machinery, 269 

Main resonance, see Primary resonance 

Mass, end, 267 

accelerating, 486 

concentrated, 444, 447 

concentric, rigid, 507 

distributed, 267, 444 

moving, particles, 269 
Matched asymptotic expansions, 144 
Material, see Elastic; Hyperelastic; Non- 
linear; Transmission 
Material damping, 100 
Mathieu equation, 20, 22, 259, 274, 277, 
309, 352 

bounded solutions of, 279 

with linear damping, 22, 23, 300 

nonlinear, 25, 338, 339 

with nonstationary excitation, 302-304 

with quadratic damping, 341 

transition curves for, 21, 278, 314 

treated by Hill's determinant, 284-286 

treated by method, of multiple scales, 
290-295 
of strained parameters, 286-290 

unbounded solutions of, 278 
Matrix equation, 446 
Maxwell fluid, 100 
Mechanical-electrical system, 261 
Membrane, 31, 274, 387 

energy, 503 

equations of, 505 

spinning, 542 

waves in, 571 

see also Disk 
Merging of shocks, 566 
Method: collocation, 50 

of equivalent linearization, 87, 89 

finite-element, 50 

Galerkin, 30, 50-63, 88, 90 
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geometrical, 365 

of harmonic balance, 59-61, 86, 92 

iterative, 50 

Krylov-Bogoliubov, 62 

Krylov-Bogoliubo v-Mitropolsky, 6 2 

Lie series, 62 

matched asymptotic expansions, 144 

of strained parameters, see Averaging; 
Isocline; Lindstedt-Poincare tech- 
nique; Multiple scales; Renormal- 
ization 
Midplane, see Stretching 
Missile, 227 

flexible, 269 
Mixed boundary-and initial-value problem, 

552 
Modal, solution, 365, 433 

damping, 451, 457, 491 
Modulation, 107, 387, 394, 395 

instability, 593-595 

nonstationary, 594 

stability, 590-593 
Modulus, 583. See also Young's modulus 
Moment, rolling, 99 

bending, 501 

of inertia, 545 

periodic, 268 

pitching, 99 

twisting, 501 
Momenta, generalized, 400 
Monochromatic waves, 584, 588-590, 

615, 616 
Motion, whirling or nonplanar, 35 

integral of, 424 

nonexistence of periodic, 29, 410, 411 
Motor, 224, 225 

Multifrequency excitation, 4, 14, 163, 
183-195, 196, 201, 216, 242-245, 
247-254, 357, 402 

of beam, 460 

parametric, 359 
Multimodal, 460. See also Coupling, of 

modes; Internal resonance 
Multiple scales, method of, 56, 120, 121, 
132, 138, 270, 445, 446 

applied to Mathieu equation, 290-294 

description, 56-59 

generalized, 158, 438, 443, 447, 571 
Multivalued, 562, 563, 566, 567, 570, 571, 



See also Jump phenomenon 

Mutual inductance, see Circuit 

Natural frequency: for clamped-clamped 
beams, 530 
for hinged-clamped beam, 469 
for hinged-hinged beam, 460 
for plate, 512 
Natural system, 72 

Negative damping, 4, 95, 103-107, 129-131 
with hysteretic damping, 236 
mechanical system evhibiting, 105 
with viscous damping, 153 
see also Rayleigh equation; van der Pol 
equation 
Network, characteristic, 551 
Nodal pattern, 441 

point, 113 
Node, 6, 113-115, 207, 208, 344 
Nonautonomous, see Autonomous system 
Nonconservative single-degree-of-freedom- 

system, 3, 95 
Nondispersive waves, 35, 544, 545. See 

also Longitudinal waves 
Nonexistence, of periodic motions, 26, 29, 
410, 411,460 
of periodic waves, 576 
Nonideal energy source, 7, 100, 161, 224 
effect on buckling of column, 360 
in missile motion, 443 
nonideal system, 224-234 
Nonintegrable system, 388 
Nonlinear: coupling, see Internal reso- 
nance 
cubic, 366, 402, 417 
due to large deformation, 39, 42 
geometric, 30 
inertia, 40-42 
material, 40 

phenomena in nature, 13, 181 
quadratic, 14, 366 
sources of, 30, 39-42, 444 
strongly, 365 
see also Elastic systems 
Nonlinear damping, 96, 97, 123-125, 134- 
136, 154, 155, 235, 238, 246 
with Coulomb damping, 152 
effect on parametric resonance, 339, 
341, 354, 355, 358 
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with hysteretic damping, 237 

for string, 486 

for systems with varying parameters, 141 

with viscous damping, 153 
Nonnatural system, 72 
Nonplanar motion, 35, 369, 442 

of beam, 447-449, 487 

of string, 485-500 
Nonresonant excitations: of Duffing 
equation, 174 

of self-sustained systems, 209 
Nonstationary vibrations, 11, 136-142, 
158, 162, 185, 202, 219-224, 438 

excitation, 255, 256 

modulation, 594 

parametric excitation, 302-304 

see also Passage through resonance; 
Stationary process 
Nonuniform, see Heterogeneity; Secular 

terms; Small divisor 
Nonuniformity, 557. See also Secular 

terms; Small divisor 
Norm of vectors, 108 
Normal solutions, 21, 274, 277 

form, 275, 276 

for Mathieu equation, 284 

mode, 365, 433, 445 
Normalized, see Renormalization 
Numerical methods, 30, 365, 445 

disadvantages of, 412 
Numerical-perturbation methods, 30, 445, 

447 
Nutational motion, 442 

Oblate earth, 396 

Oil drilling platforms, 374 

Optics, 587, 601 

Optimal linearization, see Equivalent 

linearization 
Optimize, 88 

Orbit, 257, 331, 376, 396 
Ordering of damping, excitation, and 

nonlinearity, 164, 196, 198, 204, 

229, 388, 402, 418, 452, 453, 455 
Orthotrophy, 501, 502, 507 
Out of plane, see Nonplanar motion 
Oval, 447 
Overtone, see Higher- harmonic resonances; 

Superharmonic resonance 



Panel, 472, 501 

curved, 506 

flutter, 509 
Pair, see Fractional-harmonic pair 
Parabola, 167 

arch, 268 

exercise with variable spin, 351 

particle on a rotating, 72-76, 78 
Parabolic equations, coupled, 595-599. 

See also Schrbdinger equation 
Parameter, slowly varying, 140 
Parametric excitation, 161, 406 

combined with external excitation, 356, 
357, 358 

in electrical-mechanical systems, 261, 349 

high frequency, 302 

in hinged-clamped column, 424 

in hinged-hinged beam, 528 

in multidegree-of-freedom-systems, 279 

multifrequency, 359 

nonideal, 360 

nonlinear, 353, 355 

nonstationary, 302-304 

in pendulums, 260, 262, 350, 351 

of plates, 508 

in strings, 489, 524 

in swinging spring, 360 
Parametric resonance, 20-26, 258-264, 374 

analyzed by method of harmonic ba- 
lance, 352 

caused by multifrequency excitation, 
359 

effect of linear damping on, 22, 267-268, 
300, 301, 320 

effect of nonlinearities on, 268, 338-348 

effect of other nonlinear damping, 354, 
355 

effect of quadratic damping, 341 

in gyroscopic systems, 331-338 

in multidegree-of-freedom nonlinear 
systems, 359, 424-430 

nonstationary, 302-304 

principal, 258, 259, 300 

in rotary motions, 269 

single-degree-of- freedom-systems, 283- 
304, 355 

in swinging spring, 360, 436 

in systems with distinct frequencies, 23, 
304-321 



698 INDEX 



in systems with repeated frequencies, 
321-331, 359 
Parameterized, 577, 610 
Passage through resonance, 219-223 
Peak, rounded, 565 
Pendulum: attached to rotating base, 350 

attached to spring, 432, 434 

attached to wheels, 82, 83, 431 

with bilinear hysteresis, 261 

centripetal, 387, 388 

clock, 155 

compound, 305 

coupled, 395 

with dashpot, 150 

double, 262, 305, 358, 387, 430 

equation, 609 

forced, 239 

gyroscopic, 261, 338 

inelastic collision, 82 

inverted, 302 

with linear damping, 131-134, 149 

parametrically excited, 20, 21, 260, 
262, 338, 349 

phase plane, 65 

with quadratic damping, 134-136, 149 

rod, 82, 430, 431 

on rotating frame, 79, 80 

rotating or spinning, 64 

with rusty hinge, 149 

with slowly varying parameters, 140 

spring, 26-27, 261, 369-370, 432, 436 

with varying length, 351 

see also Spherical pendulum 
Period, 46 

Periodic motion, for multidegree-of-free- 
dom-systems, 417. See also Non- 
existence of periodic motion 
Phase, jump, 37, 588 

adjustment, 395 

curve, 166 

diagram, 272 

modulation and amplitude, 387 

plane, 1, 42 

shift, 166, 346 

of wave, 585 

see also Plane; Speed 
Phase plane, 1, 42-49, 108-119, 423 

for Coulomb damping, 126, 127 

for current-carrying conductor, 69, 70 



for modulational instability, 594, 595 

for particle on rotating parabola, 74 

for pendulum with linear damping, 132 

for pendulum with quadratic damping, 
134-136 

for Rayleigh oscillator, 131, 142, 145- 
146 

for simple pendulum, 4, 65 

for van der Pol equation, 4 

see also State plane 
Pipe, 269 

waves in, 572 
Piston, 572 

engine, 269 
Pitch, 370-374, 437 

Planar motion, 35, 44, 369, 442, 448, 485 
Plane, wave, 37. See also Phase; State 
Plasma, 107, 587, 601 

instability, 156 
Plate, 31, 192, 267, 379, 387, 500-519 

forced, 507-519 

governing equations, 501-507 

layered, 501 

with material nonlinearity, 445 

with orthotropy, 501 

parametrically excited, 268-269 

rectangular, 501 

survey, 444 

waves in, 608 

see also Annular; Berger equations; 

Circular; Elliptic function; Laminated 
plate; Ring, sector plate; Skew plate; 
Triangular 
Platform, drilling, 374 
Ply, 502 
Point: bifurcation, 65, 70, 75 

degenerate, 46 

equilibrium, 2, 43 

inflection, 47, 70 

Lagrange's, 150 

libration, 150 

noneiementary, 46 

regular, 109 

triangular, 150 

see also Singular point; Stationary pro- 
cess 
Poisson's ratio, 502 

effect on Berger's hypothesis, 504 
Polar form, 121 
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Poiseuille flow, 587 

Positive damping, 5, 95 

Postbuckling, 506 

Potential function, 567, 614. See also 

Function 
Power lines, model for, 604 
Power supply, see Energy, source 
Pressure perturbation, 508 
Prestressing, 460 
Primary resonance, 163, 217, 366 

for Duffing equation, 7-9, 163-174 

for hinged-clamped beam, 32, 35, 470- 
477 

for hinged-hinged beam, 461-462 

for motion of missile, 228 

for multidegree-of-freedom systems, 
402-411, 417-424 

for plates, 514-519 

for system with quadratic and cubic 
nonlinearities, 196-198 

for van der Pol equation, 19, 204-209 
Profile, wave, 562 
Progressive wave, 571, 607 
Pulling-out, phenomenon, 19, 20, 107 

frequency, 20, 208, 209 
Pulse excitation, 162, 455 
Pump, 269 

Quartz, 367 
Quasi-coordinate, 372 
Quasi-linear, equation, 546 

system, 550 
Quasi-stationary process, 8 
Quenching, 17, 18, 210, 211, 375 

Radiation, damping, 100-103, 371 

of waves, 571, 583 
Random, 267, 508, 509 
Rate dependence, 555 
Rancher's method, 241 
Rayleigh equation, 3, 6, 105, 130, 142, 
147, 149 

parametricahy excited, 342-343 

see also van der Pol equation 
Rayleigh-Taylor instability, 156 
Rectangular, see Plate 
Rectilinear, 502 

Reentry body, 442, 443. See also Missile 
Reflection, 555, 562, 564, 571 



Regenerative element, 382, 392 

see also Negative damping 
Regular, point, 109 
Regulator, 225 
Relaxation, 445 

oscillation, 6, 131, 142-246 
Relief valve, 535 

Renormalization, 555, 556, 602, 603 
Resistor, 103, 349 
Resonance: main, see Primary resonance 

principal, 339 

in shock tube, 572 

see also Combination resonance; Har- 
monic resonance; Internal resonance; 
Passage through resonance; Roll; 
Secondary resonance; Subharmonic 
resonance; Superharmonic resonance; 
Sweeping through resonance; Ultra- 
subharmonic resonance 
Response curve: for beams, 447, 484, 485 

for parametrically excited multidegree- 
of-freedom systems, 426, 428, 429 

for string, 499 

see also Frequency- response curve 
Response, steady-state, 7 

nonstationary, 1 1 

see also Frequency 
Restraint: axial, 460 

in-plane, 504 
Retarded time, 564 
Reynolds number, 96, 97 
Riemann invariant, 548, 571, 613 
Rigidity, 502 

Right-running wave, see Simple wave 
Ring, 267, 268, 447 

sector plate, 508 

survey of, 444 
Ritz-Gale'rkin method, 417, 445 

for membrane, 505 
Ritz-Kantorovich method, 502 
Rod: rocking on circular surface, 85 

sliding on smooth walls, 78 

see also Bar; Column 
Roll, resonance, 228, 370-374, 437, 442, 

443 
Rotating, parabola, 72-76, 78, 351 

circle, 41-42, 79 

coordinate system, 376 

frame, 79 



700 INDEX 



inertia, 448 

mass, 228 

pendulum, 64, 350 

see also Shaft 
Rotor, 129, 219, 269, 351 

dynamics, 395 
Rotary, see Inertia 
Rubber, 546 
Rudder, 181 

Saddle point, 2, 44, 109, 113, 116, 131, 
134, 172, 183, 190, 207, 208, 344, 
348, 349 
for modulational instability, 594, 595 
Sandwich, 448, 449 

plate, 501, 508 
Satellite, 257, 331, 395, 396 
Saturation phenomenon, 26, 28, 29, 367, 
374, 407, 410,417, 459 
nonexistence of, 424 
in shell, 534 
Sawblade, 505 

Scaling of damping, 380. See also Order- 
ing 
Sawtooth waveform, 565, 566 
Scattering, 588 

Schrodinger equation, 37, 584-588 
Second-harmonic resonance, see Harmonic 

resonance 
Secondary resonance, 11, 163, 174, 366, 
402, 412, 461 
of multidegrec-of-freedom systems, 418 
see also Combination resonance; Har- 
monic resonance; Subharmonic 
resonance; Superharmonic resonance; 
Ultraharmonic resonance; Ultra- 
subharmonic resonance 
Secular terms, 54, 163, 412 
elimination of, 55, 58, 120, 132, 135, 

136, 291-293 
in parametrically excited systems, 306 
Self-exciting system, see Self-sustaining 

system 
Self modulation, 593 
Self-sustaining system, 6, 17, 107, 203- 
219 
oscillator, 130 

two coupled oscillators, 374, 439 
waves in pipe, 572 



see also Rayleigh equation; Negative 
damping; van der Pol equation 
Separatrices, 2, 44, 146, 594 
Shaft, 106, 219, 225, 269, 331, 379 

Crank, 259 

nonlinear clastic, 444 

rotating 305, 396, 433 
Shallow, arch, 447 
Shear, transverse, 448, 500 

modulus, 502 

perturbation, 508 

wave, 571 
Shell, 31, 267, 379 

equations of motion, 506-507 

inilutter, 509 

layered, 501 

nonlinear elastic, 444 

parametrically excited, 269 

survey of, 444 
Shift, frequency, 588 

wavenumber, 589 
Ship motion, 28, 370-374, 379 

multifrequency excitation of, 7, 43, 438 
Shock formation, see Breaking distance 
Shock, wave, 36, 555 

condition formation, 562, 563, 575 

delay, 583 

excitation, 501 

fitting, 546, 564-568 

like, 608 

structure, 564 

in tube, 572 
Shooting technique, 446 
Sigma, 369 
Similar matrices, 111 
Simple wave, 36, 546, 553-555, 614 

solution by multiple scales, 555-571 
Simultaneous resonance, 14, 24, 184, 
185, 202, 217, 243-245, 247-254 

for Duffing equation, 188-192 

for hinged-hinged beam, 465-467 

for parametrically excited systems, 267, 
309, 314-317 
Sine-Gordon equation, 609 
Single-valued, 562 

Singular point, 43, 109-117, 146, 165, 
269, 344, 405 

classification of, 110-117 

degenerate or nonelementary, 46, 214 
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of higher order, 1 1 1 

see also Center; Classification of Singu- 
lar points; Focus; Nodal point; 
Saddle point; Stability, of steady- 
state motion 
Singularly perturbed system, 144 
Sinusoidal wave, 560, 561 
Skew, 502, 507, 508 
Slenderness ratio, 450, 457 
Slope, see Infinite slope 
Slot, 486 

Slowly varying, 445, 447- See also Non- 
stationary 
Small divisor, 163, 174, 306, 312 
Snap-through instability, 269 
Soft, see Excitation; Spring 
Soil, 546 

Solitary, 601. See also Soliton 
Soliton, 37, 588, 590-592, 594, 595 
Solvability condition, 120, 334, 362, 364, 
380, 403, 409 

for gyroscopic systems, 398 

for longitudinal waves, 558, 567 

see also Secular terms 
Sommerfeld effect, 227 
Sonic boom, 568 
Sound, pressure level, 367 

waves, 566 

see also Speed, of sound 
Source, energy, 7, 100, 161. See also 

Nonideal energy source 
Spacecraft, 442 
Spacelike, 553 
Speed, state, 1 09 

angular, 230 

critical, 219 

phase, 544, 545, 596 

of propagation, 560, 564 

of rotor, 225 

shock, 564 

of sound, 488, 553, 556, 571 

wave, 544 
Spherical pendulum, 261, 368-369, 387, 
441 

with moving support, 261, 369, 439 
Spin, 136, 158, 370, 442. See also Disk; 

Dual-spin satellite; Membrane 
Spring, 8, 81, 85, 92 

hard, 40, 163, 167-169, 462, 494, 516 



helical, 445 

nonanalytic force, 238 

nonlinear, 40, 77, 387, 396 

for relief valve, 535 

soft, 40, 163, 167-169 

support, 453 

supporting beam, 432 

swinging, 26, 261, 369-370 
Stability: 

of compressed column, 460 

of conservative systems, 47 

dynamic, 85 

of gyroscopic systems, 401 

nonlinear, 152 

of primary resonances: of system with 
quadratic non., 405 
string, 495-500 
van der Pol oscillator, 206-209 

regions of, 278, 301, 319, 345, 423 

of response of nonideal system, 233-234 

in sense of Liapunov, 45 

of superharmonic response of van der 
Pol oscillator, 213, 214 

static, 84 

of steady-state motion, 171, 172, 273- 
279,418 

see also Plasma; Rayleigh-Taylor insta- 
bility 
Standing waves, 544, 572 

nonexistence of, 576 
State, 108-110 

space, 108 

speed, 109 
State plane, 166, 405 

for Coulomb damping, 126, 127 

for Duffing equation, 10, 108, 173, 182 

for parametrically excited duffing equa- 
tion, 348 

for simultaneous resonance of Duffing 
equation, 190 

for subharmonic resonance of Duffing 
equation, 182 

see also Phase plane 
Static stability, 84 
Stationary process, 8, 162 

point, 271, 417 

quasi-, 8 

waves, 506, 584, 590, 599-601 

see also Nonstationary vibrations 
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Steady-state response, 7, 65, 271, 382, 
404, 416. See also Nonexistence 
Steady streaming, see Drift 
Steepening, 561, 563, 570 
Step-function excitation, 162 
Stokes flow, 96 

Straightforward expansion: for Duffing 
equation, 51-54 

for simple waves, 556-557, 602, 603 
Strain, 444, 446, 447, 501, 503, 560 

compatability of, 505 

in bar, 545 

initial, 505 
Strained, parameters, coordinates, 555, 
556. See also Lindstedt-Poincare 
technique 
Stratification, 555, 568 
Streamfunction, 567 
Stress, 444, 447, 501, 504 

in bar, 545 

function, 505 

initial, 505 

strain relation, 546, 555 
Stretching, of midplane, 16, 51, 192, 195, 
268, 343, 387, 444, 448 

of beam, 447 

of plate, 508 

of string, 350 

waves, 571 

of wire, 436 
String, 30, 35, 387, 447, 448, 485-500, 
534 

hanging in fluid, 268, 486 

nonplanar motion of, 35 

parametrically excited, 20, 258, 259 

stretched, 350 

survey, 444 

transverse motion, 522-523 

violin, 106 

waves in, 571, 608 

whirling motion of, 35 
String-mass system, 486 
Structural dynamics, see Bar; Beam; 
Column; Disc; Frame; Membrane; 
Plate; Ring; Strings 
Strutt diagram, 277 

Subharmonic resonance, 174, 184, 202, 
210, 217, 374, 469, 472, 485 

caused by parametric excitation, 341 



for Duffing equation, 13, 174, 179-183, 
188, 190 

for hinged-hinged beam, 199-201, 414, 
465-467 

for parametrically excited Duffing 
equation, 344 

for parametrically excited Rayleigh 
oscillator, 343 

for pendulum, 239 

for reentry body, 443 

for systems with quadratic nonlineari- 
ties, 14, 15 

for van der Pol oscillator, 214-216, 255 
Superharmonic resonance, 184, 202, 210, 
217, 374, 469, 472 

for Duffing equation, 12, 13, 174-179 

for hinged-clamped beam, 478-480 

for hinged-hinged beam, 463-464 

for pendulum, 239 

quadratic nonlinearity, 198-199, 413-414 

for system with, 188, 190, 27 3-279 

for van der Pol oscillator, 211-214, 255 
Supersonic flow, 107, 269, 508 
Surface tension, 615 
Swinging spring, 261, 369-370, 379 

with moving support, 261, 360, 370, 436 
Synchronization, 17, 205, 375 
Systems: conservative, 1-3 

continuous, 30-35, 444-543 

control, 129 

elastic, 259 

finite-degree-of-freedom, 26-30 

forced, 6-20 

gyroscopic, 27-28 

holonomic, 72 

nonconservative, 3-6 

parametrically excited, 20-26, 258-364 

singularly perturbed, 144 

third-order, 151, 255 

see also Autonomous system; Nonideal 
system; Nonintegrable system; Non- 
natural system; Self-sustaining sys- 
tem 

Table 2-1, 67 

Table 2-2, 71 

Table 2-3, 76 

Table 7-1, 457 

Table 7-2, 478, 479, 481 
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Table 7-3, 517 
Tapered beam, 447 
Taylor series, 546, 557 
Tension, in string, 487 

surface, 615 
Theorem, mean-value, 108 
Thermally-driven oscillations, 572 
Theta function, 369 
Thickness-shear, 501, 502 
Thin-walled, 448 
Third-order, see System 
Three-body problem, 149, 150, 375-379 

elliptic restricted, 331 
Thrust, 269 

Third-harmonic resonance, 596-599 
Time-dependent boundary conditions, 454 
Timelike, 553 

Tone, 438. See also Resonance 
Torque, 149, 225, 396 
Torsinal, instability, 268 

vibration, 444, 448 

waves, 487, 601 
Trajectory, 2, 42, 109 

closed, 3, 45 

singular, 109 
Transducer, 262 

quartz, 367 
Transfer, see Energy 
Transformation, 121 

linear, 1 1 1 
Transition curves, 277, 283, 300, 310, 349 

for column, 24 

determination, by Lindste'dt-Poincare 
technique, 286-290 

for gyroscopic systems, 336, 338 

for Hilf s equation, 295-299 
with damping, 301 

for Mathieu equation, 21, 278, 288-290 
with damping, 292-294, 301, 309 

for multidegree-of-freedom systems, 209- 
317, 320-321 

obtained from Hill's determinant, 286 

for parametrically excited column, 319 

for swinging spring, 437 

technique, 286-290 
Transmitting material, 563 
Transverse: oscillations, 379 

waves in beam, 583-601 
Transverse waves, 544, 545 



Traveling waves, 35, 544 
Triangular points, 396 

plate, 502, 508 

see also Three-body problem 
Triode, see Circuit 
Troublesome, terms, 307-317. See also 

Secular terms; Small divisors 
True coordinate, 372 
Truss, 268 
Tsunamis, 568 
Tube, 572 

hyperelastic, 506 

see also Vacuum 
Tubular motion, see Nonplanar motion 
Tuning, 405, 519 
Turbine, 505 
Twisting moment, 501 
Two-body problem, 40, 41 

Ultraharmonic, 463. See also Harmonic 
Ultrasubharmonic resonance, 15, 179, 

374. See also Fractional-harmonic 

pair 
Uniformly valid, 120 

Vacuum tube, 104, 374 
Valve, 535 

van der Pol equation, 3, 6, 103, 105, 143, 
144, 147 

forced response, 256 

generalized, 129 

primary resonance, 19, 147, 204-209 

with delayed amplitude limiting, 151, 
255 

see also Rayleigh equation 
Variational equations, 270, 352, 418 

principle, 503 

problem, 504 
Variation of parameters, 121-122, 136, 240 

for nonideal system, 230 
Varying properties, 443, 446, 447. See 
also Heterogeneity; Nonstationary 
Velocity: characteristic, 551 

particle, 546, 553, 556 

phase in spinning membrane, 543 

of propagation, 548 

wave, 560 

see also Group velocity 
Violin string, 106,485 
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Viscoelastic, 563 

Viscoelastic beams, 449 

Viscoelastic damping, 100, 268 

Viscoelastic material, 605, 607 

Viscoelastic plates, 501 

Viscoelastic structures, 445 

Viscous damping, 96, 97, 221, 449. See 

also Linear damping 
Viscous effects: on combination resonan- 
ces, 24 

on simple resonances, 23 
Voight, solid, 100, 564 

material, 607 
von Karman equations, 502-503, 505, 

507 
Vortex sheets, 100 

Water: shallow, 615 

waves on, 38, 601 
Waveform, 562, 563, 565, 570, 571 
Waveguide, 363 
Wavelet, 560, 566, 578 
Wavenumber, 544, 615 

shift, 589 

see also Critical speed 
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